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Abstract. Let G=(V,E) be a simple graph with n= V| vertices and m = |[E| edges. The first and the
second Zagreb index are defined as M, = Zugydf and M, =Y ,cpd,d,, where d, is the degree of vertex u.
Professor Pierre Hansen at the International Academy of Mathematical Chemistry Meeting in 2006
conjectured that % < % holds for all simple graphs. While the conjecture is true for trees, unicyclic and
chemical graphs, several counterexamples appeared in the literature. Here we extend the construction of
counterexamples by showing that we may add a sufficiently large star to any graph G with m>n + 6 to
obtain a counterexample.

For the variable Zagreb indices AMl = Zusyd,fi and AMZ = Zm,ggd,f d{f, we prove that any graph G can
be extended by a suitably large star so that ;‘Ml/n > le/m when 0 <A<1, and }‘Ml /n< ;‘Mz/m when A <0
or A> 1. (doi: 10.5562/ccal579)

Keywords: Molecular structure descriptor, Zagreb indices.

1. INTRODUCTION This conjecture was proved for chemical graphs,®

for trees,’ for unicyclic graphs,® for subdivided graphs,’

Let G=(V,E) be a simple graph with n=|V| vertices
and m=|E| edges. For u eV, let N(u) denote the set of
neighbors of u, d,=|N(u)| be the degree of u, and let
A=max,.y d, and 0 =min,.y d, be the maximum and
the minimum vertex degree, respectively. The first Za-
greb index M, and the second Zagreb index M, are de-
fined as

M, =Yd and M,= ) dd,
uel (u,v)eE

The Zagreb indices appeared as two terms in the topo-
logical formula for the total z-electron energy of conju-
gated molecules in 1972." However, the Zagreb indices
as such were first reported in 1975. The surveys of the
properties of M| and M, are given in Refs. 3 and 4. With
the help of the computer system AUTOGRAPHIX,’ the
following conjecture comparing the Zagreb indices was
proposed by Professor Pierre Hansen at the International
Academy of Mathematical Chemistry Meeting in 2006:
Conjecture 1. For all simple connected graphs G,

M, M,

m n

(M

and the bound is tight for complete graphs.

and for graphs with A—J0<3, 6 #2, in Ref. 10, by gene-
ralizing the method from Ref. 6.

ForueV, let D,=Y ,cnwd, be the 2-degree of ver-
tex u. Then

M, :zdvz :Zdv

NW[=>. > d,=>D,,

vel’ vel uelV veN(u) uel’

so that

M, 1

ZL-N"p, . 2

=200 @

On the other hand,

ZMZZZZd“dV:ZdM z dvzzduDu >

uveE uev veN(u) ueV

so that

M, 2M, <d
M My bp 3
m 2m Z,;Zm ! ®)

. d . M,
Since ). ueV% =Yuer5==1, both expressions — and

M m. .
—% represent convex linear combinations of the same
set of values {D,:u €V}, which may serve to explain a

close similarity between them.
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However, Conjecture 1 is not true in general. Let
K, denote a complete graph on n vertices, K,,,, a com-
plete bipartite graph with m +n vertices, and S, = K, ,,
a star on n vertices. Several counterexamples appeared
earlier: the smallest counterexample S¢ U K3 was found
in Ref. 6, together with a connected counterexample on
46 vertices and 110 edges; next, a connected bicyclic
counterexample with 19 vertices was found in Ref. 9,
and K, 5 U K, is a counterexample found in Ref. 10 with
A=5,0=2.

Thus, while Conjecture 1 holds for several graph
classes, it also has a number of counterexamples. Our
goal here is to show that Conjecture 1 may hold only for
very restricted graph classes, as suggested in the next
section where we show that a sufficiently large star can
be added to almost any graph in order to obtain a coun-
terexample to Conjecture 1. We then extend this reason-
ing to variable Zagreb indices in Section 3.

2. ALMOST ANY GRAPH IS CONTAINED
WITHIN A COUNTEREXAMPLE

For a graph G, its vertex u, and an integer a >2, let G, ,
be the graph obtained from G and S,.; by identifying
vertex u with one of the leaves of S,,;. We prove the
following

Theorem 2. Let G be a simple graph such that
m>n+9. Then there exist a vertex u of G and a real
number A, such that for any a >4, the graph G,, is a
counterexample to Conjecture 1.

Proof: We have that the number of vertices and edges
of G,, are equal to n(G,,)=n+a and m(G,,)=m+a,
respectively. Further,

M(G,o)=M(G)+d*+(a—1) 1>+ (du+ 1)’ - d?
=M(G)+d*+a+2d,.
Next,

M,(G,,)=M,(G)+(a-1)-a-1+a(d, +1)+
> (d,+1d, - > d,d, =M,(G)+a’ +ad,+D,.
v, Jev,

The inequality

M,(G,,) _M(G,,)

m(Gu,a) n(Gu,a)

is equivalent to
(My(G) + d’ + ad, + D,) (n+ a) < (M,(G) +

a+a+2d)(m+a),
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ie., to

0<flay=d*(m+1-n—d,)+
a(M\(G) +m —My(G) =D, —d(n—2)) +
(M(GY)m + 2d,m — My(G)n — D,n) .

Thus, fla) is a quadratic function in a with constant
coefficients for any fixed choice of u. Now, choose u to
be a vertex of minimum degree in G, i.e., d,=J. From
m>n+0 we have that the coefficient of &’ in fla) is
strictly positive. Therefore,

lim f(a) =+,

a—+o

so there exists a real number 4 such that f{a) >0 for any
a>A4. Graph G,, is then a counterexample to Conjec-
ture 1 for any a> 4. o

Thus, we may add a sufficiently large star to any
graph G with m>n+J to obtain a counterexample to
Conjecture 1. For example, if » > 6 and 6 > 3, we always
have that m >nd/2> n+ 6, so Theorem 2 can be appli-
ed to any such graph.

3. ARELATION BETWEEN THE VARIABLE
ZAGREB INDICES

The Zagreb indices have been generalized to the varia-
ble Zagreb indices"'

‘M, =>d} and ‘M,=) did .

uel uvek

The properties of the variable Zagreb indices were dis-
cussed in Refs. 12 and 13. For 2=0 we have M, =n,
M, =m, while for A=1 we obtain the standard Zagreb
indices. Theorem 2 above may be extended to the varia-
ble Zagreb indices in the following way.

Theorem 3. Let G be a simple graph. If 0<1<1, then
for each vertex u of G there exists a real number 4,
such that for any a > 4,,, the graph G, , satisfies

2M1 (Gu,a ) >

nG,,)

'M,(G,,)
m(G, )

u,a

If A<0 or 1 <A then for each vertex u of G there exists
a real number 4,, such that for any a > 4, the graph G, ,
satisfies

M(G,.) _'M,(G,,)

n(Gu,a) m(Gu,a)

Proof: Let u be an arbitrary vertex of G. Then
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"Mi(Guo) ="M(G) +a” +(a= 1) 1% + (dH1)" — df
=d*+a+ Co,
for a constant
co="M\(G) -1+ (d, + 1)*—d*.
Next,
"My(Gua) ="MAG) + (a—1)-d" 1"+ d" (d,+ 1) +

(d +1) —d)d' =a™" +a’c, +c, ,
u u v 1 2

veN,

for constants
c1=(d,+ 1) —1and
Cy = AMQ(G) + ZVONH(dU + 1)jL

The sign of

‘M,(G,,) "M(G,.)
mG,,)  n(G,,)

is then determined by

A+1

gla)= a2+ d" (e, + n) + a'ney + acy, + ney—

YIS R V)
—a" —a”™ —a(cy+m)—mc, .

a
For 0 <A <1 we obtain that

lim 22 =1
a—>+x0 ”2+z ’

so that
lim g(a) =—.
a—+o
Therefore, there exists a real number 4, such that

AM[ (Gu,a) > AMZ (Gu,a)
nG,,) m(G, )

forany a>4,.
On the other hand, for A <0 we have that

lim £ = —|

b
a—>+o @
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while for 1 <A we have that

gla) _ -1

In both cases,
lim g(a) =-.
a—»+w0
Therefore, there exists a real number A4, such that

;‘Ml (Gu,a) < ;LMZ (Gu,a)
n(G,,) m(G, )

forany a>4,. o
Notice that the inequalities in Theorem 3 hold for
all graphs, while in case A =1 they hold in one direction
for the counterexamples to Hansen's conjecture, and in
another direction for other graphs. Since there are infi-
nitely many graphs in both groups, one could consider
A=1 to be a sort of phase change for this inequality.
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