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1 Introduction

Recent trends in increasing vessel size and speed on one hand
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Restoring Stiffness in the
Hydroelastic Analysis of Marine
Structures

Review paper

The restoring stiffness, that couples displacements and deformations, plays very important
role in hydroelastic analysis of marine structures. The problem of its formulation is quite complex
and is still discussed in the relevant literature. In the paper, the recent formulations of restoring
stiffness are correlated and analyzed. Due to some equivalent terms of the restoring and geometric
stiffness as a result of common load, the unified stiffness is established and compared with the
complete restoring stiffness known in the relevant literature. It is found out that the new formula
deals with more terms, and, that under some assumptions, it is reduced to the known complete
restoring stiffness. The unified stiffness constitution is analyzed through derived analytical formulae
for prismatic pontoon. Its consistency is checked for the rigid body displacements. Also, numerical
results of the hydroelastic response of segmented barge are correlated with available model test
results. Some issues, that are important for practical implementation in the hydroelastic code for
flexible structures, are described.

Keywords: geometric stiffness, hydroelasticity, restoring stiffness, segmented barge

Povratna krutost u hidroelasti¢noj analizi pomorskih konstrukcija

Pregledni rad

Povratna krutost, koja spreze pomake i deformacije, igra vaznu ulogu u hidroelasti¢noj analizi
pomorskih konstrukcija. Njezino formuliranje predstavlja sloZzen problem i jo$ je uvijek predmet
rasprave u struc¢noj literaturi. U ovom ¢lanku aktualne formulacije povratne krutosti usporedene
su i analizirane. Zbog nekih ekvivalentnih ¢lanova povratne i geometrijske krutosti kao rezultata
zajednickog optereéenja, postavljena je sjedinjena krutost i usporedena s ukupnom povratnom
krutosti poznatom u literaturi. Ustanovljeno je da nova formula ima viSe ¢lanova, a uvodenjem
odgovarajuéih pretpostavki reducirana je na poznati oblik kompletne povratne krutosti. Konstitucija
sjedinjene krutosti analizirana je putem izvedenih analiti¢kih formula za prizmati¢an ponton. Njezina
konzistencija provjerena je na primjeru krutoga tijela. Takoder, numericki rezultati hidroelasti¢énog
odziva segmentne barze usporedeni su s dostupnim rezultatima modelskog ispitivanja. Navedene
su i neke upute za implementaciju izvedenog algoritma u program za hidroelasti¢nu analizu po-
morskih konstrukcija.

Kljuéne rije€i: geometrijska krutost, hidroelasticnost, povratna krutost, sesgmentna barza

damping and wave excitation [3]. In spite of the fact that ship
hydroelasticity has been a known subject for many years [4]
some questions remain open. Constitution of restoring stiffness,

and optimization of ship structure on the other result in a quite
flexible ship hull. Natural vibrations of such ships can easily fall
into resonance with the encounter frequency in an ordinary sea
state. Large container ships are a special subject of investigation
since they are particularly sensitive to quartering seas due to
reduced torsional stiffness caused by large hatch openings [1].

The ship response is usually classified as springing or whip-
ping, depending on steady-state or transient nature of vibrations.
Great effort is put into investigation of fluid-structure interaction
both from extreme loading and fatigue point of view, which are
important for ship structure design and safety [2].

The ship hydroelastic analysis includes definition of struc-
tural model, mass distribution, restoring stiffness, added mass,

which is not as straightforward as one could imagine, is one of
them [5].

Basically, there are two approaches, a pure hydromechanical
one and another that extends to the structure. Within the former
approach, in the well-known Price and Wu formulation, only
the basic hydrostatic pressure term is considered [6]. Newman
formula represents an extension, giving the necessary hydrostatic
pressure coefficients [7]. However, neither of those two formu-
lations gives the complete restoring stiffness coefficients for the
rigid body motions because the gravity part is missing.

The above shortcoming is removed by Riggs [8], specifying
new modal pressure coefficients and adding the gravity term,
in the form shown in Table 1, Eq. (1). The index notation and
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summation convention is used for compactness, where X, Y and

Z are global coordinates; 4 is the natural mode (rigid or elastic);

S is the wetted surface; n is the unit normal vector to the wetted

surface; p, p, , are the fluid and structure mass densities, and g

is gravity constant.

A further improvement is done by Huang and Riggs [9],
offering a combined hydroelastic and structural formulation of
restoring stiffness, Eq. (2) in Table 1, where g, is stress tensor
due to gravity and hydrostatic loads. The last integral in Eq. (2)
actually represents the well-known geometric stiffness matrix.

The next two identical expressions, which are obtained in
different way, are given by Malenica and Molin, [10, 11], Eq.
(3) in Table 1. The first one is based on the variational principle,
while the latter is derived by employing vector differential and
integral calculus [12].

The last column in Table 1, Eq. (4), represents the formulation
based on variational principle, [13]. First the energy of involved
forces is estimated and then it is varied per displacement and
mode amplitude. The same expressions are obtained indirectly by
specializing the general formula, Eq. (2), for rigid body motion
[14]. However, in the source equation (4), [13], both rigid body
and elastic modes are equally valuated. This quite important fact
is commented later on. In [14] some other transformations of
general formula, Eq. (2), related to Egs. (1), (3) and (4), are also
derived and discussed. That is more interesting from theoretical
than practical point of view.

The unit normal vector to the wetted surface in [8, 9] is
directed into the fluid. In order to make comparison of different
restoring stiffness formulations easier, sign of n, in Egs. (1) and
(2) in Table 1 is changed. Based on experience and comparison
of different known formulations, shown in Table 1 in a systematic
way, the following conclusions can be drawn:

1. Stiffness is defined as a relation between force and displa-
cement. The generalized force is marked with index i and
therefore in the restoring stiffness definition the same index
must be added to modal displacement, and not to deformation,
i.e. derivatives.

2. Eq. (4) satisfies this basic condition, which ensures the con-
vergence of transfer function of bending moment to zero as
encounter frequency approaches zero value [13].

3. Eqg. (1) has the same items as Eq. (4) but with opposite mode
indices i and j on the corresponding quantities in all three
terms, that according to Point 1 is not correct and consequently
leads to an error in transfer functions.

4. Similar situation is with Eq. (3). The mode variation term in
C;;h, Eq. (3b), as well as C;j’?, Eq. (3d), have opposite mode
indices i and j than those in Eq. (4), that also results with
some discrepancies [13]. This is an implication of mixing of
displacement variation and its gradient.

5. Eq. (2) includes geometric stiffness into the complete re-
storing stiffness. It is shown in [9] that ij contains gravity
stiffness C7, Eq. (4d), so that it does not explicitly occur in
the formulation. On the other side, an additional term, kso as
a contribution from the boundary stress distribution, appears
The same quantities in the common terms of Egs. (2) and (4),
iLe. Cland C ;”, are marked with indices i and j respectively.
The objective of the paper is to derive complete restoring

stiffness for slender marine structures in a transparent way,
comprising geometric stiffness, Eq. (2e), and consistent resto-
ring stiffness for ships, Eq. (4), and compare it with the known
one, Eq. (2). In addition, the intention is to derive the complete
restoring stiffness for a pontoon analytically, in order to illustrate
the constituting process and make physical meaning of each term
recognizable.

2 Modal restoring stiffness
2.1 Hydrostatic stiffness

The restoring stiffness consists of hydrostatic and gravity
parts. In order to specify the former, it is necessary to determine
the work of pressure in going from the initial wetted surface
position S(r) to the instantaneous position S (f) , where r is the
position vector, I =1+ H , and H is the displacement vector.
The pressure work is difference between two potentials

W" =B(r)-P(r), (5)
which are scalar functions of the vector variables. Similarly to

the Taylor series expansion in vicinity of a given point, one can
write by neglecting small terms of higher order

Table 1 Actual formulations of modal restoring stiffness
Tablica 1 Aktualne formulacije modalne povratne krutosti
Eq. (1) Eg. (2) Eq. (3) - Lg. (4)
SR g . , s " . Senjanovic et al. [13].
_C;onlrlbul;(m from N"t.‘itapon . - Riges [8] : Huang and_}h;_,g [_9] i Malﬂtﬂr_lffa;l_\klm [I{.}. 11] Riggs [14]
—— | cr ‘ pe J- Ik ndS (lay| 78 Hl.u h!ndS (2a) pe Hh' hindS (Gay| P2 th hin,dS (42)
| — _ _ g HZ!:_{ (‘f’.r'lr”'a -h!\n, )dS + . !
b) vector and cl oo PE j Zhy hin,dS (1b) | 78 ”élqh, MdS  (ap) ; (3b) | P& H ZhihndS (4
i [ 3 ¢ pg [[Zn; h/n,ds 8
_— | | N
Boundary i i
¢) stress (rigid | -k, _ﬂ“'”/h“h mAS (o)
body) SRy S |
. d) Gravity load i 8 J-H‘”‘h:-*h*'ldll (1d) | }"“-Jﬂ‘h;-‘h:dy (3d) gJ]-J-p,h; K0V (4d)
1 I I
) Gc':()‘mclrii: K | J”m b (2¢)
stiffness 4 B 5
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B(7)=P(r)+ D, (P(r)), ©)

where D, is directional derivative in the way of displacement
vector H. Thus, Eq. (5) is reduced to

w" =D, (P(r)), %)
and since

P(r):—pg”ZHndS (8)
S

where Z =7 (X, y) is the vertical coordinate of the wetted surface
S and n is its unit normal vector in the coordinate system used in
hydroelastic analysis, Figure 1, yields

th—pg_g[D

where
0, (2)= ()2 =

and V is the Hamilton operator. Determination of D,, (n) ac-
cording to definition Eqs. (10) is not convenient since it requires
calculation of normal vector derivatives. Therefore, it is more
rational to use the inverse version obtained from the continuum
mechanics [15], in which the displacement derivatives are
involved, Appendix A. Thus, one finds the following identity
equation

Z)Hn +ZD,, (H)n+ZHD,, (n)]ds. (9)

H,. D,(H)=(HV)H, D,(n)=(HV)n, (10)

HD,, (n) = Hn(VH)-n(HV)H (11)
where the second term in Eq. (11) contains the mode directional de-
rivative, Egs. (10). Thus, substituting Eq. (11) into Eq. (9) yields
W" =—pg[[ H, +Z(VH) Hnds. (12)

S
According to definition, the force is relation between in-
cremental work and displacement, so it is determined from the
variational equation, assuming constant force within a small

displacement.
SW" =—pgjj[HZ +z(VH)]5Hnds. (13)

s
Due to reasons of numerical reduction, the modal superposi-

tion method is used, and the variation is transmitted to modes

Figure 1 Coordinate system in hydroelastic analysis
Slika1 Koordinatni sustav u hidroelasti¢noj analizi

- . ~ (14)
W'=Y W', H=Y¢&h,

j=1 j=1 =1

i.e. generalized forces Wj’ and mode &J. amplitudes.
In that way, Eq. (13) is decomposed into modal equations

[CP+C"“§]5§

W, = (1)

where

C; =pg[[hhinds, C"=pg[fzh,(Vh )nds (16)
S S

are the modal stiffness coefficients due to pressure, and normal
vector and mode contributions, respectively.

2.2 Gravity stiffness

Similarly to the pressure part, Egs. (8), (9) and (10), the work
of gravity force reads

w" =D, [-g[[[p,H,aV |=-g][[p,(HV)H,dV, (17)
- Vv

where p, and V are structure density and volume, respectively.
In order to obtain consistent variational equation, it is neces-
sary to strictly follow the definition of generalized force and to
vary displacement vector in Eq. (17) and not its gradient. Thus,
W™ =g [[[p,(HV)H,aV. (18)
\

Application of modal superposition method leads to the modal
variational equation

=-2.C74%, (19)
e

where

cr=gf J Jp.(hV)hidv (20)

are the gravity stiffness coefficients.

Z\

/

= ;

ny
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2.3 Restoring stiffness

Finally, the complete restoring stiffness coefficients are
obtained by summing up their constitutive parts,

C,=Cr+c+cC/, (1)
where in the expanded form
C’ = pgﬂ(hinx +hin +hin, )hzde (22)
S
o . \[on) on) Lo
nh _ i i i X _y
c; = pQLIZ(thX +hin + hznz)( TR ]ds (23)
" , oh 8hi ; ohJ
cr _gmps(h %5 +h = }i (24)

The above expressions can be also written in index notation,
as stated in Table 1, Eq. (4).

3 Modal structural stiffness
3.1 Governing formulae

Structural stiffness consists of conventional stiffness and geo-
metric stiffness. Both are determined from the basic formulae of
the theory of elasticity and continuum mechanics. Despite the fact
that structural stiffness is well-known in the structural analysis,
here it is derived in the same manner as restoring stiffness due
to reasons of their relationship.

Variation of strain energy written in the index notation
reads

oW = JJJGH(SekIdV, 25)

where 0,, and ¢, are the stress and strain tensors, respectively.
The former is a function of the latter

=10 ¢

kI~"mm

+2ue,, (26)

where A and u are the Lamé constants, and J, is the Kronecker
symbol [15]. Strain tensor can be expressed with displacements

& = 8E| + 8;' 27
where Sgl and 8; are linear and non-linear terms
o~ Yn +H (28)
&g = E( et I,k)
g =>HuHy, (29)

3.2 Conventional stiffness

Strain energy Eq. (25) can also be written in the matrix
notation. The linear tensor Eq. (28) leads to the conventional
stiffness, while non-linear one, Eq. (29), results with non-linear
geometric stiffness used in large displacement and structural
instability analyses [16]. Thus,

oW = H o' 5%V, 30)
\%

where 6 and €° are stress and strain vectors with six terms
(31)

6=D&°, = AH, HT:<HXva,Hz>'

D and A are elasticity matrix and matrix differential operator,
respectively. Substituting Eq. (31) into Eq. (30) yields

= J[7(an)

Furthermore, the modal superposition method, Egs. (14),

is used
H= <hj>{§j}= he,

where h and & are modal matrix and mode amplitude vector res-
pectively. By substituting Eq. (31) into Eq. (30) one finds

D(ASH)av. (32)

(33)

&NO — gT koagl (34)

where

k, = [[[B'DBdV, B=Ah (35)
Vv

are conventional stiffness matrix and strain-displacement tran-

sformation matrix respectively [17].

Structural problems are ordinarily solved by the finite ele-
ment method. In that case modal matrix h represents matrix of
shape (interpolation) functions. The above formulation is given
for solids, but it can be easily adopted for thin-walled structural
elements as constitutive parts of marine structures.

3.3 Geometric stiffness

For linear hydroelastic analysis of marine structures lineari-
zed geometric stiffness is sufficient. Therefore, constant stress
is taken into account. Thus, after inserting Eq.(29) for non-
linear part of strain tensor into (25), the following expression
is obtained:

(36)

= %J‘Jjo-kl [aHm,ka,I + Hm,k6Hm,I }jv

The modal superposition terms Eq. (14) lead to the modal
equation

N
WE = Jz:;ki‘féjééi, (37)
where
ke = mak,h' i dv (38)

is geometric stiffness matrix.

Expression (38) is derived for solids. However, it can be also
used for thin-walled marine structures. Thus, Eq. (38) applied to
the plate finite element in the local coordinate system takes the
well-known form [18, 19, 20]
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ow!

ow aw'\[T. Ty || ax
kif =JJJ<87'W>leX O-Y))/'jl l] W

ay

(39)

QU

where w, are deflection shape-functions, while 6 _, c ando_ =
© are the membrane stress components. N

4 Unified geometric and restoring stiffness

In structural analysis of marine structures, conventional
stiffness, K° geometric stiffness, K¢ and restoring stiffness,
C, are used. K° is basic stiffness of any structure, while the
application of K¢ and C depends on analysis concerned as well
as on the type of structure. K¢ is used in the structural stability
analysis and in the ultimate strength analysis of ship structure.
Application of C is necessary in the ship hydroelastic analysis.
For slender structures, like floating airports, TLP etc. both K¢
and C have to be used. In that case union of K¢ and C has to be
determined since these matrices have some terms of equivalent
sense due to the same external load, i.e. structure weight and
hydrostatic pressure.

Hence, one can write

ki‘jJ = kijG uC, = kif +C,

-k, (40)

where

ki* =k: NC, (41)
is the intersection of considered two sets related to vertical di-
rection. If CU is used alone, then K¢ terms related to axial and
transverse directions are omitted.

The necessary stiffness kifz can be determined by tran-
sforming Eq. (2e), Table 1, via integration by parts. In the
standard procedure, judv =uv — |vdu, different combinations
of u and v are possible. However, only the couple u = o,k
and dv=h, ,dV lead to the transformations compatible to
Eq. (4), in which displacement of the i mode occurs, in ac-
cordance with the conclusion 1 in Section 1. Thus, according
to [9], one finds

kif = kif + k¥ + k¥°, (42)
where
= jsjak, h'hi n ds 43)
:_,[\,/Uo_klkhmhr:ndv (44)
_[_U Oy hmhr# Kk (45)

At the wetted surface, S, and within the structure volume, V,
the following boundary and equilibrium conditions have to be
satisfied [14], Figures 2 and 3, respectively

Z<0

dSﬁf

p=(-pgZn)n

o=(o,n) (-n)

Figure 2 Boundary condition for stresses expressed with hydro-
static pressure, 6 =-p

Slika2 Rubni uvjet za naprezanje izrazen hidrostatskim tlakom,
G=-p

dg=p,gdV (-k)

Figure 3 Equilibrium condition of stresses and gravity load,

dF =—dg

Slika3 Uvjet ravnoteze naprezanija i gravitacijskog optereéenja,
dF =-dg

oun =-p9Ln, o, =ps9 (46a, b)

while Ok =Ouop = = 0. Substituting Egs. (46a, b) into Egs. (43)

and (44) respectively, yields
k% = pgijh hi nds

ko k0

(47)

ky? =-g[[[ phihi av. (48)
v
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Hydrostatic pressure and structure weight are equilibrated
external load and they are included in restoring stiffness, C,.
Terms k and k are equivalent parts of geometric stiffness
determlned via stresses as internal structural reaction to the im-
posed load. Hence, the intersection matrix, Eq. (41), is

Gz Sz A4
kij = kij + kij . (49)

Furthermore, the unified stiffness, Eq. (40), by employing the

constitutive parts of C,, Eq. (4), and Eq. (49) for kifz , reads
U G Gz G h Sz vz
kij = kij +C, - kij = kij + CU? + Ci'].‘ + Ci;.“ - kij - ki]. . (50)

Terms C,, Eq. (4d), and kgz , Eq. (48), in (50) have the same

factors and are condensed to one expression

ey - = [, + .
\

D

Table 2  Unified geometric and restoring stiffness
Tablica 2 Objedinjena geometrijska i povratna krutost

Transfer of | Notation k', Eq. (50) i.e. (52) CO”]E:;?TL]'“O”
Eq. (4a) &4 rg .U by, dS (52a) Pressure
N
; Normal
Eq. (4b) c rg U Zh;h;n,dS (52b) | vector and
8 mode
i) Boundary
Eqg. (48) -k rg I Zhhy jn,dS (52¢) | stress (elastic
y body)
c 17 | gl o (b, +hl5)dV Gravity load
B¢ (52 v w k( ' “) (52d) and stress
G oyuh, b AV Geometric
Eq. (20) Ky 'UI e (52¢) stiffness

The unified stiffness, Eq. (50), is shown in the expanded form
in Table 2, numbered as Eq. (52). The particular terms are tran-
sferred from the known and derived formulas, as it is indicated
in the first column of the table. Comparing Eq. (53) with Eq. (2)
in Table 1, it is obvious that the former has one term more than
the latter, i.e. Ci;" - ki\.'Z , and terms ki?z and kifo are different. In
the case of rigid body modes, the rotation angles are mutually
dependent, i.e. hj, —-h)., k=12, and the spherical strain

k.3
hs’ =0, so that term C”‘ ki‘j’Z , Eq. (53d), is reduced to the
elastic modes.

Eq. (53c¢) can be written in the following form

SZ __ 4 N SO0
—ky" = (_kii +i )_ ky (53)
where, by employing Eq. (2¢) for k2°, yields
—kS + k3 = pg [[ Zn; (n}, + ), nds. (54)
S

If the structure mass is condensed in the wetted shell of the

thickness proportionalto Z <O andn, 20 ,ie.t = —£Zn3 ,the vo-

lume integral (52) can be transformed into the surface integral

Ci - ki\jlz = _Pg” zh, (hsjk + hkj.s)nads' (55)
$

It is obvious that the dominant term for / = 3 in (54) is can-
celled with (55). Hence, one can expect that in the general case
sum of terms (51) and (54) represents a small difference of two
large quantities, and therefore can be neglected in the unified
restoring and geometric stiffness, Eq. (52). In that way the
simplified unified stiffness is reduced to the so called complete
restoring stiffness, Eq. (2).

The unified geometric and restoring stiffness, Eq. (52), is
derived in a transparent way by the set theory approach. On the
contrary, Eq. (2) is obtained by employing an advanced and quite
different procedure based on a consistent linearization of the
external hydrostatic pressure and the internal structural stresses
[9]. Actually, derivation of Eq. (2) and Eq. (52) started from the
opposite sides. The relations used in transformation of Eq. (2), [9,
14], are employed in derivation of Eq. (52). Since the simplified
unified stiffness is equal to the complete restoring stiffness, the
circle is closed, Eq. (2). Application of Eq. (2) is preferable due
to less number of constitutive terms and symmetry.

Based on the above facts, transformation and specialization
of Eq. (2) for rigid body motion is a reverse and inadequate step
from the unified stiffness point of view [14]. It disputes exactness
of Eq. (4) for elastic modes. However, Eq. (4) is derived for ship
structures in a direct and transparent way based on the work of
external forces, without making the distinction between rigid
body and elastic modes.

5 Numerical procedure for hydroelastic
analysis

Mathematical hydroelastic model comprises structural,
hydrostatic and hydrodynamic one [4]. Here, the investigation
is focused on restoring stiffness so structural model is not treated
in detail, while the hydrodynamic model is not considered at all.
It is shown that the gravity stiffness is the part of the geometric
stiffness related to vertical direction. In ship hydroelastic analysis
it is sufficient to take gravity stiffness into account, while for
slender structures, as floating airports and tension leg platforms,
the unified geometric and restoring stiffness has to be used [5].

Since the static configuration is referent one for dynamic
response and vibrations, the hydroelastic analysis for slender
structures should be consisted of the following steps:

1. 3D FEM strength analysis in still water, K 8, = F, where
load consists of the equilibrated weight and buoyancy.

2. Calculation of geometric stiffness K, based on the known
static stress distribution from the previous step.

3. Correction of nodal coordinates in 3D FEM model due to
statical displacements (if significant), x = x + §, and conse-
quently definition of new wetted surface.

4. Dry natural vibrations analysis of the statically equilibrated

FEM model as the referent state, by one of the eigenvalue

equations:

éKO —Q'MJ5=0, (K,+K,

alculation of modal matrices k , m an

m and C, respectively.

6. Calculation of hydrodynamic coefficients B(w) and A(w),
and wave load F .

7. Solution of the equation for fluid-structure interaction:

-Q*M|)8=0.
kY ork,

(56a, b)
= k0 + kG,

kOGC8+(b+B(a)))5+(m+A(w))$= F.. (57)
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where, according to (56a, b), Kk and

Koee =Ko +C respectively.

=k, +k"

0GC

6 Pontoon unified geometric and restoring
stiffness

6.1 General

Application of previously presented theory is illustrated in the
case of a prismatic pontoon. The problem is solved analytically
according to Eq. (2), in order to get better insight into physical
background through constitution of governing equations and to
prove consistency of the theory.

B

Figure 4 Pontoon main particulars
Slika4 Globalne znac¢ajke pontona

The main pontoon particulars are shown in Figure 4. The
modal displacement vector due to vertical deflection w reads

dw .
H=——(Z-12z_)i+wk, (58)
dx( N)
where z, is the vertical position of neutral line (centroid) of

pontoon cross-section. Thus,

dw
h1=hx=—(z—zN)&, hy=h =0, hy=h=w (59
In the considered case h , =—h =—d—W and h =0, and

Z,X

consequently C' —ki* =0, Eq (51). Also, at the bottom and

heads h n =0 and h _n, =0, that gives —kfz +k:* =0, Eq.
(54). Based on the above conclusmn Eq. (2) is used for determi-
ning the unified restoring and geometric stiffness.

6.2 Restoring stiffness, Eqs. (2a), (2b), (2c)

Pontoon bottom
General data: dS=Bdx, Z=-T, n,=n = |k|

|
Cy = prJIV\/iWJ.dx (60)

|
Ldw dw, dw.
m_ 5aB [ zhih! =F | —/——dx-F —1 61
CI P9 J‘ z xandX PJ.I dx dx d p[\NI dx JI( )

(62)

ZX 7

L dw dw,
k5° B|zhih! ndx=F [——Ldx,
P9 J o p;[dx dx X

where
F, = pgBT (T +17, ) (63)
Pontoon heads
General data: n =n = —|I| for front head,
n = nX = |l| for aft head
Z,=0, Z ,.=-T, dS=Bdz
dw !
| A
Cii’=prI(hxhz‘ n),dz=-F, (d—x'wj) (64)
-T -1
0 dw, d?w. I
C™=pgB | (h'h! dZ=B, ! 65
ij P9 :[(xxx x) dX dX I ( )
0 |
k3 =—pgB [ Z(hh) n, +hih) n ) dz =
-T -l
dw dw ) dw, ) (66)
=-B, | ——| +N,|w—] .
"odx  dx? | " dx ,
where
F, = pgBT (%+ Z, ] N, = %prT2 (67)
B — 1 BT2 T? 4_|_ )
nh—Epg 74‘5 ZN+ZN . (68)

6.3 Geometric stiffness, Eq. (2e)
General data: dV = dAdx

|
= h hl +h hJ h! hi dx =
:’.IJ;’.[O-XX( X, X X‘X+ Z,X Z,X +O-ZZ X,z XZ}jA X =

(69)
' d?w d’w,  dw dw, .
= -[J;;'.{O-XX I:(Z - ZN ) dXZI dXZI + dXI dXJ ]Jr O-zz h)‘(z hx]z }dAdX

The first term in Eq. (69) with curvatures is negligible compa-
red to the others. The second term is related to the axial direction,
where 6 is equal to the head hydrostatic pressure. Thus, one
finds the compresslon axial force, Figure 5,

Figure 5 Static boundary load
Slika5 Stati¢ko rubno opterecenje

L M =Ne
___z;___ _D__
r x
N
—
BRODG>RADNJA

271

62(2011)3, 265-279



I. SENJANOVIC, N. HADZIC, N. VLADIMIR

RESTORING STIFFNESS IN THE HYDROELASTIC ANALYSIS...

0
[Jo,da=pgB [ zdz =- (70)
A -T
that gives stiffness of the axial direction
dw, dw
kS = -N —Ldx
! J. dx dx D

In order to determine stiffness of the vertical direction, it is
necessary to apply integration by parts for the third term in Eq.
(69), (u= o, hx‘z, dv= h' dz) . Actually, this is the reverse
procedure of that used in formulation of unified restoring stiff-
ness, Eq. (43):

=0 1

k;fZ:Blj(o hih/) dx [[[(o,.hin}, JdAdx.  (72)

Z X X2 2,2 X
7=—" -1 A

The first term in Eq. (72) is put in order by taking 0, (0) =0
and 0,(-T)=-pdT into account. The second term, with
0,, = 9ps, occurs in the form

—g”jps di dx

-1 A

dAd

which represents static moment of the mass distribution per
pontoon cross-section with respect to the centroid, z,. Since,
H p,dA=m= pBT for Eq. (72) one can write

A

() o

hae} (73)
dx dx

where

F, = pgBT(z, - z,)

and z,; is the centre of gravity coordinate, Figure 2.

(74)

6.4 Unified stiffness

After specifying the constitutive parts, it is possible to
assemble the unified stiffness. In that process some terms are
cancelled: —kSO of the bottom with the first term of sz ; C"h
with the first term of kso both for the heads. Thus, the unified
stiffness is reduced to

kiliJ =pr|i(iO) +(Fp B Fg B NO)Ii(il) +(N0 B Fp)(wi(pj)l_l B
-F, (oW, )I_I ,

where ¢ = d%x and

(75)

! dw.
J%_de_ (76)

|
1@ = Jw.w.dx 1O =
i e J7dx dx

ij

If relation F, —N;=F, is used, Eq. (75) can be presented
in the recognizable symmetric form

& = paBly? + (R, ~F, )1 < F, | (we,) (o), | 77

Consistency of the above formulae can be checked in the
case of rlgld body modes. The heave natural modes, W, =1,
gives k = pgLB, i.e. the stiffness value equal to that in the
ship hydrostatics [21]. The pitch natural mode is W, = X, ¢, =1,

3
—-l<x<I,sothat I = LZ and 1Y) = L. That gives
=—pgLBT I+z + B—L3 (78)
3
Since V = LBT is the displaced volume and ST Ly 18

the longitudinal moment of inertia of the waterplane area, the
unified stiffness takes the form

T
klli = pg|:'WLY —V(E+ZG):|

It is identical to the hydrostatic expression, because the coor-

(79

T
dinate of the centre of buoyancy takes value Z, = 5 [21].

7 Pontoon vibrations

The modal superposition method utilizing dry modes is com-
monly used to solve hydroelastic problems. In the considered case
of homogenous pontoon, the differential equation of vertical dry
natural vibrations reads

d'w ., m
dx* El
with the following well-known modes for the case of free beam
[22].
Symmetric modes

chB x cosf x
wnzl[ P, +i} n=0,24...

w=0 (80)

2| chB |  cosB |

(81)
B,1=0, B,1=2365 p,I1=5497
Anti-symmetric modes
h in
w =1 S ﬁ”X+SI_ ﬂ”x , n=135...
"2 shB 1 singl
82
B1=0, B1=3925 fI=7068 (82)
limp 1 =2""1;
Natural frequencies in air
2
(B) [er
Q = Z A\ n=012... (83)

By assuming forced response in the series of the natural
modes

w=24w, (84)
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and employing the variational method, the following system of
the algebraic equations is constituted

z

(€116 (7, =7y =) g8 am 10+ (4, g~ o) =

v (85)
Jawdx, i=012..N,
where @ is the wave frequency and
142 2
@ _ j_d W 4, (86)
] ° dXZ dXZ
It is necessary to point out that Ii(jo) = Iigz) =0 if i# jdueto
orthogonality of dry modes.
Eq. (83) can be presented in the matrix notation
(k, +k’ —w’m)é=F, (87)

where k, = E/I® and m = m 1 are ordinary diagonal bending
stiffness and mass matrices respectively, and kV is the unified
geometric and restoring stiffness matrix, Eq. (2).

8 Beam finite element

In the finite element method the shape functions are used
in the general formulation of the governing matrices instead of
natural modes. For the ordinary two node beam finite element
for flexural vibrations the Hermitian polynomials of the third
order are used,

w =<aik>{§k}; i=12,34; k=0123, (88)

. X . . .
where a, are the coefficients, &= E is the non-dimensional

coordinate and L is the element length. Symbols (...} and {...}
denote row and column vectors respectively. Matrix of the shape
function coefficients reads

10 3 2
0 L 2L L
a= (89)
00 3 2
00 -L L

Thus, for the integral matrices in Egs. (76) and (86) one finds

156 22L 54 -13L]

o L 417 13L 317
420 156 —22L 90)

Sym. 40 |

[36 3L -36 3L |
|(1>=i 412 3L -L? ©1)

30L 36 -3L

| Sym. 417 |

6 3L -6 3L|

2 2
o _2 212 3L U )

B 36 -3L

| Sym. 212 |

Boundary values of the shape functions that differ from zero
are the following:

w (0)=1 ¢,(0)=1 w(L)=1 ¢,(L)=1

therefore the boundary value matrix yields

2' [(‘Piwj):]z[(wi‘pi):]T' ©3)

It is obvious that the integral matrices are symmetric, as well
as the couple of the boundary matrices. After the integral and
boundary matrices are determined, the finite element stiffness and
mass properties can be completed according to Eq. (85), where
all parameters depend on the finite element cross-section.

Consistency of the derived finite element properties can be
checked in case of the rigid body modes of self equilibrated ele-
ment. The nodal displacement vector for heave reads

w] =(1,0,1,0) (94)
that gives
O —
w1®w, =L
w ®w =0
o ©5)
w, I'w, =0

w, [(Wi(pj ):]WO =0.

Thus, according to Eq. (85) one finds the following values
for the stiffness and mass coefficients:

kg, =0, ky =pgBL, m,=mL. (96)
The pitch nodal vector reads
w' =(-1,11,1) O7)
that leads to
w 1Ow = L
1 12
wi®w, =L
: 98)
w®w, =0

w] [(""ﬁ"’i ):]Wl =L

Finally, the pontoon stiffness and mass properties, Eq. (85),
take the following form:

T L
klolzo’ kﬂ:pg{IWL_V(E+ZG]:|’ m11:mtE ©9)

It is obvious that the heave and pitch restoring stiffness are
equal to those from the ship hydrostatics [21].
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9 lllustrative example

In order to analyze restoring stiffness, let us consider a
quite flexible segmented barge consisting of 12 equal prismatic
pontoons [11, 23]. The pontoons are connected by means of two
steel bars somewhat above the deck level, as shown in Figure 6.
Two configurations with bar profiles of 50 x 4 and 50 x 6 mm are
used. The main barge particulars are the following:

STEEL BARS
SOK4(50XE)
1

| o L.

GD =142 mm
250 mm
270 mm

G

=128 mm
=120mm

H=

KD

KiG
T

K1 5500 mm

|
|
|
|
|

Figure 6 Barge cross-section
Slika6 Poprecni presjek barze

Young’s modulus of steel bars E=2.0x 10" N/m?
Moment of inertia of cross-section
Two bars 50x4 mm
Two bars 50x6 mm

Iy=533x10""m*
Iy =18.00 x 10"° m*

Pontoon length ZP =0.19m
Barge length (pontoons + clearances) L=2445m
Barge breadth B=0.6m
Barge height H=025m
Barge draught T=0.12m
Vertical coordinate of gravity centre

from waterline z,=0.008 m

Vertical coordinate of neutral line from waterline 7, =0.15 m

Barge mass M=176kg
M
Distributed mass m= = 72 kg

2
Distributed mass moment of inertia Jy = mH_ =0.375 kgm
12

In hydroelastic analysis the barge is treated as a monohull.
The basic quantities occurring in the stiffness matrices take the
following values:
pgB =5.886x10° N/m’
F, =0.1907 x 10° N
F, =0.1483x10° N
F, =-0.100297 x 10° N

N, =0.04238x10° N.

The integral and boundary matrices are specified in Appendix
B. The geometric stiffness matrix, Eqs. (71) and (72), reads

k® = —(Fp +F + NO)I“) (100)

However, its axial part —Nol(l) is neglected here since axial
force is not used in ship longitudinal analysis as a part of geo-
metric stiffness due to very small influence on response. On the
other hand, term — Fp + Fg 1?0 is the part of ordinary restoring
stiffness C, Eq. (4). Therefore, the pontoon vibrations are calcu-
lated with C, which is obtained from Eq. (75) by ignoring N
C,= pgB1 + (7, 1~ F, |~ (o] - 000

ij ij

Table 3 Modal restoring stiffness, analytical, C [10°]
Tablica 3 Modalna povratna krutost, analiti¢ki, C [10°]

14.391 0.000 -0.725 0.000 -1.723 0.000
0.000 7.052 0.000 -1.222 0.000 -2.413
-0.564 0.000 3.781 0.000 -1.235 0.000
0.000 -0.974 0.000 4.670 0.000 -1.446
-1.341 0.000 -1.014 0.000 6.130 0.000
0.000 -1.899 0.000 -1.228 0.000 8.157
Table 4 Modal restoring stiffness, numerical, C [10°]
Tablica 4 Modalna povratna krutost, numericki, C [10%]
14.391]  -0.036] -0.822] 0.000] -1.848] _ 0.000
-0.360 7.048 0.001 -1.343 0.005 -2.549
-0.660 0.001 3.829 0.000 -0.153 0.000
0.000 -1.090 0.000 4.840 0.273 -1.530
-1.460 0.004 -1.085 0.000 6.439 0.000
0.000 -2.025 0.000 -1.306 0.000 8.730

The restoring stiffness matrix determined analytically by Eq.
(101) and analytical modes, Egs. (81) and (82) is shown in Table
3 for the two rigid modes and two symmetric and anti-symmetric
elastic modes. It is also calculated numerically according to the
general formulae Eq. (4) and numerical natural modes, Table 4.
Diagonal terms in Tables 3 and 4, which are predominant, agree
quite well, especially the rigid body ones. Small differences
between the terms of elastic modes and discrepancies of off-dia-
gonal terms are mainly the result of small disagreement between
numerically and analytically determined natural modes. The first
two elastic vertical natural modes of the wetted surface, obtained
by spreading the beam displacements w and dw/dx, Eq. (58), are
shown in Figures 7 and 8.

For illustration purposes, the transfer functions of vertical
bending moment in head sea for the both barge configurations are
shown in Figure 9. They are calculated numerically by program
DYANA [24], while the hydrodynamic coefficients (added mass
and damping) are determined by program HYDROSTAR [25].
Ten elastic natural modes are taken into account, as well as the
mass moment of inertia, J , via corresponding kinetic energy
2 1
E,=-0’J I (102)
added to Eq. (85), which changes the shape of higher natural
modes and level of response and gives more realistic results.

The basic condition for the consistent restoring stiffness is
convergence of transfer function to zero as wave frequency ap-
proaches zero value. This condition is satisfied for the elastic, as
well as for the rigid body response. Large differences between
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Figure 7 The first dry natural mode of vertical vibrations
Slika 7 Prvi suhi prirodni oblik vertikalnih vibracija

Figure 8 The second dry natural mode of vertical vibrations
Slika 8 Drugi suhi prirodni oblik vertikalnih vibracija

Figure 9 Transfer function of vertical bending moment at mid-
ship

Slika9 Prijenosna funkcija vertikalnog momenta savijanja na
sredini barze

600 \ 5
—— hydroetasticity, E1=107 Nm? i\
¥ 2 LT P
g0 | — = Miroslesicty. E1=360 i . 3 I
E 400
z
i" 300
=]
é 200
100
i)
] 2 4 6 8

these responses at the very beginning of the wave frequency,
w, are the result of very small bending stiffness. Tendency of
elastic response to follow the rigid body one for higher stiffness
is obvious. The resonant peak for the softer and stiffer barge
configuration occurs at @= 6 and 8 rad/s, respectively.

A series of model tests on the segmented barge has been
conducted in BGO - First (Toulon — France), in order to validate
numerical procedure, Figure 10 [23]. Numerical and measured
transfer functions of the first mode flexural deformation for
the both barge configurations are shown in Figures 11 and 12.
Flexural deformation is defined as the difference between pitch
angles of the first and last pontoon. These pitch angles are quite
sensitive parameters to describe the barge flexural deformation,
and that could be one of the reasons for disagreement between the
calculated and measured responses which manifests with different
peak values and corresponding resonant frequencies. Another
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Figure 10 Segmented barge
Slika10 Segmentna barza

+ measured
= calculated

Figure 11 Transfer function of amplitude of the 1t elastic mode,
El = 107 Nm?, restoring stiffness C

Prijenosna funkcija amplitude prvog elasti¢nog oblika,
El = 107 Nm?, povratna krutost C

Slika 11

reason of discrepancies could be the amount of the assumed
damping [3]. If Figures 11 and 12 are compared, it is obvious
that the resonant peak in the former is split into two peaks in the
latter due to increased flexural stiffness. Correlation of the other
transfer functions is much better than those shown in Figures 11
and 12 [3, 11, 24].

Table 5 Unified stiffness matrix, analytical, kY [107]
Tablica 5 Objedinjena matrica krutosti, analiticki, kY [10°]

"0.000

14.391 0.000 -0.564 0.000 -1.341
0.000 7.052 0.000 -0.974 0.000 -1.899
-0.564 0.000 3.728 0.000 -1.006 0.000
0.000 -0.974 0.000 4.470 0.000 -1.205
-1.341 0.000 -1.006 0.000 5.700 0.000
0.000 -1.899 0.000 -1.205 0.000 7.412

+ measured
— calculated

RAO Mode 1, mim

Figure 12 Transfer function of amplitude of the 15t elastic mode,
El = 306 Nm?, restoring stiffness C

Slika 12  Prijenosna funkcija amplitude prvog elasti¢nog oblika,
El = 306 Nm?, povratna krutost C

If the unified geometric and restoring stiffness is taken into
account according to Eq. (77), its symmetric form is noticeable,
Table 5. The forced response is determined for the first barge
configuration, i.e. EI = 107 Nm? and excluding mass rotation,
Eq. (102). Deflection is described with 8 natural modes. The
transfer function of vertical bending moment is shown in Figure
13 and compared with that determined with ordinary restoring
stiffness C, Table 4. Some differences are noticeable at resonant
frequency @ = 6 rad/s.

It is necessary to point out that the transfer function of
bending moment determined with the unified stiffness does not
converge to zero as the wave frequency approaches zero value,
Figure 14. That negligible residuum is possibly result of axial
force N, acting far from the neutral axis that should be further
investigated, Fig. 6.
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600
—  hydroslasticity,

— + = hydrosasticity, K" -
500 | hydroctasticity. r

rigid body s .“

400 |

300 |

RAO M,, Nm/m

w, radis

Figure 13 Transfer function of vertical bending moment
Slika 13  Prijenosna funkcija vertikalnog momenta savijanja
10 o 7
——  hydroelasticity, ;
— - = hydroslasticity, K *'

rigid body

RAO M,, Nm/m

w, radls

Figure 14 Zoomed transfer function of vertical bending mo-
ment
Slika 14 Detalj prijenosne funkcije vertikalnog momenta savi-

janja
10 Conclusion

The paper tends to shed more light on still open and challen-
ging problem of restoring stiffness constitution in hydroelastic
analysis of marine structures. Usually, restoring stiffness has
to be taken into account together with geometric stiffness. Due
to some equivalent parts, in this paper they are assembled in
a physically transparent manner. Its simplified formulation is
identical to one shown in [9], which is derived in a direct way
under some assumptions.

Consistency of the unified geometric and restoring stiffness
is checked by analytical solution for prismatic pontoon and
satisfying of the rigid body equilibrium, well-known in the ship
hydrostatics. Analytical formulae offer the possibility to follow
physical background of each constitutive part and their mutual
interference.

Derived theory application is illustrated in case of a seg-
mented barge, for which the experimental data are available.
It is shown that basic condition for each restoring stiffness
formulation is convergence of elastic response to zero, as the
wave frequency approaches to zero value. Both the analytical
solution of the pontoon unified geometric and restoring stiffness
and numerical example of the segmented barge can be used as
benchmark in hydroelastic analysis of marine structures as in,
for instance, [26].

Geometric stiffness can be decomposed into three parts, one
imposed by gravity in vertical direction, another by hydrostatic

pressure and the third one dependent on curvature. The former
is included in the ordinary restoring stiffness, so that in case of
small axial and transverse contribution it is possible to operate
with ordinary restoring stiffness without geometric stiffness. Such
situation occurs in ships with low still water stress distribution.
If ship hydroelastic analysis is handled with geometric stiffness
included, then the additional axial stress caused by resistance and
trust can also be taken into account.

The geometric stiffness has to be accounted for in hydroelastic
analysis of slender structures, like floating airports and tension
leg platforms. In the former case, geometric stiffness reduces the
total structure stiffness due to compression, while in the latter case
it is increased like in the strings of musical instruments. Small
equilibrium disturbance at zero wave frequency, which occurs if
geometric stiffness is included, should be further investigated.

An advantage of applying unified geometric and restoring
stiffness in any case is a possibility to generate geometric stiffness
by standard procedure in the most commercial FEM packages
for structural analysis. Thus, only integration over wetted surface
remains to be additionally done within the modal superposition
method. Otherwise, the calculation of gravity stiffness should be
performed by integration per structure volume, and that could
present a complex problem. If geometric stiffness is included in
hydroelastic analysis, then dry natural vibrations can be calcu-
lated with the complete structural stiffness. In that case one step
of modal superposition calculation is avoided.

One of the further tasks in hydroelastic analysis of marine
structures is just surface integration itself, and finding the way
how to overcome the gap between the structural FEM mesh and
panel net of wetted surface. Also, the application of the presented
theory for a rational and reliable hydroelastic analysis of a large
container ship is an additional challenging task.

The advanced restoring stiffness formulation with geometric
stiffness included, Eq. (2), is not yet generally accepted among
hydrodynamics experts, since for them it seems strange that struc-
ture participates in hydro-mechanical resistance. The structure
is expected to be involved only in the conventional stiffness. By
formulating the unified geometric and restoring stiffness and its
simplification, identical to Eq. (2), in a more transparent way in
this self-contained paper, with detailed analytical consideration in
case of a prismatic pontoon and segmented barge, this avoidance
could be overcome.
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Appendix A Formulation of normal vector
directional derivative

Within continuum mechanics, the following relation between
the actual and the referent differential surface exists [15]:
dS =|F|(F™)" ds, (A1)

where F is the deformation gradient matrix, which in the case of
the displacement vector H takes the form

ox oy 0z
e oH, 1+aHy oH, A2)
ox oy 0z
ﬂ oH, 1+ oH,
ox oy 0z

Thus, for the directional derivative of normal vector one
can write

dS—ds

D, (n)= as] =(|F|(F’1)T—I)n. (A3)

where I is the unit matrix and n is the unit normal vector. The
inversion of matrix F and its transpose, after neglecting the small
terms of higher order, lead to the following formula

oH, 9H, oH, oH, |
DH(n): % +¥ n — p n - pw n, |i

+ aH —*n + ai+al n —aln j (A4)
ay ox oz )Y oy °?

+ oH n aHyn + aHX+aHy n |k
oz * oz Y oX ay |?

Eq. (A4) can also be presented in the vector notation if the
contents within the box brackets are extended and subtracted

with the terms n, , respectively. This

gy Y oz
leads to

DH(n)=n(VH)_[(n%_':).+(n%_;'J,+(naa_';'Jk] (89
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Appendix B Integral matrices Table B2 Integral matrix, 1Y)
Tablica B2 Matrica integrala, 1

In the hydroelastic analysis of barge as a beam, one is faced
with typical integral matrices (76) and (86), which can be solved
analytically for the analytical natural modes, Egs. (81) and (82).
The first matrix is diagonal due to orthogonality of the natural
modes

0.000 0.000 0.000 0.000 0.000 0.000
0.000 2.445 0.000 2.000 0.000 2.000
0.000 0.000 5.059 0.000 3.617 0.000
0.000 2.000 0.000 11.159 0.000 5.897
0.000 0.000 3.617 0.000 19.160 0.000
0.000 2.000 0.000 5.897 0.000 29.133

J
| 1 3 1
I = IW:dX = 4| conipi +7ﬂ |(t9h/3n| +t9ﬁn')+rszﬁ i 2,4,.. BI)  ppleB3 Integral matrix, 1?
- n " n Tablica B3 Matrica integrala, 1?

where the second term represents the frequency equation equal 0.000
to zero [22]. That leads to the value 0.000
8.562
| 65.186
=2 (B2) 250.765
2 683.829

which is also valid for anti-symmetric elastic modes. In a |
similar way the other two integral matrices can be determi- Table B4 Boundary value matrix [(Wiq)j )7|:|
ned, too. Numerical values of the integral matrices and the

boundary value matrix are listed in Tables B1-B4, respecti-  5p1ica B4 Matrica rubnih vrijednosti |:(W.(p. )| :|
vely. Matrix I? is also diagonal due to orthogonality of the i
natural modes.

0.000 0.000 3.801 0.000 9.008 0.000
0.000 2.445 0.000 7.868 0.000 14.143
0.000 0.000 3.801 0.000 9.008 0.000

Table B1  Integral matrix, 1©

Tablica B1 Matrica integrala’ (R 0.000 2.000 0.000 6.436 0.000 11.569

0.000 0.000 3.801 0.000 9.008 0.000

YT 0.000] 2000] 0000 6436] 0000] 11.569
1.218

By knowing the basic matrices, the constitutive barge stiffness
and mass matrices can be determined. It is obvious that asymmetry
of the restoring stiffness C is caused by asymmetry of the boundary
matrix, Table B4. Also, the unified geometric and restoring stiffness
matrix can be calculated according to Eq. (77).

0.611

0.612

0.613

0.612
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