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Abstract. The strong shape category of topological spaces SSh can be defined using the
coherent homotopy category CH, whose objects are inverse systems consisting of topological
spaces, indexed by cofinite directed sets. In particular, if X,Y are spaces and ¢q: Y — Y
is a cofinite HPol-resolution of Y, then there is a bijection between the set SSh(X,Y") of
strong shape morphisms F: X — Y and the set CH(X,Y') of homotopy classes [f] of
coherent homotopy mappings f: X — Y. In the paper it is shown that such a bijection
exists also in the case when Y is not cofinite. This fact makes it possible to study strong
shape properties of the Cartesian product X x P of a compact Hausdorff space X and
a polyhedron P using the standard resolution of X X P, which is a non-cofinite HPol-
resolution. As an application, one reduces the question whether X x P is a product of X
and P in the category SSh to a question concerning homotopy classes of coherent homotopy
mappings. Analogous results also hold for the ordinary shape category of topological spaces
Sh and the pro-homotopy category of cofinite inverse systems of spaces.
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1. Introduction

1.1. The strong shape category SSh has topological spaces as objects. Its mor-
phisms can be defined using the coherent homotopy category CH of cofinite inverse
systems of topological spaces, i.e., inverse systems X = (Xy,pan,A), indexed by
cofinite directed sets (A, <) (see [8], 1.1 and 8.2). The morphisms of CH are homo-
topy classes [f]: X =Y = (Y, quu, M) of coherent homotopy mappings (shorter,
coherent mappings) f: X — Y. Cofiniteness of the index set M guarantees that
the homotopy relation ~ between coherent mappings f: X — Y is an equivalence
relation and therefore, the classes [f] are well defined (see Section 2).

We denote by HPol the class of spaces having the homotopy type of polyhedra (see
[8], 7.1). If ¢: Y — Y is a cofinite HPol-resolution, i.e., a cofinite resolution which
consists of spaces Y, n € M, belonging to HPol (see [8], 7.1), then the definition of
strong shape morphisms (see [8], 8.2) implies the existence of a bijection I'y between
the set SSh(X,Y) of strong shape morphisms F': X — Y and the set CH(X,Y") of
homotopy classes of coherent mappings [f]: X — Y (see more details in 2.6).
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1.2. In the study of Cartesian products X x P, where X is a compact Hausdorff
space and P is a polyhedron (CW-topology), it is convenient to use the standard
HPol-resolution of X x P, introduced in [9] (see Section 4). Unfortunately, that
resolution is not cofinite. Therefore, in this paper we will extend the definition of
coherent mappings f: X — Y to include systems which are non-cofinite. Hereby, for
coherent mappings, their compositions and the identity mapping 1x: X — X, we
use the same defining formulae as used in the cofinite case. Moreover, the definition
of homotopy ~ of coherent mappings remains unchanged. However, in this broader
setting of non-cofinite systems, in general, homotopy of coherent mappings fails to
be an equivalence relation.

Fortunately, there are enough cases of coherent mappings f, where homotopy
continues to be an equivalence relation and thus, the homotopy classes [f] of f are
still well defined. Furthermore, whenever the homotopy classes [f] are well defined,
they have their usual properties. E.g., if [f], [g] and [gf] are well defined, we
define the composition [g][f] of the classes [f] and [g] as the homotopy class [g f].
Similarly, the associative law [h]([g][f]) = ([h][g])[f] remains valid if both sides are
well defined (precisely, Lemma 1 holds). In particular, in the case when X is a
rudimentary system, i.e., it consists of a single space X, then the homotopy classes
[f]: X — Y and the set CH(X,Y) of all such classes are well defined. The other
such case is when Y is cofinite.

The main result of the first part of this paper consists of extending the defi-
nition of the bijection I'g: SSh(X,Y) — CH(X,Y) from the case of cofinite HPol-
resolutions q: Y — Y, considered in 1.1, to the case of non-cofinite HPol-resolutions
q. To achieve this, with such a resolution q one associates a particular cofinite
HPol-resolution ¢*: Y — Y™ and proves that there is a bijection ®y: CH(X,Y)
— CH(X,Y™) (Theorem 3). By 1.1, I'p-: SSh(X,Y) — CH(X,Y™) is a bijection.
Therefore,

T, = (Py) 'Ty (1)

is a well-defined function I'q: SSh(X,Y) — CH(X,Y). Clearly, one has the following
result.

Theorem 1. If X and Y are topological spaces and q: Y — 'Y is an HPol-resolution of
Y, then I'q: SSh(X,Y) — CH(X,Y)is a bijection. If Uq(F) = [f], F and [f] are said to
be associated with each other.

1.3. The fundamental question concerning strong shape (shape) of the Cartesian
product X X Y of two spaces is to determine whether X x Y is a product in the
strong shape category SSh (in the shape category Sh). It is well known that the
answer is positive if both spaces X,Y are polyhedra or both spaces are compact
Hausdorff spaces [2, 10]. However, a simple example, due to J.E. Keesling [2], shows
that the Cartesian product of two (separable) metric spaces need not be a product
in Sh. For the strong shape category SSh, no such example is known.

J. Dydak and S. Mardesié [1] showed that the Cartesian product of the dyadic
solenoid and the wedge (pointed sum) of a sequence of copies of the 1-sphere S is
not a product in Sh. Is there a compact Hausdorff space X and a polyhedron P
such that X x P fails to be a product in SSh is an open question.
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In 1972, Y. Kodama proved that the Cartesian product of an FANR and a
paracompact space is a product in Sh ([3], Theorem 3’). The author proved that the
Cartesian product of an FANR and a finitistic space is a product in SSh [10]. An
open problem of Kodama, raised in 1977 [3], asks whether the Cartesian product of
a movable metric compactum X and a metric space Y is a product in Sh. Even in
the simple case, when X is the Hawaiian earring and Y is the wedge of a sequence
of copies of the 1-sphere S, this author does not know if X x Y is a product in Sh
or SSh.

1.4. In the present paper we are interested in the Cartesian products X x P,
where X is a compact Hausdorff space and P is a polyhedron. Recall that the
canonical projections mx: X Xx P — X, wp: X x P — P induce homotopy classes of
mappings [rx]: X x P — X, [rp]: X x P — P and the latter induce strong shape
morphisms S[rx]: X x P — X, S[rp]: X x P — P, where S: H — SSh is the
strong shape functor from the homotopy category H to SSh. It keeps spaces fixed
and maps morphisms of H to the induced strong shape morphisms (see [8], 8.2). To
state precisely what we mean when we say that X x P is a product in SSh, for a
topological space Z, we consider the following two statements (ESS)z and (USS)z
(the abbreviations stand for existence and uniqueness in strong shape):

(ESS)z For every strong shape morphism F: Z — X and every homo-
topy class of mappings [gL Z — P, there exists a strong shape morphism
H:Z — X x P such that S[rx|H = F and S[rp]H = Slg].

(USS)z If H;: Z — X x P, i = 1,2, are two strong shape morphisms such
that S[?Tx}Hl = S[ﬂ'x]Hg and S[?TP]H1 = S[ﬂ'p]HQ, = 1,2, then H1 = Hg.

That (X x P,S[rx],S[rp]) is a (direct) product of X and P in SSh, shorter,
X x P is a product in SSh, means that, for every topological space Z, the statements
(ESS)z and (USS)z hold.

Analogously, for ordinary shape, we consider the following statements (ES)z and
(US)z (the abbreviations stand for existence and uniqueness in shape):

(ES)z  For every shape morphism F': Z — X and every homotopy class of
mappings [g]: Z — P, there exists a shape morphism H: Z — X x P such
that S[rx]|H = F and S[rp]H = Slg].

(US)z U H;: Z — X x P, i = 1,2, are two shape morphisms such that
Slrx]|Hy = S[rx]|Hs and S[rp|Hy = S[rp]Ha, then Hy = Hs.

Here S: H — Sh denotes the shape functor, which keeps spaces fixed and maps
morphisms of the homotopy category H to the corresponding shape morphisms. That
(X x P,S[rx],S[mp]) is a product of X and Y in Sh, shorter, X x P is a product
in Sh(Top), means that, for every topological space Z, the statements (ES)z and
(US)z hold.

1.5. The main result of the second part of this paper (Theorem 2) reduces the
above stated question concerning strong shape of Cartesian products X x P to an
analogous question of coherent homotopy.
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Theorem 2. Let X be a cofinite inverse system of compact polyhedra with limit
p: X — X and let K be a simplicial complex with carrier P = |K|. Let ¢: X x P —
Y be the standard resolution of X x P associated with p and K andletwx:Y — X,
wp: Y — P be mappings of systems, induced by the canonical projections wx,wp.
For every topological space Z, the statements (ESS)z for X,P and (ECH)z for
X, K and the statements (USS)z for X,P and (UCH)z for X, K are equivalent,
respectively.

Hereby, (ECH)z and (UCH)z read as follows.

(ECH)z  For every homotopy class of coherent mappings [f]: Z — X and
every homotopy class of mappings [g]: Z — P, there exists a homotopy class of
coherent mappings [h]: Z — Y such that [C(wx)][h] = [f] and [C(7p)][h] =
[C(g)]-

(UCH)z If[h]: Z — Y, i = 1,2, are two homotopy classes of coherent
mappings such that [mx][h1] = [7x][h2] and [C(7wp)][h1] = [C(7p)][h2], then
[ha] = [ha].

Here C(mwx),C(wp) and C(g) are coherent mappings induced by the mappings
7 x,mp and g, respectively (see Section 2). The abbreviations (ECH)z and (UCH)z
stand for existence and uniqueness in coherent homotopy, respectively.

In a forthcoming paper [12], Theorem 2 is used in an essential way in proving that
the statement (ESSy) holds for every compact Hausdorff space X, every polyhedron
P and every metrizable space Z.

2. Preliminaries on resolutions and coherent homotopy

A mapping f : X — Y Dbetween inverse systems X = (Xy,pan,A) and Y =
(Y, quur» M) (posssibly not cofinite) consists of an increasing function f: M —
A and of a collection of mappings f,,: Xy,) — Yy, u € M, such that f.pru) ) =
Guu fur- A coherent mapping f: X — Y consists of an increasing function f: M —

A and of a collection of mappings fi, = fuo..un: Xpu,) X A" — Y, where A" =
[€0s - - ., €] is the standard n-simplex and g = (po, .- ., fn) is a multiindex in M of
length n > 0, i.e., an increasing sequence pg < ... < u, of n 4+ 1 elements in M.
One requires that the following coherence conditions be fulfilled.
Q/Lolt1fd0/.t(z7t)a ] = 07
fulz,dit) = S faip(z,t), 1<j<n-1, (2)
Jar w05 2) ()5 )s = 15
fu(xasjt) = fsju(xvt)a 0<y<n; (3)

here d;: A" — A™ and s;: A""! — A" are the standard boundary and degener-
acy operators; d’ omits 1 from = (05 s fn)s 1€y dpp = (foy ooy Ty in)s
while s/ repeats u;, i.e., dp = (o, .-+, s fj, - - fn). Condition (2) makes sense
only when n > 0.
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Coherent mappings can be viewed as generalizations of mappings, because with
every mapping f: X — Y one can associate a coherent mapping C(f) which consists
of the index function f of f and of mappings f,.: Xf(,,) X A" — Y,,, where

fu(.%', t) = fuopf(#o)f(#n) (z).
If X consists of a single space X, formula (2) assumes a simpler form

fulz,d;t) = {%omfdﬂu(x,t)’ j=0, .

fdju.(‘r7t)a 1S]§n

24. Iff: X —>Yandg: Y - Z=(Z,,r,,,, N) are mappings, given by index
functions f, g and by mappings f., g,, the composition gf: X — Z is the mapping,
given by the index function fg and by the mappings g, f4(,). The composition gf
of two coherent mappings is given by a more complicated formula (see Section 1.3
of [8]), not used in this paper.

2.5. Two mappings f, f': X — Y, given by increasing index functions f, f’
and mappings f#,f;“ i € M, are homotopic, f ~ f’, if there exists an increasing
function F: M — A, F > f, f/, such that

fupf(un)F(un) = f;:pf’(lin)F(Hn)' (5)

Two coherent mappings f, f: X — Y, given by index functions f, f’ and
mappings f, f[/L are homotopic, f ~ f', provided there exists a coherent map-
ping F: X x I — Y, given by an increasing function F' > f, f/ and by mappings
Fu: Xp,) x I x A™ —Y,,, which satisfy the coherence conditions and

FN(.’II, Oat) = f/.L(pf(;Ln)F(;Ln)(x)vt)7 F#(.’IJ, 1?t) = f;ll,(pf/(y,n)F(un)(‘r)a t) (6)

If X is arbitrary and Y is a cofinite system, homotopy of coherent mappings is an
equivalence relation (see [8], Lemmas 1.2 and 2.1). The same is true if X consists
of a single space X and Y is arbitrary, because in that case the index function
is constant and thus, it is increasing. In these cases the corresponding homotopy
classes are well defined and are denoted by [f].

Denote by Coh(X,Y) the set of all coherent mappings f: X — Y between two
inverse systems X and Y. Throughout this paper we will use the following lemma,
sometimes without referring to it explicitly.

Lemma 1.

(i) If = is an equivalence relation on the sets CoW(X,Y), CohWY,Z) and
CoX,Z) and f € Coh(X,Y), g € Coh(Y,Z), then the homotopy classes
[f], [g] and [gf] are well defined and [gf] depends only on [f] and [g]. There-
fore, one defines the composition [g][f] by putting [g][f] = [gf]-

(i1) If ~ is an equivalence relation on the sets Con(X,Y), Col(Y ,Z), Col(Z, W),
ConX,Z), Coh(Y,W) and Coh(X,W) and f € Coh(X,Y), g €
Coh(Y,Z), h € Coh(Z,W), then [h(gf)] = [(hg)f] and the corresponding
homotopy class depends only on the classes [f], [g], [h]. Moreover, [h]|([g][f]) =

([h]lgDLSf]-
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Proof. (i) Let f,f': X — Y and g,g’: Y — Z be coherent mappings. We must
prove that f ~ f' and g ~ g’ imply gf ~ g’f’. Since ~ is an equivalence relation
in Coh(X, Z), it suffices to prove that f ~ f' implies gf ~ gf and g ~ ¢’
implies gf’ ~ g'f. In part (i) of the proof of Lemma 2.4 of [8], a homotopy
H: X x I — Z was constructed, which proves that gf ~ gf’. In part (i) of the
proof of the same lemma a homotopy K : X x I — Z was constructed, which proves
that g*f ~ g’"f', where g*,g’" are certain coherent mappings from Coh(Y, Z).
More precisely, g*,g’* are shifts of the mappings g and g’ by an increasing function
G > g¢,¢'. By the proof of Lemma 2.5 of [8], there are homotopies, which show
that gf' ~ g*f and g'f’ ~ ¢g’" f' and thus, by transitivity of ~ in Coh(X, Z), one
concludes that gf ~ g’ f’.

(ii) In the proof of Theorem 2.8 of [8], a homotopy H: X x I — W was con-
structed, which shows that h(gf) ~ (hg)f and thus, [h(gf)] = [(hg)f]. By (i),
[h(gf)] depends only on [h] and [g f] and the latter class depends only on [g] and [f].

Moreover, [h]([g][f]) = [hllgf] = [h(gf)] and ([h][g])[f] = [hgl[f] = [(hg)f]. O

2.6. Ifq: Y =Y, r: Z — Z are cofinite HPol-resolutions, then the definition of
strong shape morphisms shows that there is a bijection I'y.q between the set SSh(Y, Z)
of strong shape morphisms G: Y — Z and the set CH(Y, Z) of homotopy classes
of coherent mappings [g]: Y — Z (see [8], 8.2). If I',.q(G) = [g], we say that G and
[g] are associated with each other. We also consider the bijection I',.: SSh(Y, Z) —
CH(Y, Z), defined by putting I'r.(G) = [¢'], where [g'] = [¢][C(q)] € CH(Y, Z) and
[9] = T'rq(G). We say that G and [g'] are associated with each other.

If p: X — X is another cofinite HPol-resolution and F: X — Y is a strong
shape morphism associated with [f]: X — Y, then the composition of strong shape
morphisms GF: X — Z is associated with the composition [g][f]: X — Z, i.e.,
Lyp(GF) = [g][f] (see [8], 8.2). Therefore, if F and [f']: X — Y are associated with
each other, i.e., [¢(F) = [f'], then [f'] = [f][C(p)] and [f] = Tqp(F) is associated
with F. Consequently, [g][f] is associated with GF and since [g][f'] = ([g][f])[C(p)],
we conclude that [g][f'] is associated with GF.

2.7. If g:Y — Y and r: Z — Z are cofinite HPol-resolutions, g: ¥ — Z
is a mapping and g: Y — Z is a mapping of systems such that [C(r)][C(g)] =
[g][C(q)], then the definition of the strong shape functor S: H — SSh shows that
the strong shape morphism G': Y — Z, which is associated with [g] equals S[g] (see
8], 8.2.(12)).

2.8. Let q: Y — Y be aresolution and X a cofinite HPol-system. If [f]: Y — X
is a homotopy class of coherent mappings, then there exists a unique homotopy class
of coherent mappings [h]: Y — X such that [f] = [h][C(q)]. This is an immediate
consequence of [8], Theorems 7.6 and 8.1 and the fact that the defining property of
coherent expansions does not assume cofiniteness of q.

3. The cofinite resolution g*: ¥ — Y~

3.1. With an inverse system Y = (Y),, ¢, M), which need not be cofinite, one
can associate a cofinite system Y™ = (Y, ¢j35, M*) in the following way (see [13]),
I.1.2 or [8], 6.4). The index set M* is the set of all finite subsets § C M, which
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have a terminal element. Since the ordering < in M is anti-symmetric, the terminal
element of 3 is uniquely determined and we denote it by 6*. The set M* is ordered
by putting 81 <* 2, whenever 5, C (2. Note that 81 <* (B2 implies 57 < 35. The
set M* is directed because 8 = 51 U B U {u} 2D b1, B2, for every u € M, which has
the property that p > 87, 35. Clearly, M™ is cofinite. Y and gj5 are defined by
putting

Qe = qp=pr~- (8)

Note that every term which appears in the system Y™ also appears in the system
Y. Therefore, if Y is an HPol-system, so is Y*. We will also consider the mapping
uy: Y — Y given by the increasing function u: M* — M, where u(3) = * and
by the identity mappings ug: Y, (5 =Yg — Y- =Y.

3.2. With a mapping q: Y — Y, which consists of mappings ¢,: Y — Y,
i € M, one can associate a mapping q*: Y — Y. It consists of mappings Y —
Y, where gj = gg~. Since ugqyg) = g~ = qj, we see that uyq = ¢* and thus,
also C(uy )C(q) = C(uyq) = C(g*). Since (Y) is rudimentary and Y* is cofinite,
the homotopy classes [C(uy)], [C(q)],[C(g*)] are well defined and, by Lemma 1,
[C(uy)][C(q)] = [C(uy)C(q)]. Consequently,

[C(g")] = [Cluy)][C(q)]- (9)

Remark 1. If the system Y is already cofinite, uy :' Y — Y™ is an isomorphism in
the category pro-Top of inverse systems. Indeed, to define an inverse vy : Y* —Y
of wy, one considers an increasing function v: M — M*, which has the property
that v(p) > {p}, for p € M. Such a function exists because M is cofinite and
M* is directed. One then defines mappings v,,: YU*(M) = Y(u(u)+ — Y. by putting
Uy = Qu,w(u))- Note that {u} < v(p) implies p = ({p})* < (v(p))* and thus,
Qu,(v(n))= 18 well defined. It is readily seen that v, Uy(w) = Qu,(v(u))= and thus, vy uy
is equivalent to the identity morphism 1y in pro-Top. It is also easy to verify that
UBVy(B) = q;’v(ﬁ*) and thus, uy vy s equivalent to the identity morphism ly+ in
pro-Top.

Lemma 2. If q: Y — Y is a resolution, then q*: Y — Y™ is a cofinite resolution.
If'Y consists of spaces from the class HPol, then so does Y *.

For a proof see [8], Lemma 6.31.

Remark 2. The construction of the cofinite system Y™, associated with a system
Y, was first used by this author in 1973 (see [6], Theorem 7.1, also see [13], 1.§1,
Theorem 2)). Since that time it has been used in a number of different situations. In
particular, in 1987, the author used it to show that strong homology groups H (X, G)
of spaces, originally defined using cofinite resolutions, can also be calculated using
the same formulae and non-cofinite resolutions [7]. Recently, Ju. T. Lisica obtained
a similar result for strong cohomology groups (see [4], Remark 3).
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3.3. With every coherent mapping f: X — Y, consisting of mappings f,, =

Juo.pn s X X A™ — Y, . one can associate a coherent mapping f*: X — Y™, which
consists of mappings f3 = f3 5 : X X A" = Y3 =Yg, given by
Sbo...8, = T85...85- (10)

If B=(Bo,...,0n) € M*, then Gy <* ... <* B,. Therefore, 55 < ... < % and
thus, 8° = (85,...,0;) € M. Tt is readily seen that the mappings f3 satisfy the
coherence conditions. Moreover, by the proof of Lemma 2.12 of [8], one concludes
that f* ~ C(uy)f and thus,

[F7] = [Cluy)][f]- (11)

Note that for f, f' € Coh(X,Y), one has f*, f’* € Coh(X,Y") and f ~ f’
implies f* ~ f’*, because by (11), [f] = [f'] implies [f*] = [f’*]. Consequently, one
can define a function ®y from the set CH(X,Y") of homotopy classes of Coh(X,Y")
to the set CH(X,Y ™) of homotopy classes of Coh(X,Y ™), by putting @y [f] = [f*].
In view of (11), we see that

Oy [f] = [Cluy)][f]. (12)

3.4. Note that a mapping of systems h: Y — Z = (Z,,r,,/,N), given by an
increasing function h: N — M and by mappings h,: Y,y — Z,, v € N, induces a
mapping of systems h*: Y — Z* given by the increasing function h*: N* — M*,
where h*(v) = {h(v*)}, v+ € N*, and by the mappings R Y**( )y — Z3, where
hfy = hy- Yh('y y — Z.~. Note that Yh* R(y*)}* = Yh('y ) and
Zy = Z « and therefore hZ is well deﬁned Also note t at

h*uy = uzh, (13)

because both sides of (13) consist of mappings A, : Yj,(«) — Z73.
3.5. The main result of this section is the followmg theorem

Theorem 3. For a topological space X and an inverse system Y, the function
y: CH(X,Y) — CH(X,Y™), given by ®y[f] = [C(uy)][f], is a bijection.

Proof. We will prove the theorem by defining an inverse Uy of ®y. We first define a
function, which to every coherent mapping g: X — Y™, given by mappings gg: X x
A" — Y; = Y, assigns a coherent mapping g*: X — Y, given by mappings
gp: X x A" =Y. In order to define the mappings g;, we consider the barycen-
tric subdivision (A™)’ of the standard n-simplex A™ = [eg, ..., e,]. For every subset
{jo,---,jx} €H{0,...,n} of k+1 elements, 0 < k < n, the set of vertices {e;,,...,e;,}
spans a k-dimensional face of A", denoted by A?Om ;o Note that it does not depend

on the order of the indices jo, ..., ji. Let ej,. ;, denote the barycenter of A;‘?Omjk.
For an arbitrary permutation p": {0,1,...,n} — {0,1,...,n}, let A7, C A" be the
n-simplex spanned by the barycenters e,n (o), €pn(0)pm(1)s -5 €pn(0)...07(n) = €0..n
of the simplices A " (07 A};ﬂ(o)pn(l)v"'v A:)L”(O)..‘p"(n) = A", respectively. Then

(A™)" consists of the n-simplices A7, where p" ranges over all permutations of
{0,...,n}, and of all faces of these simplices. Now consider another permutation
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:{0,1,...,n} — {0,1,...,n} such that, for some k, 0 < k < n, the barycenters
€pn(0)...pn (k) and €rn(qy..rn(x) coincide. Then also the simplices AZ"(O).A.p"(k) and
AT (0)...on(x) coincide and therefore, p" (k) = 7" (k). Let us also consider the sim-
plicial mapping 7”: (A™)", which sends the barycenters ej,. ;. of all k-simplices
A?o.--jk to ey. Finally, we define g7, = g5, on A7., by putting

g;(l’,t) = qltoﬂp"(o)gﬂwnﬁn (x’nn(t))7 for t € AZ’H (14)

where B = {pn(0), - thpn(iy}» 0 < k < m. Note that Gy <* ... <* B, and thus,
B=(0o,--.,0) is a multiindex in M* of length n. Moreover, gg,...s, is a mapping
with codomain Yj = Yg: = Yoot = Yimo - Furthermore, 0 < p™(0) implies
po < ppn(oy) and thus, gugu, e, 18 a mapping with domain Y, Therefore, the
composition on the right-hand side of (14) is well defined.

To see that the mappings g;,: X x A7, — Y),,, where p" ranges over the per-
mutations of {0,1,...,n}, define a mapping gp: X x A" =Y, we need to show
that, for two different permutations p", 7", formula (14) gives the same values on
the intersection (X x AZ.) N (X x AZ.). Note that the intersection A7, N AT, is
the simplex spanned by all vertices ej,.. ;,, common to both simplices Agn and AZ,.
Let these be the vertices € n(0)...pm(10)s - - - s €pn(0)...0m (1), Where lop < 1 < -+ < .
Clearly, n™ maps these vertices to the vertices ¢e,..., e, , respectively. Therefore,
n"(t) € lew,- .- eyl, for t € AL, N AL Let u: {0,...,k} — {0,...,n} be the
increasing function, given by w(¢) = I;. Consider the induced simplicial mapping
uy: A¥ — A™ and note that u.(AF) = [e;,, ..., e, ]. Therefore, there exists a point
t'® such that n™(t) = u.('). Consequently, gg,. s, (2, n"(t)) = gs,..5, (T, ux(t")).
However, it is a consequence of the coherence conditions (see [8], Lemma 1.10) that
9Bo..-Bn (z,u(t)) = 49u~=(B) (z,t'), where u*(8) = (6u(0), s 7611,(16)) = (Bio»---»Pu)
and q = qg; Bi, - Consequently, viewing ¢ as an element of A7, formula (14) shows
that gy, (v,t) = Doy, 9By -y (z,t"), where B, = {tpn(0), - tpn@,)}- Viewing t as
an element of A7, the same argument shows that gy, (z,t) = Quop's, 98y, ..-8], (x,t),
where 51'1. = {,ufn(o), e ‘LLTn(li)}. However, since e n(g)...pn(i) = €rn(0)...7n (i), for
0 < i < k, we conclude that also {p™(0), ..., p" (i)} = {7"(0), ..., 7"(i)}, for 0 < i < k,
and thus, §;, = ﬁll,-v for 0 <4 < k, which shows that, for ¢t € A7, N AT, the two
values of g}, (z,t), coincide.

We will now prove that the mappings gy, have the coherence property (2). Let
P 1:{0,...,n—1} — {0,...,n — 1}, n > 1, be a permutation and let ¢ € AZ;}l.
Let p": {0,...,n} — {0,...,n} be the permutation which coincides with p"~! on
{0,...,m — 1} and maps n to itself. Recall that d,: A"~! — A" is the simplicial
mapping which sends the vertices eg, ..., e,—1 of A"~ to the vertices eg,...,en_1
of A", respectively. Therefore, it sends the simplices Agn,l(o), A;n,l(o)pn,l(l), .

m(0)"

AZ[}I(O)___p,L,l(n_l) and their barycenters to the simplices Agn(o)vA,lw(o)p"(l)’ cee
AT, (0)...pn (n—1) and their barycenters, respectively. This implies that dn(A;ﬁf 1) C

A7, and thus, d,t € A”.. Moreover, n"d,(t) = d,n"~'(t). Therefore, (14) shows
that g;(x, dnt) = 4uoB;9B0.--6n (CC, ’I7”(dnt)) = QuoBg Y9B0...0n (377 dnnn_l(t))v where 3, =
{1pm(0)5 s pn ()} 0 < k < . However, gg,..g, (2, du™ ™ (£)) =98o...5,_, (2, 7" (1))
and, for 0 <k<n-— 1, ﬂk = {,upn(o),...,,upn(k)} = {‘[Lpnfl(o),...,/lpn—l(k)} has the
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value required by (14), for t € AZ;}l. Consequently, we obtain the desired formula
gp(z,dnt) = gd‘nu(x,t). The required coherence formula for d;, where 0 < j < n,
is obtained similarly, giving now the role of the vertex e, to the vertex e;. Similar
arguments can be used to verify the coherence conditions (3).

Now assume that g,g’: X — Y™ are homotopic coherent mappings. Then there
is a homotopy G: X xI — Y * which connects g and g’. If G is formed by homotopies
Gg: X x I x A" — Yj,, we consider homotopies G},: X x I x A" — Y, defined
on the sets A7, x I by putting

G:L(m7 S, t) = quoﬂp"(o)Gﬁouﬂn (‘757 s,n" (t))a (15)

where Br = {fpn(0)s s Hpn (k) }> 0 < k < n. The verification that the homotopies Gj,
are well defined and satisfy the coherence conditions is as in the case of the mappings
gp- Tt is also clear that G%,(z,0,t) = g8 (x,t) and G, (x,1,t) = ¢}, (2,t) and thus,
g°* ~ ¢'*. We now define ¥y by putting Uy [g] = [g°].

We will now show that g** ~ g, for every coherent mapping g: X — Y™ and
thus, @y Vy[g] = [g]. Indeed, g** consists of mappings g5* = g5" 5 + X x A" —
Yj =Yy, By (10),

gé*((t,t) :gzo...#n(xﬂf)v (16)

where i, = 3], 0 < k <n. By (14), for t € A, we have

g/:ou-un (.7;, t) = Quoppn 0y 9Bo---Bn (.’L‘7 nn(t))’ (17>

where B = {f1,m(0)s - Hpn (k) } = {(Bon(0)) ™5 s (Bon(x)) "}, 0 < k < n. Consequently,
for t € A7,

g,(.B* (.’17, t) = qﬁg7(Bp"(0))*g{(ﬁp"(o))*}"'{(ﬁp"(U))*"“’(ﬁﬂ""(n))*}(:L" n”(t)). (18)

We will now define a homotopy K: X x I — Y™, which connects g** to g. It will
consist of mappings Kg: X x I x A" — Y} = Yg.. To define these mappings we
need a triangulation 77! of the product I x A", which on 0 x A" is the barycentric
triangulation of A™ and on 1 x A" coincides with A™. Moreover, all vertices of
T™! belong to the two bases 0 x A™ and 1 x A", i.e., are of the form (0,ej,. ;. ),
where ej, j, is the barycenter of the k-simplex AY = [ej,,...,e;,] < A", or
(1,ej), 0 < j < n. The (n + 1)-simplices of T"*! are spanned by the vertices
(0,€50)s---5(0,€j5.. 5. )s (Loex), ..., (1, e,), where 0 < k < n. We denote such a sim-
plex by TJZHM If £ = n, the simplices TTSHk form the cone over (0 x A™)" with
the vertex e, and triangulate the simplex [(0,eq),...,(0,ey), (1,e,)]. If k =n — 1,
the simplices T;f:ljn_l = [(0,ej,)s---5(0,€55..5, 1), (1,€n—1), (1,€,)] form the join
of the barycentric subdivision (0 x A"~1)" of the face (0 x d,A™) of 0 x A" with
[1 X ep—1,1 X e,] and thus, triangulate the simplex [(0,e0),...,(0,en—-1), (1, €n-1),
(1,e,)]. In general, for a fixed k, the simplices T ;;‘H]k triangulate the simplex
[(0,e0),.--,(0,ex),...,(1,ex),(1,e,)]. Consequently, T"*! is a subdivision of the
standard triangulation of the product I x A™. We also need the simplicial mapping

¢t Tt — AL which sends the vertices (0, e, 5, ) to ex and (1,¢e;) to ej41.
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Finally, we define Kg(x,s,t) = Kg,.. s, (x,s,t), for (s,t) € T;nté)___pn(k)’ by
putting

Kﬁ()*nﬁn ('/E’ 8? t)

n (19)
= 055,08, (0)* JLB, 1 (0)* Fo-A (B (o) o5 (B ) * Fio-ofn (T3 G (5, 2)).

Note that 0 < p*(0) and thus, fo € B,x (). This implies 35 < (B,x())* and shows
that 48508, )" is well defined. Also {(B,x(0))*} € --- € {(Bor0))*s- -+ (Borr))*}
and, by assumption, B <* ... <* B,. Since {p*(0),...,pF(k)} = {0,...,k}, we
see that p¥(0),...,p"(k) < k and thus, Bk s« Bory S Br- It follows that
{(Bor0))*s -+ (Bpre))*} € B This shows that the index of g in (19) is an increasing
sequence of length n+ 1 of elements of M*. Moreover, the composition on the right-
hand side of (19) is well defined, because the domain of ggs (s, ) 18 Y(5,n ()~ and
this is the codomain of the other function appearing on the right-hand side of (19).

We omit the somewhat tedious verification that the mappings K g are well defined
on all of X x I x A™. Moreover, they form a coherent mapping K: X x I — Y™,
Finally, the basis 0 x A™ of I x A" is triangulated by the intersections T::Eé)‘..p"(n) N
(0 x A™) = 0 x A%, and ¢"F1(0,t) = dpy19" (), for (0,£) € 0 x AZ,. Therefore,
formulae (19) and (18) show that

K2 (,0,8) = 85.(8,(0) I (B )"} AByr )" s (B ()13 (2 M0, 1))
= qﬂa‘,(5pn(o))*g{(ﬁpn(o))*}---{(5,m(o))*»--<7(ﬂp"(1L))*}(xVnn(t)) (20)
= g5 (2, 1).
Similarly, the triangulation T7%!, restricted to the basis 1 x A™ of I x A" consists

of a single n-simplex 1 x A™ = Tp”:?é) N (1 x A™) and its faces and ¢"*1(1,t) = dot,
for (1,t) € I x AJ,.. Therefore, formula (19) shows that

Kag,..5, (z,1,t) = 485, (Bon (0))* 9{(Bpn (0))* }B0--Br (‘T7Cn+1(17t))
= qﬁg,(ﬂpmo))*qf(ﬂpn(o))*}gogﬁonﬂn (z,1) (21)
= YBo...0n (:L‘,t),

because ag;, (g,n )" 4(5,n (o))" oo = 95 Bpn0)* Wm0 05 = 48505 = 14

We will now show that f*® ~ f, for every coherent mapping f: X — Y and thus,
Uy @y [f] = [f]. Indeed, f*° consists of mappings f;;* = fi* , + X x A" =V,
where by (14) and (10), for ¢ € A7, one has

;'(l‘,t) = quoﬁé‘fgo‘.ﬂn ($7 nn(t)) = QuofBg fﬁa‘nﬂ;ﬁ (x’nn(t))’ (22)
where Bx = {fon 0y, s Bpn (k) }, 0 < k < n, and thus,
f;.(x’t) = Quoppn (o) f{up"(o)}*'“{N‘p"((})v"'vup"(n)}*(:L‘7nn(t))' (23)

We now define a homotopy H: X x I — Y, which connects f*® to f. It consists

of mappings Hy,: X x I x A" =Y, . For (s,t) € T:’Ié)“.p"(k) C I x A™, we put

n+1
HH('T7S7t) = ql‘LOiu’pk(())f{upk(o)}*"'{#pk(o)v"'nu'pk(k)}*p‘k"--;u'n(:L.’C * (S’t)) (24)
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Since , {p*(0),...,p"(k)} = {0,..., k}, it follows that Lok 0) s s ok iy} = {105 - - -
s ik} and thus, {f,k 0y s Bpk (k) }* = {H0s - - -5 ik }* = pg. Therefore, the index of f
in (24) is a (degenerate) multiindex of length n + 1. Moreover, po < p,x (o), because
0 < p*(0). All this shows that the right-hand side of (24) is well defined.

One can verify that the mappings H,, are well defined on all of X x I x A™.
Moreover, they form a coherent mapping H: X x I — Y. Finally, the basis 0 x A™
of I x A™ is triangulated by the intersections T;n‘t(l))__pn(n) N(0xA") =0x A}, and
¢"1(0,t) = dpy1n"(t), for (0,t) € 0 x A%,. Therefore, formulae (24) and (23) show
that

Hu(.r, 0,t) = Qpoppom (0 f{ﬂpn(o)}*m{#pn(o) »»»»» Hpm (n)}* Bn (x, Cn+1(0’ t)

= Quopyn o) f 1m0} oo Lttpm (0 ostipm oy 1< (T, 17 (1)) (25)
= fit(z,t).
Similarly, for ¢t € A™, one has (1,t) € T;Z‘(Fol) and ¢"T1(t,1) = dot. Since {po(0)}* =
f0(0) and p®(0) = 0, formula (24) shows that

Hyu(2,1,1) = fuopo.n (2, ¢"FH(1,1))
= fuowpn (2, 1) (26)
= fu(z,t).
O

3.6. The following technical lemma plays an important role in the proof of
Theorem 2, given in Section 5.

Lemma 3. Let X,Y,Z be spaces, let F: Z — X and H: Z — Y be strong shape
morphisms and let m:' Y — X be a mapping. Furthermore, let p: X — X be a
cofinite HPol-resolution of X, let q: Y — 'Y be an HPol-resolution (which need not
be cofinite) and let w:' Y — X be a mapping of systems such that wq = prn. If
[f]: Z — X and [h]: Z — Y are homotopy classes of coherent mappings associated
with F and H, respectively, then S[r|H = F if and only if [C(m)][h] = [f].

Note that the classes [f]: Z — X, [h]: Z — Y, [C(w)]:Y — X and
[C(m)h]: Z — X are well defined and [C(m)][h] = [C(w)h] (see Lemma 1 (i)).

Proof. We first consider the case when q: Y — Y is cofinite. By 2.7, the strong
shape morphism S[r]: Y — X is associated with the class of coherent mappings

[C(m)]: Y — X. Since H is associated with [h], 2.6 shows that S[r|H is associated
with [x][h], i.e., B
Ip(S[x]H) = [C(m)][R]. (27)
Since
Ip(F) = [f]; (28)

we see that S[r]H = F implies [C(m)][h] = [f]. Conversely, if [C(w)][h] = [f], then
[y (S[r]H) =Tp(F). It follows that S[r]H = F, because Iy, is a bijection.

We will now assume that g: Y — Y is not cofinite. Consider the cofinite HPol-
resolution ¢*: Y — Y™, induced by q: Y — Y (see Lemma 2), the cofinite HPol-
system X and the homotopy class of coherent mappings [C(p7)]: Y — X. Since
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p and q* are cofinite HPol-resolutions, 2.7 applies and yields a class of coherent
mappings [+]: Y* — X such that [C(pr)] = [C(p)][C(r)] = [x*][C(a")]. By (9),
[C(uy)][C(q)] = [C(g)] and thus, ([r*][C(uy)])[C(q)] = [7F]([C(uy)][C(q)]) =
[m*][C(q")] = [C(pm)]. Since pr = wq, we see that ([77][C(uy)])[C(q)] = [C(mq)]
= [C(m)][C(q)]. Since q is a resolution and X is a cofinite HPol-system, the unique-
ness part of 2.8 implies that

[ )[C(uy)] = [C(m)]. (29)

Let [h1]: Z — Y* be the class of coherent mappings, which is associated with the
strong shape morphism H: Z — Y, i.e., let Tg«(H) = [h*]. By 2.7, the strong
shape morphism S[n]: Y — X is associated with the class of coherent mappings
[7T]: YY" — X, ie., Tpg-(S[r]) = [7T]. It follows, by 2.6, that S[r]H is asso-
ciated with the class [wF][hT] , i.e., Tp(S[r]H) = [#F][hT]. Since [h]: Z — Y
is associated with H, ie., I'q(H) = [h], and by (1), ®yT'q(H) = T¢-(H), we
see that ®y[h] = Tg-(H) = [hT]. However, by (12), ®y[h] = [C(uy)][h] and
thus, [h*] = [C(uy)][h]. Now note that, by (29), [xt][h"] = [xt]([C(uy)][h]) =
([7*][C(uy])[h] = [C(m)][h]. Consequently, (27) holds again. On the other hand,
F:Z — X is associated with [f]: Z — X, i.e., (28) also holds. Comparing (27)
with (28), we conclude as in the case of cofinite g, that S[r]H = F if and only if

[C(m)][h] = [£]. B

4. The standard resolution of X x P

4.1. Following the author’s paper [9], we now describe the standard resolution
q:Y =Y = (Y,,quu, M) of the product ¥ = X x P of a compact Hausdorff
space X and a polyhedron P (CW-topology). It consists of an inverse system Y =
(Y., quur» M) (sometimes also called the standard resolution of X x P) and of a
mapping of systems q: Y — Y, which consists of mappings ¢,: X x P — Y},
w € M, into spaces Y),. It is determined by a triangulation K of P and by the limit
p: X — X of a cofinite inverse system of compact polyhedra X = (X, par, A).

Order the simplicial complex K by putting ¢ < ¢’, whenever the simplex o is a
face of the simplex o’ € K. Let M be the set of all increasing functions p: K — A,
i.e., functions such that o < ¢’ implies p(o) < p(o’). Endow M with the natural
ordering, i.e., put pu < p' provided p(c) < p/(o), for every o € K. It is easy to
see that (M, <) is a directed ordered set, but in general, M fails to be cofinite. In
order to define the spaces Y),, one first associates with every ¢ € K and p € M the
product space X,,(») X 0. Then one considers the coproduct (disjoint sum)

Y/,u = H (XM(U) X U)' (30)
ceK

By definition, Y), is the quotient space
Y, = qu/ s (31)

where ~,, denotes the equivalence relation determined by considering points (z,t) €

XM(U) X o C YH and (CC/,t/) e X

wony X o' C Y,, equivalent, provided ¢ < o/, z =
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Pu(oyu(ony(®') and t' = ig.r(t), where iyo i 0 — o is the inclusion mapping (we
usually simplify the notation by putting i,./(t) = t). The corresponding quotient
mapping is denoted by ¢,,: }7# — Y.

In order to define the mappings g, : Y,y — Y, one first defines mappings

Gup Yy — Yy, by putting
Qup (z,1) = (pu(a),u’(o) (v),1), (32)

for (z,t) € X o) x 0 C )7“. It is readily seen that there exist unique mappings
Qup Y — Y, such that

Q' P = OpQup - (33)
Moreover, ¢ qup = quur, for p < p/ < p”’, so that Y = (Y, gupu, M) is an inverse
system.

The mapping g: X X P — Y consists of mappings ¢,: X x P — Y, u € M,
defined as follows. With every ¢ € K and u € M one associates the mapping
Pu(o) X lo: X x 0 — X, (o) X 0, where py: X — X, A € A, are the projections
forming p: X — X. Put

Y/:H(XXO'):XXHU (34)

oceK oceK
and define mappings g, : Y — Y/ﬂ, by putting
q/t (.%', t) = (p,u(o)(x)7 t)v (35)

for (z,t) € X x 0 C Y. We also consider the quotient mapping ¢ = 1x x u: Y —
X x P, where u: [[ ., 0 — P is the quotient mapping, defined by the requirement
that the restrictions ulo: 0 — P are inclusion mappings o < P. It is readily seen
that there exist unique mappings ¢g,,: X x P — Y, such that

¢MQM = qM¢- (36)

Moreover, ¢, = quuwq, for p < p'.

We also consider two mappings of systems wx:Y — X and wp: Y — P,
defined as follows. With every A € A one associates the constant function o — A,
o € K, denoted by \. Clearly, X € M. By (30), Y5 = X x (Ilyex o). Moreover,
if (2,t) € X5,y x0 =Xy x0C Yy, (/) € X3y x 0/ = Xxxo' C Y5 and
(x,t) ~x (2/,t), then x = 2’ and u(t) = u(t’). To verify this assertion, it suffices
to consider the case when o < ¢’. In that case, © = p5.,y3(,1)(2) = pan(a’) = 2
and t' = i,/ (t), hence also u(t) = u(t’). All this shows that Y5 = X x P and the
quotient mapping ¢ : Y/X — Y5 is the mapping 1x, xu: Xy x ([[,cx o) = Xa x P.

By definition, the mapping 7 x is given by the increasing function A — X and
by the first projections 7y: Y5 = X\ x P — X,. Since ¢z = pax X 1p, one has
Tagxwy = Py and thus, wy: Y — X is a mapping. Since P is a polyhedron, the
mapping wp: Y — P is determined (up to equivalence), by any index A € A and
by the second projection 7p: Yy = X x P — P. It is readily seen that

T™xq =Pprx, Tpq =Tp, (37)



NON-COFINITE RESOLUTIONS IN SHAPE THEORY 315

where 7x: X X P — X and wp: X X P — P are the first and the second projections.
4.2. In [9], it was proved that the spaces Y, are (Hausdorff) paracompact spaces,
belonging to the class HPol. Consequently, the standard resolution g: X x P - Y
is a non-cofinite HPol-resolution. Recently, the author showed that the spaces Y,
are (Hausdorfl) stratifiable k-spaces (see [11], Lemmas 4 and 5). Recall that strati-
fiable spaces were introduced in 1961 by J. Ceder as a generalization of metrizable
spaces. Ceder proved that polyhedra (even CW-complexes), which are in general
non-metrizable, belong to the class of stratifiable spaces. Moreover, he proved that
stratifiable spaces are (Hausdorff) paracompact and perfectly normal spaces.

5. Proof of Theorem 2

5.1. (ECH), = (ESS),. Let F': Z — X be a strong shape morphism and let
[9]: Z — P be a homotopy class of mappings. We must find a strong shape mor-
phism H: Z — X x P such that S[rx|H = F and S[rp]|H = S[g]. Since p: X — X
is a cofinite HPol-resolution of X, with the strong shape morphism F: Z — X
is associated a homotopy class of coherent mappings [f]: Z — X. Now condi-
tion (ECH)z yields a homotopy class of coherent mapping [h]: Z — Y such that
[C(wx)][h] = [f] and [C(7p)][h] = [C(g)]. Since q is an HPol-resolution, there is a
strong shape morphism H: Z — X x P, which is associated with [h].

Recall that wxq = prx (see (37)) and apply Lemma 3 to X, Y = X x P, Z, F, H,
T =7x,p,q, 7™ = 7x,f and h. Since [C(wx)][h] = [f], it follows that indeed,
Slrx]H = F. Also recall that wpq = 7p (see (37)) and apply Lemma 3 to X =
PY =X x P,Z,F = S[g|,H,7 = np,p = 1p,q,® = 7p, f = C(g) and h. Since
[C(mp)][h] = [C(g)], it follows that also S[rp|H = S]g].

5.2. (ECH), < (ESS)z. Given a homotopy class of coherent mappings [f]: Z —
X, we choose a strong shape morphism F': Z — X x P, which is associated with
[f]. Now condition (ESS)y yields a strong shape morphism H: Z — X x P such
that S[rx]H = F and S[mp]H = S[g]. Using again Lemma 3, one concludes that
[C(mx)][h] = [f] and [C(7p)][h] = [C(g)].

5.3. (UCH), = (USS),. Let H;: Z — X x P, i = 1,2, be two strong shape
morphisms such that S[rx]H; = S[rx|Hs and S[rp]H; = S[wp]Ha, i = 1,2. We
must prove that H; = Hs. Denote by F': Z — X the strong shape morphism F' =
S[mx]H; and note that it does not depend on i. Denote by [f]: Z — X the homotopy
classes of coherent mappings associated with F. Since the codomain of S[rp]H; is
the polyhedron P, there is a mapping g: Z — P such that S[xp]H; = S[g]. Note
that [g] too does not depend on i. Since g: X x P — Y is an HPol-resolution of
X x P, with the strong shape morphisms H;, one can associate homotopy classes of
coherent mappings [h;]: Z — Y, i =1,2. Note that wxq = prx and apply Lemma
3to X,)Y =X x P, Z F H;,mn =7x,p,q,®™ = 7x, f and h;. Since F = S[rx]H;,
it follows that [C(7x)][h:] = [f], i = 1,2, and thus, [C(7x)][h1] = [C(7x)][h2]. A
similar argument, using wpq = 7p and Lemma 3, where X = P,Y = X x P, Z, F =
Slgl,Hi,# = np,p = 1p: P — {P},q,m = wp,f = C(g) and h; shows that
[7p][h1] = [C(g)] = [mp]lh2]. Now (UCH) implies that [hi] = [hso] and thus,
H, = H,.

5.4. (UCH)z < (USS)z. This implication is proved by repeating the above
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argument with interchanged roles of strong shape morphisms and homotopy classes
of coherent mappings.

6. Results concerning ordinary shape

Results developed in previous sections for strong shape and coherent homotopy have
their analogues in (ordinary) shape and pro-homotopy. Using the definitions from
[8], the proofs follow the same pattern and will therefore be omitted.

The analogue of the category CH is the category pro-H. Its objects are cofinite
inverse systems of spaces X = (X, pxr, A). To define morphisms, we first consider
homotopy mappings f: X — Y = (Y}, qu, M) between arbitrary inverse systems.
They consist of an increasing function f: M — A (the index function) and of a
collection of mappings f,,: X(,) — Y, such that

FuP o sy = G furs 1< 0 (38)

If X is a rudimentary system, i.e., it consists of a single space X, then f: X - Y
consists of a collection of mappings f,: X — Y, such that

fu=aquufuw, p< ,U/- (39)

Two homotopy mappings f, f': X — Y, given by increasing index functions f, f’
and mappings fl‘«’f;/lﬂ i € M, are homotopic, f ~ f’, if there exists an increasing
function F: M — A, F > f, f/, such that

FuP )P Gun) = Ful s () P ) (40)

If Y is a cofinite system, homotopy of homotopy mappings is an equivalence relation.
Therefore, the homotopy classes [f]: X — Y of homotopy mappings f: X — Y
are well defined. By definition, they are the morphisms of the category pro-H.

If Y is an arbitrary system, but X is a single space X, then the homotopy
of homotopy mappings f: X — Y is also an equivalence relation and therefore,
the homotopy classes [f]: X — Y and the set H(X,Y) of all such classes are
well defined. By the definition of shape morphisms, if g: Y — Y is a cofinite HPol-
resolution of Y, there is a bijection I'q between the set Sh(X,Y") of shape morphisms
F: X —Y and the set H(X,Y). As in the case of Theorem 1, one can extend the
definition of I'g to the case when g is not cofinite.

The analogue of Theorem 2 assumes the following form.

Theorem 4. Let X be a cofinite inverse system of compact polyhedra with limit
p: X — X and let K be a simplicial complex with carrier P = |K|. Let ¢: X x P —
Y be the standard resolution of X X P associated with p and K andletwyx:Y — X,
wp: Y — P be mappings of systems, induced by the canonical projections wx,wp.
For every topological space Z, the statements (ES)z for X ,P and (EH)z for X, K
and the statements (US)z for X ,P and (UH)z for X, K are equivalent, respectively.

Hereby, (EH)z and (UH)z read as follows.
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(EH)z For every homotopy class of homotopy mappings [f]: Z — X and
every homotopy class of mappings [g]: Z — P, there exists a homotopy class
of homotopy mappings [h]: Z — Y such that [wx]|[h] = [f] and [« p][R] = [g].

(UH)z If [hy]: Z — Y, i = 1,2, are two homotopy classes of homotopy
mappings such that [wx][hi] = [rx][h2] and [7p][h1] = [wp|[hs2], then [hq] =
[hs].

Remark 3. There is an alternative definition of the category Sh, which does not
require monotonicity of the index functions (see [13]). It yields the same notion
of shape. Here we preferred to use the definition of [8], because it is closer to the
definition of strong shape.
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