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Harmonic number sums in closed form

ANTHONY SOoro!*

! Victoria University College, Victoria University, PO Box 14 428, Melbourne City 8001,
VIC, Australia

Received March 1, 2010; accepted November 17, 2010

Abstract. We extend some results of Euler related sums. Integral and closed form repre-
sentation of sums with products of harmonic numbers and cubed binomial coefficients are
developed in terms of Polygamma functions. The given representations are new.
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1. Introduction

The generalized harmonic numbers of order « are given by
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H,ga>zz7a, for n=1,2,3,..., a=1,2,3,...
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where v denotes the Euler-Mascheroni constant, defined by
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Recently Jung, Cho and Choi [10] evaluated Euler sums from integrals and obtained

results like
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In this paper we expand (1) to obtain results of the form
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to add, in a small way, some results related to (1) and (3) and to extend the result
of Cloitre, as reported in [19]. A remarkable recursion known to Euler [8] is
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=(@+2)¢(g+1) =) C(r+1)¢(g—r) (3)

_
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and there is also a recurrence formula
(2n+1)¢(2n) =2 ¢ (2r) ¢ (2n —2r)

which shows that in particular, for n = 2, 5¢ (4) = 2(¢ (2))® and more generally
that ¢ (4n) is a rational multiple of (¢ (2n))”. The Riemann zeta function

Here we are also interested in evaluating closed form and integral representations of
Euler type sums containing both harmonic numbers, H,(La) and powers of binomial
coefficients, two types of special numbers of enumerative combinatorics. There are
many works investigating sums of both harmonic numbers and binomial coefficients,
see for example [1, 2, 3, 4, 6, 9, 13, 14, 15, 16, 17], and references therein. Chu
and Zheng [7] also obtained many other identities involving harmonic numbers and
central binomial coefficients.

2. Identities

Theorem 1. Let a,b,c,d > 0 be real positive numbers, |t| < 1 and j,k,I,m > 0,
then

Z " Zr 1 rJlrj

B ()
= —abed | / / / yi]; (- ' (1= w)" @)

XIn(1—z)ln(1 tmaybzcwd) dz dydz dw

Proof. Consider

tn
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B nST (an+ 5+ 1)T (bn+k+1)T (ecn+1+1)T (dn+m + 1)

n>1
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bdZt”F (bn)T (en)T (dn) T (k+1)T (1 + 1)T (m + 1)

d
B 41
nl’ bn+k+1)1“(cn+1+1)r(dn+m+1) (an,j+1)

tn ! ;
= abed g —B (bn,k+1) B (cn,l + 1) B (dn,m + 1)/ 11— z) da,
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where the Beta function

['(s)T (w)

1
_ s—1 711.)2_1 W =
B(s,z)f/ow (1 )y d T(s+w)

for Re (s) > 0, Re(z) > 0 and the Gamma function
I'(2) :/ w* e ™ dw for Re(z) > 0.
0

Now differentiate with respect to the parameter j, then

" 27 1 ri
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0
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by a subsequent allowable change of sum and integral, hence

Z t" Zr 1 ’I‘ij

Sin (an]+]) (bn+k) (('n+l) (dn;;m> k | )
o] [ [ [ 1t

xIn(1—2)In ( tx“ybzcwd) dx dy dz dw.

O

We now investigate three new corollaries that are a consequence of the Main
Theorem 1.
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Corollary 1. Forb=c=d=a>0,t=1,j=0=101=m and k > 1 an integer,
we have

HY
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Proof. Expand

Y kLHY BHY LA,
Zm((m%):z k :Z nb Z +r

n>1 k n>1 n® Hr:l (an + 7") n>1 r=1 an

where
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Simplifying (6), we obtain (5). O
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Remark 1. The degenerate case, k = 0 gives the known result

W7 1,
; " :14(6)—§C (3)-
Similarly,
a 7 1 22 425 9200
m = 14(6)—542(3)—224(5)+§C(3)C( )+ 7(( )_7“ )
n>1 3
15616 30976 30368 247808
—— 4(2)4-727 Tn2++ —— 9 (In2)* — 31 G,
Y 7 1, 9 3
;715(2;2) = 1((6)_ 5@ (3)_§C(5)+§C(3)C(2)
315 31 12601699

m“ Fﬁ“ )+ 4096C( )+ 722534400’

where G is Catalan’s constant, defined by

7’

G= ~ 0.915965 .
Z 2r+

Corollary 2. Ford=c=b=a>0,t=1,7=0=m, [ =k > 1 integers, we have
HY
(7)
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n>1nd (““” )

_ —a//// - xyzwj)]k In(1—z)In (1 — (zyzw)?) de dy dz dw

oo () [ La- e
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e { () e en]] ®

where
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Proof. Expand

2
n>1nd (“"+k) n>1 M ((an + 1)k+1)
5 HY (k1)? z’“: A, B,
- = = lantr (an+1)?)
where
2 2
B, = lim (an + 5) 50 = <S <k>>
n—(=2) | [[s; (an+s) k' \'s
and

o i~ () >

where X (k,r) is given by (9). Now, by interchanging the order of summation, we
have

e

k 1 k H(l)
= YA e+ S RBY. s (10
r=1 r=1

n>1 nd (an]:rk) n>1 n>1 n5 CL’I’L +r
where
HY
et n’ (an +7r)?
_ ZHU) I 2a n 3a? _ 4a? _ a® n 5a*
=~ N i N Ve o R N N r)2 ron (an + r)
_7C(6)  ¢*(3)  6al (5) L 20¢(3)¢(2)
472 2r2 r3 r3
1
L15a’C(4)  9a%(3) | 5a*C(2) a*¢(2) HY |
47t 75 76 75
5a* ad
+5 {(H(l)l) +HY }+ {2 m 1Y (11)

and from (11) and the inner part of (6) into (10), we obtain

() [R5 - e o
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1
15a2C(4)  9a%C(3) Batc(2) @*C(2)HY,
474 rd r6 o

5 2
+;;{<ngl) +HE) } PN }}

[ e e
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LLECR) 2 | %«)_%25{(H9%)<+H@)}}X(hry

r4 rd

Now we collect the zeta functions, and using the property that

i(f)Q[l—QrX(k,r)]zl

then (8) is confirmed. O
Remark 2. Some examples are
Y 7 1
i ~¢(6) — 542 (3) = 36¢ (5) +12¢ (3) € (2) + 115¢ (4) — 8376¢ (3)
nz1 0 (157)
—1287°% — 2304¢ (2) + 4656¢ (2) In 2 + 46087 In 2
+14112 (In 2)* — 12288G + 10247G + 6144G'In 2,
Y 7 1, 11 11
T = 16~ 5P (38) ~ S C(5) 5 C(3)C ()

n 2
=i (37)
970 305 2496877 1108486911367
M) - =3 - =2 2
2164( ) 2164( ) 7348320C( )+ 648121824000

Corollary 3. Ford=c=b=a>0,t=1,j=0, m=1[01=k > 1 an integer, then

Y

n>1 nb (an+k>

[ e

xIn(l—z ln(l—(xyzw) )dz dy dz dw
:ZC( _,42 Z T“( >3{—a (2+18X(k,r)+3rY(k,r)>((5)
+a(f—&xww»+ﬂwhr04cnc@>

+ﬁ(29_“““h”+5yww0<@>
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2

RECE = R 2 —Y (k) | €(3)
N AT

ta P 3 2 X (k,r)

a 15a* 1 \?2 2 5a® 1 2 3
+55Y (k,r)) @)+ 5 {(H‘ll) + 2P, b+ 2 (D B, B, |

2 2
+5 { (H2,) +2m) 1D, + 3HS411}

5a* MW\, 4@ a® (1) ) 3)
_3<2T3{(H;_1) + 1P, +T—2{H§_1H§_1+H§_l} X (k,7)

g ()

<2>1} Y (k,r)} , (13)

r
a

where X (k,r) is given by (9) and

Y (k,r) = g {3X2 (k,r)+ H? + Hﬁi)l} . (14)
Proof. Expand
5 J20% 2 (k)
3 :
n>11nb (an]jk) et nd H’:Zl (an + r)3
_ZHS) kP [ A4, B, G
= nd o |an+r (an—|—7‘)2 (an—|—7‘)3
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3 3
o= LA o (5 (1))
n—=(=%) 521 (an+5) F\S
3 3
B.— lm - ,C(C‘Ls)g :3(—1)S<S,(k>) X (k. )
wC) T, an +9) B s
and

2 3
A =L m L . —k(“”+ ?) _
Zno(-2) dn® | T, (an+s)
3 1(s (k 3 (2) (2)
s+
20 (5 (D) e a2+ 52,

where X (k,r) is given by (9).
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Now we can write

7O k , e k , 7O
— =N A (K) —" ) B, (k) —_—
1 (an+k>3 7; 7; n® (an+r) 7; ; n5 (an +1)°
N k - - (15)
k , Joc)
+>» C, (k) —_—
7; T; nb (an + 7")3
where
Z H1§7,1) o H(l) 1 . 3a 6@2 _ 10@3
= (an+r)p PR R TR
a® 5a® " 15a*
5 (an+71)° 18 (an+r)*  rén(an+7)
_ TGO C3) 9a¢(5) | 3aC(3)C(2) , 29a%¢ (4)
473 2r3 rt r4 4r5
25a3¢ (3)  a*C(3) H(glll 15a%¢ (2)
- 6 - 5 + 7
r r T
: (1) (2)
_50‘3((2) H:2y B a*¢ (2)H5_1 15a* {(H(l) )2 L H® }
76 rd 2r7 -l a1
5a° 1 2 3
+5 (B 1D+ 1D,
a? 2) \? 1 3 4
v {(Hggl) con) B, +3H5>1} (16)
Substituting (16), (11) and the inner part of (6) into (15) we get
i k B\ P
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= [ an+k 2 k! T k—r "
n>1n° ( & ) r=1
L [7€(6) _3aC(5)  5a*C(4) ¢ B)
4r r2 473 2r
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+ r A T Tas (Hﬁ_l) tH:
k 3
v (K 7¢(6) ¢*(3)  6ac(5)
+Z3(_1) (r (r X (k) 4r2 2r2 g3

2a¢ (3)¢(2)  15a°C(4)  9a°C(3) n 5a'¢ (2)

73 4rd 7o 76
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a®¢ (2) Y 1 bat 2 X
& (1) (2) a (1) (2) (3)
— {(H;—l) + H} s i, |
k 3
k 7C(6) ¢2(3) 9a¢(5) | 3aC(3)¢(2)
E _1)rtt _ _
+7‘:1( ) (T (T>) [ 4r? 2r? AT rt
1 1
2042 (1) 2a'¢(3) I 1saic(a) S HL
475 - 16 - ro + 7 o r6
a?C2)HY | g2 @ \? 1) B3 (4)
_7“5+27'5{<H21> +2H£—1HT—1 +3H21}
15a* 1 2 2 5a3 1 2 3
g { () b B B0 m 2}

and after much algebraic manipulation with the aid of say, Mathematica [20], sim-
plification and collection of the zeta functions, we arrive at (13) where we have used
the fact that

3 (+ (%)) 1-arx o)y ] -1

r=1
and Y (k,r) is given by (14). O
Remark 3. Some examples are
Y 7 1, 75 25 145805
W—ZC(G)*; (3)*?§(5)+?C(3)C(2)* ) ¢(4)
a1 m® ()
68053 358401n 2 2767747 4096 1n 2
O3 3y + 2 (3 - T (9 - B2 g
311296

o 157696 391657
— In2

gy ()"~ 2t g

Fora=2, k=1 we obtain (2).

Remark 4. In Corollaries 1, 2 and 8 we encounter harmonic numbers at possible
rational values of the argument, of the form Hga_)l where r = 1,2,3,...,k and

k € N. To evaluate Hi“jl we have available a relation in terms of the Polygamma
function () (2), for rational arguments z,

—1)¢
B = ot 1) + g (D),
a a' a
where ( (z) is the Riemann Zeta function. We also define

A =y 9 (), and HE =0,
The evaluation of the Polygamma function () (2) at rational values of the argu-
ment can be explicitly done via a formula as given by Kolbig [12], (see also [11]), or
Choi and Cvijovié [5] in terms of the Polylogarithmic or other special functions.
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In concluding we remark that the general results obtained by the evaluation
dentities (5), (8) and (12) are an extension and generalization of the identities

obtained by Sofo [18].
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