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Abstract. In this paper, we obtain a Nakano type inequality for vertical valued ∂h -
harmonic mixed forms with compact support on the total space of the holomorphic tangent
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1. Introduction

The Bochner technique and vanishing theorems on strongly pseudoconvex complex
Finsler manifolds were initiated and intensively studied by C. Zhong and T. Zhong in
[19, 21, 22, 23] and [24], whose aims were to study the horizontal complex Laplacian
and vanishing theorem for complex type forms on strongly pseudoconvex complex
Finsler manifolds. Some possible extensions concerning the study of the vertical
complex Laplacian and a vanishing theorem of Bochner type for holomorphic sections
on the total space of a complex Finsler bundle are studied in [7, 9]. The aim of this
paper is to continue the study mentioned above. Here we study a Nakano type
inequality for vertical valued ∂h-harmonic mixed forms with compact support on
pseodoconvex complex Finsler manifolds.

Firstly, following [1, 3] and [14], we briefly recall some basic facts on complex
Finsler manifolds. Next, by analogy with the case of hermitian foliations [18], we can
consider the (p + r, q + s) complex type forms on the total space of the holomorphic
tangent bundle of a complex Finsler manifold [15], as (p, q+r+s) mixed type forms.
If we assume that these forms have compact support, as in the Kähler geometry, we
can consider classical operators ∗, d, d∗, L, Λ and we get some decompositions of these
operators with respect to mixed type forms. In the last section, taking into account
that any complex Finsler metric defines a hermitian metric on the holomorphic
vertical bundle, we prove a Nakano type inequality with respect to the complex Rund
connection, for vertical valued ∂h-harmonic mixed forms with compact support. The
methods used here are closely related to those used by [18]. We hope that further
developments can be done to obtain Nakano type vanishing theorems [11, 17], for
the horizontal cohomology groups of a complex Finsler bundle (manifold) defined in
[6, 8] or other vanishing theorems of Bochner type for holomorphic line bundles [19].
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Preliminaries and settings

Let π : T 1,0M → M be the holomorphic tangent bundle of an n-dimensional com-
plex manifold M . Denote by (π−1(U), (zk, ηk)), k = 1, . . . , n the induced complex
coordinates on T 1,0M , where (U, (zk)) is a local chart domain of M . At local change
charts on T 1,0M , the transformation rules of these coordinates are given by

z
′k = z

′k(z) , η
′k =

∂z
′k

∂zj
ηj , (1)

where ∂z
′k

∂zj are holomorphic functions and det(∂z
′k

∂zj ) 6= 0.
It is well known that T 1,0M has a natural structure of 2n-dimensional complex

manifold, because the transition functions ∂z
′k

∂zj are holomorphic.
Denote by M̃ = T 1,0M − {o}, where o is the zero section of T 1,0M , and we

consider TCM̃ = T 1,0M̃⊕T 0,1M̃ the complexified tangent bundle of M̃ , where T 1,0M̃

and T 0,1M̃ = T 1,0M̃ are the holomorphic and antiholomorphic tangent bundles of
M̃ , respectively.

Let V 1,0M̃ = ker π∗ be the holomorphic vertical bundle over M̃ and V1,0(M̃) the
module of its sections, called vector fields of v-type.

A given supplementary subbundle H1,0M̃ of V 1,0M̃ in T 1,0M̃ , i.e.

T 1,0M̃ = H1,0M̃ ⊕ V 1,0M̃ (2)

defines a complex nonlinear connection on M̃ , briefly c.n.c., and we denote by
H1,0(M̃) the module of its sections, called vector fields of h-type.

By conjugation over all, we get a decomposition of the complexified tangent
bundle, namely

TCM̃ = H1,0M̃ ⊕ V 1,0M̃ ⊕H0,1M̃ ⊕ V 0,1M̃.

The elements of the conjugates are called vector fields of h-type and v-type, respec-
tively.

If N j
k(z, η) are the local coefficients of the c.n.c. then the following set of complex

vector fields

{ δ

δzk
=

∂

∂zk
−N j

k

∂

∂ηj
} , { ∂

∂ηk
} , { δ

δzk
=

∂

∂zk
−N j

k

∂

∂ηj
} , { ∂

∂ηk
} (3)

are called the local adapted bases of H1,0(M̃) , V1,0(M̃) , H0,1(M̃) and V0,1(M̃),
respectively. The dual adapted bases are given by

{dzk} , {δηk = dηk + Nk
j dzj} , {dzk} , {δηk = dηk + Nk

j
dzj}. (4)

Throughout this paper, we consider the abbreviated notations

∂k =
∂

∂zk
,

.

∂k=
∂

∂ηk
, δk =

δ

δzk
, dk = dzk , δk = δηk,
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∂k =
∂

∂zk
,

.

∂k=
∂

∂ηk
, δk =

δ

δzk
, dk = dzk , δk = δηk.

Let M be a strongly pseudoconvex complex Finsler manifold [1], i.e. M is endowed
with a complex Finsler metric F : T 1,0M → R+ ∪ {0} satisfying:

(1) F 2 is smooth on M̃ ;

(2) F (z, η) > 0 for all (z, η) ∈ M̃ and F (z, η) = 0 if and only if η = 0;

(3) F (z, λη) = |λ|F (z, η) for all (z, η) ∈ T 1,0M and λ ∈ C∗ = C− {0};
(4) the complex hessian

(Gjk) = (
.

∂j

.

∂k (F 2)) (5)

is positive definite on M̃ .

Let (Gmj) be the inverse of (Gjm). According to [1, 3] and [14], a c.n.c. on
(M, F ) depending only on the complex Finsler metric F is the Chern-Finsler c.n.c.,
locally given by

CF

N j
k= Gmj∂k

.

∂m (F 2), (6)

and it has an important property, namely

CF

Ri
kj= δk

CF

N i
j −δj

CF

N i
k= 0. (7)

In the sequel, we will consider the adapted frames and coframes with respect to the
Chern-Finsler c.n.c. and the hermitian metric structure G on M̃ given by the Sasaki
type lift of the fundamental tensor Gjk, locally given by

G = Gjkdj ⊗ dk + Gjkδj ⊗ δk. (8)

The fundamental form of G is ω = ωh + ωv, where

ωh =
√−1Gjkdj ∧ dk , ωv =

√−1Gjkδj ∧ δk. (9)

2. Operators on mixed forms

According to [15], the set A(M̃) of complex valued differential forms on M̃ is given
by the direct sum

A(M̃) = ⊕p,q,r,s=0,nAp,q,r,s(M̃), (10)

where Ap,q,r,s(M̃) or simply Ap,q,r,s is the set of all (p + q + r + s)-forms which can
be non zero only when these act on p vector fields of h-type, on q vector fields of
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h-type, on r vector fields of v-type, and on s vector fields of v-type. The elements
of Ap,q,r,s are called (p, q, r, s)-forms on M̃ .

With respect to the adapted coframes {dk, dk, δk, δk} of T ∗CM̃ a form ϕ ∈ Ap,q,r,s

is locally given by

ϕ =
1

p!q!r!s!
ϕIpJqKrHs

dIp ∧ dJq ∧ δKr ∧ δHs , (11)

where Ip denotes the ordered p-tuple (i1 . . . ip), Jq the ordered q-tuple (j1 . . . jq),
Kr the ordered r-tuple (k1 . . . kr), Hs the ordered s-tuple (h1 . . . hs) and dIp =
di1 ∧ . . .∧ dip , dJq = dj1 ∧ . . .∧ djq , δKr = δk1 ∧ . . .∧ δkr and δHs = δh1 ∧ . . .∧ δhs ,
respectively. For ϕ given by (11) its conjugate is locally given by

ϕ =
1

p!q!r!s!
ϕIpJqKrHs

dIp ∧ dJq ∧ δKr ∧ δHs (12)

and it is obvious that the conjugation is a real-linear isomorphism between Ap,q,r,s

and Aq,p,s,r.
We notice that these forms are the (p + r, q + s) complex type and according to

[15], if (M,F ) is a complex Finsler manifold endowed with the Chern-Finsler c.n.c.,
then by (7) the exterior differential d admits the decomposition

dAp,q,r,s ⊂ Ap+1,q,r,s ⊕Ap,q+1,r,s ⊕Ap,q,r+1,s ⊕Ap,q,r,s+1⊕

⊕Ap+1,q+1,r−1,s ⊕Ap+1,q,r−1,s+1 ⊕Ap+1,q+1,r,s−1 ⊕Ap,q+1,r+1,s−1, (13)

which allows us to define eight morphisms of complex vector spaces if we consider
the different components, namely

∂h : Ap,q,r,s → Ap+1,q,r,s, ∂v : Ap,q,r,s → Ap,q,r+1,s

∂h : Ap,q,r,s → Ap,q+1,r,s, ∂v : Ap,q,r,s → Ap,q,r,s+1

∂1 : Ap,q,r,s → Ap+1,q+1,r−1,s, ∂2 : Ap,q,r,s → Ap+1,q,r−1,s+1

∂3 : Ap,q,r,s → Ap+1,q+1,r,s−1, ∂4 : Ap,q,r,s → Ap,q+1,r+1,s−1.

We remark that these operators and classical operators ∂ and ∂ that appear in
the decomposition d = ∂ + ∂ of the differential on a complex manifold are related
by

∂ = ∂h + ∂v + ∂3 + ∂4 , ∂ = ∂h + ∂v + ∂1 + ∂2. (14)

In the sequel, similarly to [18], the (p, q, r, s)-forms on M̃ can be considered as
(p, q + r + s) mixed type forms on M̃ , denoted by Ap;q,r,s(M̃).

Let Ap;q,r,s
c (M̃) ⊂ Ap;q,r,s(M̃) be the subspace consisting of those mixed forms

with compact support on M̃ . As in the Kähler geometry, we can consider the
classical scalar product with respect to the hermitian metric structure from (8)
and the operators d, ∗, d∗, L, Λ (see [4], [17]), and it is important here to obtain
decompositions of these operators with respect to the mixed type forms.
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Thus, from (9) we have L = Lh + Lv, where Lh denotes the left exterior multi-
plication by ωh and has mixed type (1, 1), and similarly, Lv denotes the left exterior
multiplication by ωv and has mixed type (0, 2).

By (13) the operator d has the decomposition in two parts of the respective mixed
types (1, 0) and (0, 1), namely d = d1,0 + d0,1, where

d1,0 = ∂h + ∂1 + ∂2 + ∂3 , d0,1 = ∂h + ∂v + ∂v + ∂4. (15)

Thus, the mixed type differential forms of a complex Finsler manifold are organized
as a double cochain complex.

Next, we define the operator # by composition of ∗ with the complex conjugation.
Thus # sends forms of the mixed type (p, q + r + s) to forms of mixed type (n −
p, 3n − q − r − s). According to [23], for ϕ ∈ Ap;q,r,s

c (M̃) locally given by (11) we
have

#ϕ =
ϕ#

In−pJn−qKn−rHn−s

(n− p)!(n− q)!(n− r)!(n− s)!
dIn−p ∧ dJn−q ∧ δKn−r ∧ δHn−s , (16)

where

ϕ#

In−pJn−qKn−rHn−s
=

ε(p, q, r, s)
p!q!r!s!

GIpIn−pJq Jn−q
GKrKn−rHs Hn−s

ϕIpJqKrHs ,

ϕIpJqKrHs = ϕ
I′pJ′qK′

rH′
s

GIpI
′
pGJ′qJqGKrK

′
rGH′

sHs ,

GIpIn−pJq Jn−q
= Gi1j1

. . . Gipjq
Gip+1jq+1

. . . Ginjn
, GIpI

′
p = Gi1i

′
1 . . . Gipi

′
p

and
ε(p, q, r, s) = (−1)n+(q+r+s)(n−p)+(r+s)(n−q)+s(n−r).

In the following we will renounce to give local expressions of the operators con-
sidered below.

Hence, using # we can write scalar products as

〈ϕ,ψ〉 =
∫

M̃

ϕ ∧#ψ (17)

for any mixed forms ϕ, ψ ∈ Ap;q,r,s
c (M̃).

As in the classical theory, (see [4], [18]), it follows

#−1ϕ = (−1)deg ϕ#ϕ , d∗ = −#d#. (18)

Thus

d∗ = d∗1,0 + d∗0,1 , d∗1,0 = −#d1,0# , d∗0,1 = −#d0,1#, (19)

where the terms have mixed types (−1, 0) and (0,−1).
Taking into account the decomposition of d1,0 and d0,1 from (15), we obtain

∂∗h = −#∂h# , ∂∗1 = −#∂1# , ∂∗2 = −#∂2# , ∂∗3 = −#∂3#, (20)
∂∗

h
= −#∂h# , ∂∗v = −#∂v# , ∂∗v = −#∂v# , ∂∗4 = −#∂4#. (21)
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It also follows

Λ = Λh + Λv , Λh = #−1Lh# , Λv = #−1Lv#. (22)

Finally, by the same considerations as in [18], we obtain

Λvd1,0 − d1,0Λv = 0 , Λhd0,1 − d0,1Λh = −√−1d∗1,0 (23)

and by equating the terms of the same components in the second relation of (23) we
get

Λh∂h − ∂hΛh = −√−1∂∗h (24)

and other similar identities with respect to the considered operators.

3. A Nakano type inequality

Let V 1,0M̃ be the holomorphic vertical bundle of a strongly pseudoconvex complex
Finsler manifold (M, F ). Then # and the operators from (23) make sense on V 1,0M̃ -
valued forms by componentwise application. It is well known (see [1, 2, 14]) that
the complex Finsler metric F defines a hermitian metric on V 1,0M̃ by

Gv(X, Y ) = GjkXjY
k

(25)

for any X = Xj
.

∂j , Y = Y k
.

∂k∈ Γ(V 1,0M̃).
Then the product of the V 1,0M̃ -valued forms with compact support ϕ = ϕj⊗ .

∂j

and ψ = ψk⊗ .

∂k is given by

(ϕ,ψ) =
∫

M̃

Gjk〈ϕj , ψk〉 (26)

and we shall denote by ” + ” the adjointness with respect to this inner product.
Let us consider ω = (ωi

j) the (1, 0)-connection form of the complex Rund con-
nection [16], locally given by

ωi
j = Li

jkdk , Li
jk = Gmiδk(Gjm) (27)

and it is considered as a (1, 0) mixed type form.
The curvature of the complex Rund connection admits a decomposition in two

parts of the mixed type (1, 1), namely

Ω = R + P , Ri
j = Ri

jkl
dk ∧ dl , P i

j = P i
jkl

dk ∧ δl, (28)

where, locally Ri
jkl

= −δl(L
i
jk) and P i

jkl
= − .

∂l (Li
jk), (for details see [14]).

Taking into account that for smooth functions on M̃ we have d1,0 = ∂h it follows

ωi
j = Gmid1,0(Gjm). (29)



A Nakano type inequality for mixed forms on complex Finsler manifolds 477

If we set

D̃ϕi = d1,0ϕ
i + ωi

j ∧ ϕj , (30)

by the same calculations as in [18], we get

d∗+1,0 = D̃. (31)

Now the covariant exterior derivative with respect to the complex Rund connection
is just

D = D̃ + d0,1, (32)

where D̃ is the term of the mixed type (1, 0) of D.
By general properties of connections, we have

D2ϕi = Ωi
j ∧ ϕj , (33)

where

Ωi
j = dωi

j − ωk
j ∧ ωi

k = d0,1ω
i
j . (34)

From (28) and (34) we deduce Ωi
j = ∂hωi

j + ∂vωi
j . Because the curvature forms Ωi

j

are the mixed type (1, 1), by (32) and (33) we get D̃2 = 0 , d2
0,1 = 0 and

D̃d0,1 + d0,1D̃ = e(Ω), (35)

where e(Ω) is the operator defined by the right-hand side of (33).
The relation (30) give the decomposition D̃ = D̃h + D̃1 + D̃2 + D̃3 where

D̃hϕi = ∂hϕi + ωi
j ∧ ϕj , D̃1ϕ

i = ∂1ϕ
i , D̃2ϕ

i = ∂2ϕ
i , D̃3ϕ

i = ∂3ϕ
i. (36)

Thus, from (31) and (32) we deduce

∂∗+h = D̃h , Dh = D̃h + ∂h. (37)

Taking only nonzero components in (35) we get

D̃h∂h + ∂hD̃h = e(R) , D̃h∂v + ∂vD̃h = e(P ). (38)

Now let us consider ∂+

h
and H(V 1,0M̃) = ker ∂h∩ker ∂+

h
be the space of ∂h-harmonic

V 1,0M̃ -valued forms with compact support. For such form ϕ of the mixed type
(p, q + r + s) by similar calculations as in [18] we get

0 ≤ (D̃hϕ, D̃hϕ) = (∂∗+h D̃hϕ,ϕ) =
√−1([Λh∂h − ∂hΛh]D̃hϕ,ϕ)

=
√−1(Λh[∂hD̃h + D̃h∂h]ϕ,ϕ)−√−1(ΛhD̃hϕ, ∂+

h
ϕ)

≤ √−1(Λhe(R)ϕ,ϕ).

Then, using also the adjointness of Λh and Lh we have
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Theorem 1. For any ∂h-harmonic V 1,0M̃ -valued form ϕ with compact support of
the mixed type (p, q + r + s) one has

√−1(e(R)ϕ,Lhϕ) ≥ 0 (39)

equality holding if and only if D̃hϕ = 0.

Remark 1. We notice that in [8] the first horizontal Chern form of a complex
Finsler bundle is defined in terms of the horizontal curvature R by Ch

1 (M̃) =
√−1
2π Rk

k.
Thus, our Nakano type inequality from the above theorem becomes

(e(Ch
1 (M̃))ϕ,Lhϕ) ≥ 0 (40)

for any ∂h-harmonic V 1,0M̃ -valued form ϕ with compact support of the mixed type
(p, q + r + s).
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[7] C. Ida, Weitzenböck type formulas and a vanishing theorem on complex Finsler bun-

dles, Tensor (N.S.) 71(2009), 61–68.
[8] C. Ida, Horizontal forms of Chern type on complex Finsler bundles, SIGMA Symmetry

Integrability Geom. Methods Appl. 6(2010), Article 54.
[9] C. Ida, Vertical Laplacian on complex Finsler bundles, Acta Math. Acad. Paedagog.

Nyhazi. (N.S.) 26(2010), 313–327.
[10] S.Kobayashi, Negative vector bundles and complex Finsler structures, Nagoya Math.

J. 57(1975), 153–166.
[11] S.Kobayashi, Differential geometry of complex vector bundles, Princeton University

Press, Princeton, 1987.
[12] S.Kobayashi, Complex Finsler vector bundles, in: Finsler geometry (Seattle, WA,

1995), (D. Bao et al., Eds.) Amer. Math. Soc., 1996, 145–153.
[13] R.Miron, M.Anastasiei, The geometry of Lagrange spaces: theory and applications,

Fundamental Theories of Physics, Kluwer Academic Publishers, Dordrecht, 1994.
[14] G.Munteanu, Complex spaces in Finsler, Lagrange and Hamilton geometries, Fun-

damental Theories of Physics, Kluwer Academic Publishers, Dordrecht, 2004.



A Nakano type inequality for mixed forms on complex Finsler manifolds 479
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