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Abstract. In this paper, we obtain a Nakano type inequality for vertical valued &; -
harmonic mixed forms with compact support on the total space of the holomorphic tangent
bundle of a complex Finsler manifold.
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1. Introduction

The Bochner technique and vanishing theorems on strongly pseudoconvex complex
Finsler manifolds were initiated and intensively studied by C. Zhong and T. Zhong in
[19, 21, 22, 23] and [24], whose aims were to study the horizontal complex Laplacian
and vanishing theorem for complex type forms on strongly pseudoconvex complex
Finsler manifolds. Some possible extensions concerning the study of the vertical
complex Laplacian and a vanishing theorem of Bochner type for holomorphic sections
on the total space of a complex Finsler bundle are studied in [7, 9]. The aim of this
paper is to continue the study mentioned above. Here we study a Nakano type
inequality for vertical valued d;-harmonic mixed forms with compact support on
pseodoconvex complex Finsler manifolds.

Firstly, following [1, 3] and [14], we briefly recall some basic facts on complex
Finsler manifolds. Next, by analogy with the case of hermitian foliations [18], we can
consider the (p+r, ¢+ s) complex type forms on the total space of the holomorphic
tangent bundle of a complex Finsler manifold [15], as (p, ¢+ 7+ s) mixed type forms.
If we assume that these forms have compact support, as in the Kéhler geometry, we
can consider classical operators *,d, d*, L, A and we get some decompositions of these
operators with respect to mixed type forms. In the last section, taking into account
that any complex Finsler metric defines a hermitian metric on the holomorphic
vertical bundle, we prove a Nakano type inequality with respect to the complex Rund
connection, for vertical valued 0,-harmonic mixed forms with compact support. The
methods used here are closely related to those used by [18]. We hope that further
developments can be done to obtain Nakano type vanishing theorems [11, 17], for
the horizontal cohomology groups of a complex Finsler bundle (manifold) defined in
[6, 8] or other vanishing theorems of Bochner type for holomorphic line bundles [19].
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Preliminaries and settings

Let 7 : TV9M — M be the holomorphic tangent bundle of an n-dimensional com-
plex manifold M. Denote by (7~*(U), (2*,n*)), k = 1,...,n the induced complex
coordinates on TH° M, where (U, (2*)) is a local chart domain of M. At local change
charts on T%9M, the transformation rules of these coordinates are given by

2k =2k0z), k= 8Z]77‘7 (1)

~5- are holomorphic functions and det(%’i f) # 0.
It is well known that T1°M has a natural structure of 2n-dimensional complex

. s . 'k
manifold, because the transition functions %ZZ g

Denote by M = T'OM — {0}, where o is the zero section of T*°M, and we
consider Te M = THOM&T 1 M the complexified tangent bundle of M, where TH00M
and T LM = TYOM are the holomorphic and antiholomorphic tangent bundles of
M respectively.

Let V100 = ker m, be the holomorphic vertical bundle over M and V1-0(M) the
module of its sections, called vector fields of v-type. N

A given supplementary subbundle HOM of V1OM in T*OM, i.e.

"k
where %Z

are holomorphic.

TYOM = HYOM & V'OM (2)

defines_a complexr nonlinear connection on M, briefly c.n.c., and we denote by
HYO(M) the module of its sections, called vector fields of h-type.

By conjugation over all, we get a decomposition of the complexified tangent
bundle, namely

TeM = HY'M @ VM @ H*'M @ VOIM.

The elements of the conjugates are called wvector fields of h-type and T-type, respec-
tively.

If N{(z,n) are the local coefficients of the c.n.c. then the following set of complex
vector fields

(= a5~ Mg o) i = 5 Mg lpeh @

are called the local adapted bases of HYO(M), VXO(M), HOL(M) and VO (M),
respectively. The dual adapted bases are given by

{dF}, {on® = dnf + N¥d=T}, {dz*}, {07 = di* + NEd). (4)
Throughout this paper, we consider the abbreviated notations

0 . 0 4]

6k:@’8k:8777k’6k:

k k k k
g,d =dz ,6 :577,
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Let M be a strongly pseudoconvex complex Finsler manifold [1], i.e. M is endowed
with a complex Finsler metric F': T%°M — R, U {0} satisfying:

o = dF = dz* | 6% = 5.

1) F? is smooth on M:;

3)

(

(2) F(z,m)>0for all (z,n) € M and F(z,n) =0 if and only if n = 0;
(3) F(z,An) = |\ F(z,n) for all (2,n7) € T'°M and X\ € C* = C — {0};
(

4) the complex hessian
(G ) = (9507 (F?)) ()
is positive definite on M.

Let (G™) be the inverse of (Gjm). According to [1, 3] and [14], a c.n.c. on
(M, F) depending only on the complex Finsler metric F is the Chern-Finsler c.n.c.,
locally given by

CF
Ni= G™ 0y, b (F?), (6)
and it has an important property, namely

CF CF CF
1= 0, NI —8; Ni=0. (7)

In the sequel, we will consider the adapted frames and coframes with respect to the
Chern-Finsler c.n.c. and the hermitian metric structure G on M given by the Sasaki
type lift of the fundamental tensor G i locally given by

G=Gzd ®d" +G g0 @ (8)
The fundamental form of G is w = w" 4+ w?, where

W = VEIG pd AdF | W = V1G58 A . 9)

2. Operators on mixed forms

According to [15], the set A(M) of complex valued differential forms on M is given
by the direct sum

AM) = @, , . g AP (M), (10)

where AP¢"%(M) or simply AP*?"* is the set of all (p + ¢ + r + s)-forms which can
be non zero only when these act on p vector fields of h-type, on g vector fields of
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h-type, on r vector fields of v-type, and on s vector fields of 7-type. The elements
of AP®" are called (p, g, 7, s)-forms on M. B

With respect to the adapted coframes {d*, d*, 5%, 6¥} of Tz M a form p € AP47*
is locally given by

1 I Tq n sKr A sHe
P = il T T N AT A 0T N (11)

where I, denotes the ordered p-tuple (i1 ...4,), J, the ordered g-tuple (ji...7j4),
K, the ordered r-tuple (k1. "kL)’ Hj the ordered s-tuple (hi...hs) and dlpj
drP A Nd dTe =d AL N, 55 =R AL ASR and 68 = 8P AL AP,
respectively. For ¢ given by (11) its conjugate is locally given by

1 Ty r 1y n Ko x sH.
= WWE-JqKHSdp /\d q /\6 /\6 h (12)

|

and it is obvious that the conjugation is a real-linear isomorphism between AP>%7>%
and ALPST

We notice that these forms are the (p +r,q+ s) complex type and according to
[15], if (M, F) is a complex Finsler manifold endowed with the Chern-Finsler c.n.c.,
then by (7) the exterior differential d admits the decomposition

dAPTTS Ap+1,qms @Ap,q+1ms @Ap,q,r+1’s @Ap,qm5+1@

@Aerl,qul,rfLs @ Ap+1,q,r71,s+1 D Ap+1,q+1msfl o Ap’q+1,r+1,871, (13)

which allows us to define eight morphisms of complex vector spaces if we consider
the different components, namely

O« APTTS  APTLaTs By 1 APDTS y AP@THLs

aﬁ P APGTS L APatLTss Oy : APO7T5 5 APOTs+L

Oy : APOTS 5 Apthatlir=Ls g, . Ap.ars _, Aptlar—ls+l

05+ APTTS Ap+1,q+1,r,871’ Oy 1 APTTS Apat+lr+ls—1

We remark that these operators and classical operators 9 and 0 that appear in
the decomposition d = 9 + 0 of the differential on a complex manifold are related
by

O=0n+0y+ 03404, 0= 05+ 05+ 01 + 0. (14)

In the sequel, similarly to [18], the (p,q,r, s)-forms on M can be considered as

(p,q + 1+ s) mized type forms on M, denoted by AP¢™3(M).

Let ABC™5(M) C AP%™5(M) be the subspace consisting of those mixed forms

with compact support on M. As in the K&hler geometry, we can consider the
classical scalar product with respect to the hermitian metric structure from (8)
and the operators d,x,d*, L, A (see [4], [17]), and it is important here to obtain
decompositions of these operators with respect to the mixed type forms.
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Thus, from (9) we have L = L" + LV, where L" denotes the left exterior multi-
plication by w” and has mixed type (1, 1), and similarly, L¥ denotes the left exterior
multiplication by w? and has mixed type (0,2).

By (13) the operator d has the decomposition in two parts of the respective mixed
types (1,0) and (0,1), namely d = dy o + do,1, where

dio=0h+01+ 02+ 03, do1 = O+ Oy + Oy + 0s. (15)

Thus, the mixed type differential forms of a complex Finsler manifold are organized
as a double cochain complex.

Next, we define the operator # by composition of * with the complex conjugation.
Thus # sends forms of the mixed type (p,q + r + s) to forms of mixed type (n —
p.3n—q—1r —s). According to [23], for ¢ € APS(M) locally given by (11) we
have

o
In—pdn—gKn—vHn_s A T
#SDZ n—pJdn—qfin—rln dln,p /\dJ,L,q A(;Kn,, A(;H,L,é, (16)
(n=p)ln—q)(n—r)l(n—s)!
where
# _epars) G QT I
Ol T e K s Plglrlsl " olnpdy Tamg K K HL HL P ;
T 7K 77 ! T
QlrJakrHe @II?K,FGIPIPGJ(JJQGKTKTGHSHS’
pYqiriTs
_— J—} —
_ — _ _ _ T, _ vigi ipi
GIPI"-*PJQ Jn—q Giljl o 'GiquGip+1jq+1 T Ginjn ’ Grir =G LG

and

£(p, 4,7, 8) = (—1)HETTE) (=P H ) (nma)+s(nr)

In the following we will renounce to give local expressions of the operators con-

sidered below.
Hence, using # we can write scalar products as

(o, ) = /M o A (17)

for any mixed forms ¢, ¥ € ABT"(M).
As in the classical theory, (see [4], [18]), it follows

# o= (-1, 47 = —gtdi (18)
Thus
d* =dj o +dsy , dig=—#dio# , diy = —#do#, (19)
where the terms have mixed types (—1,0) and (0, —1).
Taking into account the decomposition of d g and dp ; from (15), we obtain
Op = —#0n#, 0] = —#01#, 0; = —#0o#, 05 = —#03#, (20)
Op = —#05# , 0, = —#0u# , 05 = —#05# , Of = —#0u#. (21)
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It also follows
A=A AV AP =#710  AY = 4LV (22)
Finally, by the same considerations as in [18], we obtain
A’dyo—di oA’ =0, A'dyy — do A" = —v=1d] (23)

and by equating the terms of the same components in the second relation of (23) we
get

Aoy — 0p A" = —V/=10;; (24)

and other similar identities with respect to the considered operators.

3. A Nakano type inequality

Let V100 be the holomorphic vertical bundle of a strongly pseudoconvex complex
Finsler manifold (M, F'). Then # and the operators from (23) make sense on V10 /-
valued forms by componentwise application. It is well known (see [1, 2, 14]) that

the complex Finsler metric F' defines a hermitian metric on VioAr by
G"(X,Y) = Gz X7 (25)

for any X = X7 9;, Y = Y* e T(VEOM).
Then the product of the V'1?M-valued forms with compact support ¢ = ¢/® 8]-
and 1) = *® Jy, is given by

(o, ) = /M Gl ") (26)

and we shall denote by ” 4+ the adjointness with respect to this inner product.
Let us consider w = (w}) the (1,0)-connection form of the complex Rund con-
nection [16], locally given by

wi = Lid" | Ly = G™6,(Gim) (27)

and it is considered as a (1,0) mixed type form.
The curvature of the complex Rund connection admits a decomposition in two
parts of the mixed type (1, 1), namely

Q=R+P, R = R;kzd’“ Ad', Pl= P;kidk A6 (28)

where, locally R;ki = —0;(L%y) and P;ki =—§; (L), (for details see [14]).

Taking into account that for smooth functions on M we have dq,0 = O, it follows

w; = Gmidlﬁo(Gjm). (29)
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If we set
15<pi =diop' + wé A (30)
by the same calculations as in [18], we get
i} =D. (31)

Now the covariant exterior derivative with respect to the complex Rund connection
is just

D =D+dy,, (32)

where D is the term of the mixed type (1,0) of D.
By general properties of connections, we have

2 i O j
Dop" = Q% N7, (33)
where
Q= dw! — Wk Awf = do 1w (34)

From (28) and (34) we deduce Q; = Ggw; + %w; Because the curvature forms Q;
are the mixed type (1,1), by (32) and (33) we get D% =0, dg, =0 and

Ddo 1 +do D = e(Q), (35)

where e(Q) is the operator defined by the right-hand side of (33).
The relation (30) give the decomposition D = Dy, + Dy + Do + D3 where

Dy’ = 9’ +wi A, D1p' = 019", Doy’ = 0rp', Dyyp' = D50 (36)
Thus, from (31) and (32) we deduce
Ot =Dy, , Dy=Dy+ 0. (37)
Taking only nonzero components in (35) we get
Dy + 8:Dy, = e(R) , Dyds + 95Dy, = e(P). (38)

Now let us consider 8% and H(VLOM) = ker 0-Nker 6% be the space of &;-harmonic

VLOM -valued forms with compact support. For such form ¢ of the mixed type
(p,q + r + s) by similar calculations as in [18] we get

0 < (Dap, Dig) = (05" Dip, @) = V—1([A"0r — 3-A"| Do, )
= V=1(A"[95 Dy + Didgle, ) — V=1(A" Dy, 0¥ o)
< V=1(A"e(R)p, ¢).

Then, using also the adjointness of A" and L" we have
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Theorem 1. For any O;-harmonic V1OM -valued form ¢ with compact support of
the mized type (p,q + 1+ s) one has

V=1(e(R)p, L"p) > 0 (39)
equality holding if and only if ﬁhgo =0.

Remark 1. We notice that in [8] the first horizontal Chern form of a complex

Finsler bundle is defined in terms of the horizontal curvature R by C{L(M) = gR’,ﬁ
Thus, our Nakano type inequality from the above theorem becomes

(e(Cl(M))p, L") > 0 (40)

for any Or-harmonic VLOM valued form @ with compact support of the mized type
(pg+r+s).

Acknowledgement

The author would like to thank the editors for the helpful comments.

References

[1] M. ABATE, G. PATRIZIO, Finsler metrics-a global approach, Lectures Notes in Mathe-
matics, Springer-Verlag, Berlin, 1994.
[2] T.Aikou, Finsler geometry on complex vector bundles, MSRI Publ. 50(2004), 85-107.
[3] T. Aikou, The Chern-Finsler connection and Finsler-Kahler manifolds, Adv. Stud.
Pure Math. 48(2008), 343-373.
[4] S.S. CHERN, Complex manifolds, Mimiographed notes, University of Chicago, 1956.
[5] P.GRIFFITHS, J. HARRIS, Principles of algebraic geometry, Pure and Applied Mathe-
matics Willey-Interscience, John Wiley and Sons, New York, 1978.
[6] C.IpA, V and H cohomology of complex Finsler bundles, An. St. Univ. Al. 1. Cuza
Tasi, Mat. (N.S.) 53(2007), 213-222.
[7] C.IpA, Weitzenbock type formulas and a vanishing theorem on complex Finsler bun-
dles, Tensor (N.S.) 71(2009), 61-68.
[8] C.IpA, Horizontal forms of Chern type on complex Finsler bundles, SIGMA Symmetry
Integrability Geom. Methods Appl. 6(2010), Article 54.
[9] C.IpA, Vertical Laplacian on complex Finsler bundles, Acta Math. Acad. Paedagog.
Nyhazi. (N.S.) 26(2010), 313-327.
[10] S.KoBAYASHI, Negative vector bundles and complex Finsler structures, Nagoya Math.
J. 57(1975), 153-166.
[11] S. KOBAYASHI, Differential geometry of complex vector bundles, Princeton University
Press, Princeton, 1987.
[12] S.KoBAYAsHI, Complex Finsler vector bundles, in: Finsler geometry (Seattle, WA,
1995), (D. Bao et al., Eds.) Amer. Math. Soc., 1996, 145-153.
[13] R. MIRON, M. ANASTASIEL, The geometry of Lagrange spaces: theory and applications,
Fundamental Theories of Physics, Kluwer Academic Publishers, Dordrecht, 1994.
[14] G. MUNTEANU, Complez spaces in Finsler, Lagrange and Hamilton geometries, Fun-
damental Theories of Physics, Kluwer Academic Publishers, Dordrecht, 2004.



A NAKANO TYPE INEQUALITY FOR MIXED FORMS ON COMPLEX FINSLER MANIFOLDS 479

G. PiT1g, G. MUNTEANU, V -cohomology of complex Finsler manifolds, Studia Univ.
Babeg-Bolyai Math. 43(1998), 75-82.

H. RUND, Generalized Metrics on Complex Manifolds, Math. Nach. 34(1967), 55-77.
I. VaisMAN, Cohomology and differential forms, Marcel Dekker Inc., New York, 1973.
I. VAISMAN, A class of complex analytic foliate manifolds with rigid structure, J. Geom.
Diff 12(1977), 119-131.

J. X1a0, T.ZuonG, C. Qiu, Bochner technique on strong Kdhler-Finsler manifolds,
Acta Math. Sci. 30(B)(2010), 89-106.

H. Wu, The Bochner technique in differential geometry, Harwood Acad. Publ., Lon-
don, 1988.

C.ZuonNG, T.ZHONG, Horizontal O-Laplacian on complex Finsler manifolds, Sci.
China Ser. A 48(2005), 377-391.

C.ZHuonNG, T.ZHONG, Hodge decomposition theorem on strongly Kdhler Finsler man-
ifolds, Sci. China Ser. A 49(2006), 1696-1714.

C.ZHONG, A wvanishing theorem on Kaehler Finsler manifolds, Differ. Geom. Appl.
27(2009), 551-565.

C.ZHONG, Laplacians on the holomorphic tangent bundle of a Kaehler manifold, Sci.
China Ser. A 52(2009), 2841-2854.



