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NuUH DURNAL"*AND MUSTAFA YILDIRIM!

L Department of Mathematics, Faculty of Science, Cumhuriyet University, Sivas 58 410,
Turkey

Received February 22, 2010; accepted February 11, 2011

Abstract. There are many different ways to subdivide the spectrum of a bounded linear
operator; some of them are motivated by applications to physics (in particular, quantum
mechanics). In a series of papers, B.E. Rhoades and M. Yildirim previously investigated the
spectra and fine spectra for factorable matrices, considered as bounded operators over vari-
ous sequence spaces. In the present paper, approximation point spectrum, defect spectrum
and compression spectrum of factorable matrices are investigated.
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1. Introduction

Let w; co; c; £P; denote the set of all sequences; the space of all null sequences;
convergent sequences; sequences such that > & | z, |P< 00; respectively.

An infinite matrix A is said to be conservative if it is a selfmap of ¢, the space of
convergent sequences. Necessary and sufficient conditions for A to be conservative
are the well-known Kojima-Schur conditions; i.e.,

() Al = sup,, 3320 lank| < oo,
(ii) limy, any = g, exists for each k, and
(i) ¢t =lim, > any  exists.

Associated with each conservative matrix A is a function x defined by x(A) =
t—> ayg. If x(A) # 0, A is called coregular, and if x(A) = 0, then A is called conull.
A matrix A = (ank) is said to be regular if limy = limz for each z € ¢. If a, =0
for each k and ¢t = 1 in (iii), then the operator A is called regular.

A lower triangular matrix A is said to be factorable if a,; = a,bg for all 0 < k <
n.

A triangle is a triangular matrix with nonzero main diagonal entries.

The choices a,, = 1/(n + 1) and each by = 1,a, = (n+ 1)7P(p > 1) and each
by = 1,a, = a, and each by = 1, and a,, = P, by, = pg, where {px} is a nonnegative
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sequence with pg > 0, P, := Y ;_, pk, generate C' (the Ceséro matrix of order one),
the p-Cesaro matrices and terraced matrices defined by Rhaly, and the weighted
mean matrices, respectively.

In the past decades, B.E. Rhoades determined the fine spectra of certain classes
of weighted mean matrices, considered as bounded linear operators over c,cy, ¢
and byg (see, e.g., [7, 19, 20, 21]). Some authors have considered spectral questions
for certain classes of Rhaly matrices (see, e.g. [13, 18, 24, 25, 26, 27, 28]). The
Spectrum of C, on various spaces, has been computed in [6, 10, 12, 15, 16, 17, 29].
B.E. Rhoades and M. Yildirim have calculated the spectrum and the fine spectrum
of factorable matrices on ¢ and ¢ in [22, 23]. The spectrum of linear operators
defined by some particular limitation matrices over some sequence spaces has been
considered by many authors, for example, R.B. Wenger [29], M. Gonzalez [10], A.M.
Akhmedov and F. Bagar [1], C. Coskun [8], B. de Malafosse [14], and B. Altay and
F. Bagar [2], etc.

Motivated by various applications from mathematical physics, the spectrum of
a bounded linear operator can be divided in very different ways, e.g. the point
spectrum, continuous spectrum and residual spectrum. Again, from Goldberg [11],
pp. 58-71), it follows that one can define the fine spectrum for a bounded operator
T on a Banach space X, based on the possible behaviors of R (T — A) and (T — ) ™'
with A € C.

The above-mentioned articles, concerned with the decomposition of the spectrum
defined by Goldberg. However, in [9] and [4, 5] approximate point spectrum, defect
spectrum and compression spectrum of some limitation matrices over some sequence
spaces were determined.

2. The spectrum

Let X and Y be the Banach spaces, and L : X — Y also a bounded linear operator.
By R (L), we denote the range of L, i.e.,

R(Ly={yeY:y=Lx, v € X}.

By B(X), we also denote the set of all bounded linear operators on X into itself. If
X is any Banach space and L € B(X), then the adjoint L* of L is a bounded linear
operator on the dual X* of X defined by (L*f) (z) = f(Lx) for all f € X* and
reX.

Given an operator L € B(X), the set

p(L) :={X € C: A\ — L is a bijection} (1)
is called the resolvent set of L and its complement with respect to the complex plain
o(L) := C\p(L) (2)

is called the spectrum of L. By the closed graph theorem, the inverse operator
ROGL) == (M= L)™' (A€ p(L)) (3)

is always bounded; this operator is usually called a resolvent operator of L at A.
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2.1. Subdivision of the spectrum

In this section, we mention from the parts point spectrum, continuous spectrum,
residual spectrum, approximate point spectrum, defect spectrum and compression
spectrum of the spectrum. There are many different ways to subdivide the spectrum
of a bounded linear operator. Some of them are motivated by applications to physics,
in particular, quantum mechanics.

2.1.1. The point spectrum, continuous spectrum and residual spectrum

Let X be a Banach space over C and L € B(X). Recall that a number A € C is
called the eigenvalue of L if the equation

Lz =Xz (4)

has a nontrivial solution x € X. Any such x is then called the eigenvector, and the
set of all eigenvectors is a subspace of X called eigenspace.
Throughout the following, we will call the set of eigenvalues

op(L) :={X € C: Lz = Az for some x # 0} (5)

We say that A € C belongs to the continuous spectrum o.(L) of L if the resolvent
operator (3) is defined on a dense subspace of X and if it is unbounded. Furthermore,
we say that A € C belongs to the residual spectrum o,.(L) of L if the resolvent
operator (3) exists, but its domain of definition (i.e. the range R(A] — L) of (\I — L)
is not dense in X. In this case R(\; L) may be bounded or unbounded. Together
with the point spectrum (5), these two subspectra form a disjoint subdivision

(L) =o0,(L)Uo.(L)Uo,(L) (6)
of the spectrum of L.

2.1.2. The approximate point spectrum, defect spectrum and compres-
sion spectrum

In this subsection, following Appell et al. [3], we give the definitions of three more
subdivisions of the spectrum called the approximate point spectrum, defect spectrum
and compression spectrum.

Given a bounded linear operator L in a Banach space X, we call a sequence
(xk)r in X a Weyl sequence for L if ||zg|| =1 and || Lxg| — 0 as k — oo.

In what follows, we call the set

oap(L) := {X € C : there exists aWeyl sequence for AT — L} (7)
the approximate point spectrum of L. Moreover, the subspectrum
os5(L) :={A € C: AI — L is not surjective} (8)

is called the defect spectrum of L.
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The two subspectra (7) and (8) form a (not necessarily disjoint) subdivision
0(L) = 04p(L) Uos(L) (9)
of the spectrum. There is another subspectrum,
Geol(L) = (A€ C: ROV — 1) # X} (10)

which is often called the compression spectrum in the literature and which gives rise
to another (not necessarily disjoint) decomposition

0(L) = 04p(L) Uoeo(L) (11)

of the spectrum. Clearly, 0,(L) C 04p(L) and o¢,(L) C 05(L). Moreover, comparing
these subspectra with those in (6) we note that

or(L) = 0co(L)\op(L) (12)
and
oc(L) = U(L)\[UP(L) Uoeo(L)] (13)

Sometimes it is useful to relate the spectrum of a bounded linear operator to
that of its adjoint. Building on classical existence and uniqueness results for linear
operator equations in Banach spaces and their adjoints.

Proposition 1 (see [3], Proposition 1.3). The spectra and subspectra of an operator
L € B(X) and its adjoint L* € B(X™) are related by the following relations:

(a) o(L) = o(L).

(b) 5o(L*) C gup(L).

(¢c) Oap(L*) = 05(L).

(d) o5(L*) = oap(L).

(e) op(L*) = 0eo(L).

(f) oco(L*) 2 0p(L).

(9) 0(L) = 0ap(L) Uop(L*) = 0p(L) Uogp(L7).

2.1.3. Goldberg’s classification of spectrum

If X is a Banach space and T' € B(X), then there are three possibilities for R(T),
the range of T":

(D) R(T
(I1) R(T)

(1) R(T) #

)=X
) =X, but R(T) # X,
£X
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and three possibilities for 7 !:
(1) T~ exists and is continuous,
(2) T—! exists but is discontinuous,
(3) T~ does not exist.

If these possibilities are combined in all possible ways, nine different states are
created. These are labelled by: Iy, Is, I3, 11y, Ils, 113, 111y, I1l5, I115. If an
operator is in state III, for example, then R(T) # X and T~! exists but it is
discontinuous (see [11]).

If A is a complex number such that T'=A — L €Iy or T = X — L € 11, then
A € p(L, X). All scalar values of A not in p(L, X)) comprise the spectrum of L. A
further classification of o(L, X) gives rise to the fine spectrum of L. That is, o(L, X)
can be divided into the subsets Iso(L, X) = 0, I30(L, X), II,0(L,X), I130(L, X),
I1Lo(L,X), II1Iy0(L,X), I[IIs0(L, X). For example, if T = Al — L is in a given
state, IT15 (say), then we write A € IIIy0(L, X).

By the definitions given above, we can write the following table

1 2 3
R(X\; L) exists R(\; L) exists R(X\; L)
and is bounded | and is unbounded | does not exists
A€ op(L)
I | RAMI-L)=X A€ p(L) - A€ 0gp(L)
A€ o.(L) A€ oy(L)
IT | RAMI—-L)=X A€ p(L) A€ 0gp(L) A€ 0gp(L)
A€ os(L) A€ os(L)
A€o (L) A€o (L) A€ o,(L)
I | RAML—L)# X A€ as(L) A€ 0gp(L) A€ 0gp(L)
)\EO’5(L) /\EUg(L)
A€ 0eo(L) A€ 0eo(L) A€ 0eo(L)
Table 1.

3. The approximate point spectrum, defect spectrum and com-
pression spectrum of a factorable operator

For many of our results we shall consider factorable matrices which belong to F :
= {A : A is a factorable lower triangular matrix with nonnegative entries and 0 <
anb, < 1 diagonal entries and with at most a finite number of zeros on the main
diagonal}. Define v = lim a,b,, and ¢, := a,b,.

3.1. Subdivision of the spectrum of A on ¢

Theorem 1. Let A € F be regular. Then 1 € ITIs0(A,c).



524 N.DURNA AND M. YILDIRIM

Proof. Since agbg =1, (I — A) e =0, I— A is not invertible where e = (1,1,---) € c.
Therefore I — A € 3. Let z € ¢ such that 2y # 0. Then

10— Ay 2] > [z > 2L

Hence z ¢ R(I — A);so R(I —A) #c¢,ie, I — AeIll O

Theorem 2. Let A € F be regular such that v = lime,, exists and is less than 1
and ¢, > v for all n sufficiently large, then

(a)
(b)

cino= oo s s s
(c)

oeo(A,c) = {)\: ‘)\—1 < 1W}US,

whereE:z{/\:cn:()gz\S?ry, nZO} and S :={c, : n > 0}.

Proof. If A € F is regular such that v = lim ¢,, exists and is less than 1 and ¢,, >~
for all n sufficiently large, then I30(A,c) = 0 and I11,0(A,c) = 0 follow from [22]
Corollary 1, Corollary 4 and Theorems 5-7 and our result from Theorem 1.

(a) Since 04p(A4,¢) = (A, e)\III10(A,c),

oap(A,c) = H)\: ’/\—217 < ;_’VY}US}

((Pepeassle=e)
U{/\:cn:2_77<)\<1H

1 1—7 —
I — | ="TLUE
{ ‘ 27 2—7}U

is obvious from [22] Corollary 1, Corollary 4 and Theorem 5.
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(b) Since o5(A,c) = o(A,c)\Is0(A,c) and I30(A4,c) = 0, the equality

1 1-—
O'(S(A,C):{)\ ‘)\_27 SQ::}US,

is true.
(¢) From Table 1, 0.,(A4,¢) = II1o(A,c) U Ill0(A,c) U II1I30(A,c). Since

IIT50(A,c) =0, then from [22] Corollary 1, Corollary 4 and Theorems 5-6 and our

result from Theorem 1, we get

=[] 2

u{Az%;7<A<1}u{A=%:ogA§}
2—y 2—v

1 1—7v
- — < =— i
{A' 2—v <2—7}US

The following corollaries can be obtained by Proposition 1.

Corollary 1. The following equalities are true;

(a)
%MAﬂﬂ){A‘A2i7<_;_§}U&
(b)
WQFJU:{A‘A—QiV:;:Z}UE
(c)

1 1—7v
A* Y = A= — —_—
op(A*,07) {/\ ‘)\ 5~ <2_7}US,

where A* denotes the adjoint of A, E := {)\ =c,:0< A< ﬁ, n > 0} and S =

{¢, : n > 0}.

3.2. Subdivision of the spectrum of A on # (1 < p < )

Theorem 3. Let A be a reqular factorable matriz with @ = liminf ¢,,. If there exist
values of n such that 0 < ¢, < 0/(2 —0), then A\ = ¢y, implies A € IT1Is0(A,LP).
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Proof. Let ¢ be any diagonal entry satisfying 0 < ¢ < 6/(2 — 6). Let j be the
smallest integer such that c; = c.

Let Ty := M — A. Consider the system Tyx = 0. Suppose that A\ = @,y for
some m. Then (T5)m,+12 = 0 becomes

oo

*
AmpmTm+1 — § A1,k Tk = 0,
k=0
oo
AmmITm+1 — § A m+1Tk = 07
k=0

AmymTm+1 — b’m—i—l § apTy = 07

which implies that

ammxm—&-l Za T
kLEk-
m+1

Solving the system (T5 )2z = 0 yields

00

* =0

AmmTm+2 — am+2,kxk =Y,
k=0
0o

AmymTm+2 — § A m+2Tk = 07
k=0

AmymTm+2 — bm+2 E apTp = 07

which implies that

ammxm+2 Z arx
kLk-
m+2

Thus we have

AmmTm+2  GmmTm+1

bm+2 bm+1
b 2X 1
Togo = “mr2mmEl o for each n > m
bm+1
and hence
bnxm,+1
TIp = —F
bm+1

which, since x € ¢P, forces x,, = 0 for each n > m.
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Then the system (775),z = 0 becomes

o0
*
Am Ty — g arprr =0, r=0,1,...,m,
k=0

which has nontrivial solutions. Thus T, is not surjective, hence T, € I11.
If ¢; = 0/(2 —0), then clearly T,; € 3. Assume that 0 < c; < 6/(2—0) and let r
denote the largest integer such that ¢, = ci. Solving T, x = 0 leads to the equality

-1
= 1
LTrgm = T [H <£i+r + <]- - ab> ar+i1br+i>‘| ) (14)
i=1 e
where fn _ An—1 o an—ltn Tt
QA n

For m > n, from equality (14),

|xj+m+1| _ 1
[2m 1] Emt1+5 + <1 - cij)aj+m+1bj+m+1
1

- —— <1, as n—oo.
1+ (1-2)0
J

Consequently, {z,} € ¢!, hence {z,} € (7 and T, is not injective. Therefore
A€ IlIz0(A,0P).

Suppose that A has a zero on the main diagonal and 6 > 0. Let j denote the
smallest positive integer for which ¢; = 0. Let ¢’ denote the coordinate sequence
with a 1 in the jth position and all other entries zero. Then Ae’ = 0, and T, =—-A
is not 1-1. By setting x¢g = 0,x, = 0 for n > j + 1, the system TZxz=0 reduces to
a homogeneous linear system of j equations in j + 1 unknowns. O

Remark 1. Theorem 4 of [21] is a special case of Theorem 3.
Theorem 4. Let A € F be regular. Then 1 € ITIs0(A,(P).

Proof. Since apby = 1, (I — A)eg = 0, where e = (1,0,0,---) € P, I — A is 1-
1. Therefore I — A € 3. Also R(I — A) C ¢?\{eg}. Hence R(I — A) # ¢?; i.e.,
I-Aeclll L]

Theorem 5. Let A € F be regular such that v = lime,, exists and is less than 1
and ¢, > v for all n sufficiently large, then

(a)

Gap(A, IP) = {A: ‘)\ LI M}UE,

(b)

o5(A, 7) = {A: ’)\— ﬁ < ;:Z} uUs,
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(c)

1 1—7
P = N _ D —
Teol(A, LP) {)\.‘)\ 5 <2—’Y}US7

whereE:z{)\:cn:OS/\SJ, n20} and S :={¢c, : n > 0}.

Proof. If A € F is regular such that v = lim ¢,, exists and is less than 1 and ¢,, > v
for all n sufficiently large, then I30(A, ") = ) and [IIy0(A,(P) = () are taken by
Corollary 1, Theorems 6-8 in [23] and our results from Theorems 3-4.

(a) Since oqp(A, ¢) = (A, c)\III10(A,c), then from Corollary 1, Theorem 6 and
Theorem 8 in [23] we get the following equality;

1 1-

(b=l <)
U{A:cnzzj,ﬁmﬂ

11—
:{)\:‘)\— 7}UE
2—x - 0

(b) Since o5(A, P) = (A, P)\I30(A, ¢P) and ol5(A,¢P) = (), we have
1 11—
A, P) = A= — < —
o5(A,P) {)\ ’)\ 5 _27}US,

(¢) From Table 1, 0¢,(A,07) = ITTyo(A,0P) UI1I30(A,¢P) U IIIs0(A,£P). Since
IITy0(A,0P) =, then from [23] Corollary 1, Theorem 6, Theorem 8 and our results
from Theorems 3-4, we get

Oco(A, 0P) = H)\: ’)\— 2% < 1}\5]

2—y
U )\:cnsi<)\<1 U A:cn:()g/\gi
2—y 2—79
1 1—7
= A A-=— —ruSs
{ ’ 27<27}

The following corollaries can be obtained by Proposition 1.

Corollary 2. The following equalities are true;
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(a)

1 1-—
O'ap(A*,gq) = {)\ ‘)\_ E S 2”:} US7

(b)

1 1— _
adﬁj%:{AWA—zv}UE

(c)

1 1—7
A D) =N [N — —— —
7 (A% ) { ‘ 2—7 <2—7}US’
. 1 1 v
where A* denotes the adjoint of A, ;—i—; =1,E:=<A=¢,:0< A< ﬁ, n>0

and S :={c, : n > 0}.

4. Conclusion

There is wide literature related to the spectrum and fine spectrum of certain linear
operators represented by particular limitation matrices over some sequence spaces.
Although the fine spectrum with respect to the Goldberg’s classification of the fac-
torable operator over the sequence spaces ¢ and P with (1 < p < co) were studied
by B.E. Rhoades and M. Yildirim [22, 23], respectively, the present paper introduces
the concepts of the approximate point spectrum, defect spectrum and compression
spectrum, and gives the subdivisions of the spectrum of the factorable operator over
the sequence space £P as new subdivisions of spectrum. This is a new development
of the spectrum of an infinite matrix over a sequence space. Following the same way,
it is natural that one can derive some new results on subdivisions of the spectrum
of factorable matrices or other particular limitation matrices over the spaces which
are not considered here, from the known results via Table 1, in the usual sense.

Acknowledgement

The author would like to thank B. E. Rhoades for his helpful suggestions.

References

[1] A.M. AkHMEDOV, F.BASAR, On the spectra of the difference operator A over the
sequence space £,, Demonstratio Math. 39(2006), 585-595.

[2] B. ALtAY, F.BASAR, On the fine spectrum of the difference operator on co and c,
Inform. Sci. 168(2004), 217-224.

[3] J. APPELL, E.DEPASCALE, A.VIGNOLI, Nonlinear Spectral Theory, Walter de
Gruyter, Berlin, 2004.



530

(4]

N. DURNA AND M. YILDIRIM

F.BAsARr, N. DURNA, M. YILDIRIM, Subdivisions of the spectra for generalized differ-
ence operator A, on the sequence space £1, AIP Conference Proceedings 1309, (2010),
254-260

F.BAsARr, N. DURNA, M. YILDIRIM, Subdivisions of the spectra for generalized differ-
ence operator over certain sequence spaces £*, Thai J. Math., to appear.

A.BrowN, P. R. HALMOS, A. L. SHILDS, Cesdro Operators, Acta Sci. Math. 26(1965),
125-137.

F.P.Cass, B. E. RHOADES, Mercerian theorems via spectral theory, Pac. J. Math.
73(1977), 63-71.

C. COSKUN, The spectra and ne spectra for p-Cesaro operators, Turkish J. Math.
21(1997), 207-212.

N. DURNA, M. YILDIRIM, Subdivision of the spectra for factorable matrices on co, GUJ
Sci 24(2011), 45-49.

M. GONZALEZ, The fine spectrum of the Cesdro Operators in £y, (1 < p < 00), Arch.
Math. 44(1985), 355-358.

S. GOLDBERG, Unbounded Linear Operators, Mc Graw Hill, New York, 1966.

G. LEIBOWITZ, Spectra of Discrete Cesdro Operators, Tamkang J. Math. 3(1972), 79—
86.

G. LEIBOWITZ, Rhaly Matrices, J. Math. Anal. Appl. 128(1987), 2729-286.

B. DE MALAFOSSE, Properties of some sets of sequences and application to the spaces
of bounded difference sequences of order u, Hokkaido Math. J. 31(2002), 283-299.

1. J. OkuTOvl, On the spectrum of C1 as an operator on bvg, J. Austral Math. Soc.
Series A 48(1990), 79-86.

1. J. OkuToYI1, On the spectrum of Ci as an operator on bvg, Comm. Fac. Sci. Univ.
Ank. Series A1, 2(1992), 197-207.

J.B.READE, On the spectrum of the Cesdro operator, Bull. London Math. Soc.
17(1985), 263-267.

H. C. RHALY, JR., Terraced Matrices, Bull. London Math. Soc. 21(1988), 399-406.
B.E. RHOADES, The fine spectra for weighted mean operators, Pac. J. Math.
104(1983), 219-230.

B.E. RHOADES, The spectrum of weighted mean operators, Canad. Math. Bull.
30(1987), 446—449.

B. E. RHOADES, The fine spectra for weighted mean operators in B(£F), Integral Equa-
tions Operator Theory 12(1989), 82-98.

B. E. RHOADES, M. YILDIRIM, Spectra and fine spectra for factorable matrices, Integral
Equations Operator Theory 53(2005), 127-144.

B. E. RHOADES, M. YILDIRIM, The spectra of factorable matrices on 7, Integral Equa-
tions Operator Theory 55 (2006), 111-126.

M. YILDIRIM, On the spectrum and fine spectrum of the compact Rhaly operators,
Indian J. Pure Appl. Math. 27(1996), 779-784.

M. YILDIRIM, On the spectrum of the Rhaly operators on co and c, Indian J. Pure
Appl. Math. 29(1998), 1301-1309.

M. YILDIRIM, On the spectrum of the Rhaly operators on (P Indian J. Pure Appl.
Math. 32(2001), 191-198.

M. YiLDIRIM, The Fine Spectra of the Rhaly Operators on co, Turkish J. Math.
26(2002), 273-282.

M. YILDIRIM, On the spectrum and fine spectrum of the Rhaly operators, Indian J.
Pure Appl. Math. 32(2003), 1443-1452.

R. B. WENGER, The fine spectra of Holder summability operators, Indian J. Pure Appl.
Math. 6(1975), 695-712.



