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ARH — quasigroups
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Abstract. In this paper, the concept of an ARH—quasigroup is introduced and identities
valid in that quasigroup are studied. The geometrical concept of an affine-regular heptagon
is defined in a general ARH—quasigroup and geometrical representation in the quasigroup
C(2cos T) is given. Some statements about new points obtained from the vertices of an
affine-regular heptagon are also studied.
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1. Definition and examples

A quasigroup (Q, ) will be called an ARH-quasigroup if it satisfies the identities of
idempotency and mediality, i.e. we have the identities

aa = a, (1)
ab-cd = ac - bd, (2)

and besides, if the identity
(a-ab)b = ba (3)

also holds.

Example 1. Let (G, +) be a commutative group in which there is an automorphism
@ which satisfies the identity

(popop)(a)—(pop)(a) —pla) —p(a) +a=0, (4)

where o is the composition of functions. Let us define multiplication - on the set G
by the formula

ab=a+ ¢(b—a). (5)
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Now we shall prove that (G,-) is an ARH-quasigroup.
For each a,b € G, because of (5), the equations ax = b and ya = b are equivalent
to the equations

at+eo(x—a)=>b and y+ ¢la)—p(y) =0 (6)

The first equation has a unique solution * = a+ o~ 1(b—a), and the second one can
be written in the form

(pop)(y) —(popop)(y)=(pop)(d) — (poyop)(a),

i.e. according to (4) in the form

y—ey) —o(y) = (pop)(b) = (poyoyp)a)
or owing to (6) it gets the form

b—p(a) —¢y) = (pop)(b) = (poypop)a)

The last equation has a unique solution

y=¢ b= (pop)b) - wla) + (vopop)a)l,
which also satisfies equation (6) as due to (4) we get
y—¢(y) = ¢ b~ (pop)b) —¢la) + (poyoyp)a)
[b —(pop)(b) = p(a) + (popop)(a)]
b= w(b) = (o p)(b) + (popop)(b)
[ pla) = (pop)(a) + (popoyp)(a)l
= ¢ p®)] — p(a) = b—p(a).
We have just proved that (G,-) is a quasigroup. Its idempotency is obvious from
(5). According to (5), it follows
ab-cd = ab+ ¢(ed —ab) = a+ (b —a) + plc+ o(d—c) —a— p(b—a)]
= a—¢(a) — p(a) + (po)(a) + ¢(b) — (v o p)(b) +¢(c) — (pop)(c)
+(pop)(d)
and the symmetry of the obtained expression by b and ¢ proves mediality (2). From
(5) firstly follows
a-ab=a+gla+eb—a)—a =a—(pop)(a)+(pop)(h)

and by means of (4) we get
(a-ab)b=a-ab+ ¢(b—a-ab)

=a—(poyp)(a)+(pop)(b) +¢b—a+(pop)(a) = (pop)(b)

= a—gp(a)=(poyp)(a) +(vopop)(a)+¢b)+ (pop)(b)—(popoyp)(b)

= ¢(a) +b—¢(b) = b+ ¢(a —b) = ba;
therefore, identity (3) also holds.
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Example 2. Let (F,+,-) be a field in which the equation

- —2¢+1=0 (7)
has the solution q and the operation x on the set F' is defined by

a*xb=(1-gq)a+ gb. (8)

Then it is obvious that the identity ¢(a) = ga defines an automorphism of the
commutative group (F,+), and since equality (7) holds, then for each a € F equality
(4) holds. However, equation (8) can be written in the form

axb=a+ @b—a),
and based on Example 1 it follows that (F, ) is a ARH—quasigroup.

Example 3. Let (C,+,-) be a field of complex numbers and * a binary operation
on the set C defined by (8), where q is the solution of (7). Example 2 implies that
(C, %) is an ARH—quasigroup.

Namely, besides the trivial solution ¢ = 0, the equation sin 3¢ = sindy has also
the solutions ¢ € {%,37”,97”} due to sin?’%r = sin%”, sin%’T = sin 127’7, sian7T =
sin 367”. That equation gets the form

8sin o cos® ¢ — 4 sin ¢ cos? ¢ — 4sin ¢ cos p + sin = 0,

and without the factor sin it can be written in the form (7) where ¢ = 2 cos ¢.
Therefore, the solutions of the obtained equation are

3 9
g1 =2 cos g ~1,8019377, g2 =2 cos 7” ~0, 4450419, g3 =2 cos 7” ~—1,2469796. (9)

For each of these three solutions we get a mice geometrical interpretation which
justifies studying ARH-quasigroups and defining geometrical concepts in them. Let
us consider the set of complex numbers as a set of the points of Fuclidean plane.
For two different points a and b equation (8) can be written in the form

axb—a
b—a
meaning that points a, b, a xb form the cross ratio q. Let symbol *; represent the
operation * defined by formula (8) with value q¢ = q;, where, with i € {1,2,3}, that
value g; s given by (9). Then, Figure 1 shows all three operations x, for which (C, x)
is an ARH-quasigroup.

=4q,

axsb a a+=b b a+b

Figure 1:

These three quasigroups will be denoted by C(q1), C(g2) and C(q3) because for
a=0andb=1 we get a*; b = q;. Fach identity in an ARH-quasigroup can be
interpreted as a geometrical theorem. So, in Figure 2 the illustration of the identity
(8) in the quasigroup C(q1) is given, where instead of e.g. a 1 b it will be written
ab, and such notation will be used in all figures.
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(a-ab)b=ba a b ab a-ab

Figure 2:

2. Basic properties of ARH—quasigroups

Direct consequences of identities (1) and (2) are the following identities of elasticity
and left and right distributivity, i.e.

ab-a=a-ba, (10)
a-bc=ab-ac, (11)
ab-c = ac- be. (12)

Because of (12), identity (3) can also be written in the form
ab - (ab-b) = ba, (13)
which will be very useful later. Let us prove the following theorem now.

Theorem 1. In an ARH-quasigroup (Q,-) the following identities

a(ab-b) =ba - a, (14)
(a-ab)e = (c- cb)a, (15)
(a-bc)c = c(ba - a) (16)

hold.

Proof. (see [2], Th. 27) We get successively

—

a(ab - b) (L (a-ab)-ab () (a-ab)a-(a-ab)b 9 (a-ab)a-ba 2 (a-ab)b-a = ba-a.

For each a,b,c € Q there is d € @ such that
cd =b. (17)

Now we get

w

(a-ab)e- (a-ab)e = (a-ab)ec = a(a-cd)~c(2) a(ac-ad) - ¢ a-ac)(a-ad)-c

a'ac)c-(a~ad)c@ca~ (a~ad)c(i)c(a'ad) -ac
ca)(ca - cd) - ac w (ca)(ca - b)-ac = (ca)(cb - ab) - ac

c-cb)(a-abd)-ac @ (c-cb)a- (a-ab)e,

so identity (15) follows. For each a, b, c € @ there is an element e € ) such that

ae = b, (18)
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and then there follows

(a-be)e (18 alae-¢)-c = alac-ec) - ¢ = (a-ac)(a-ec)-c @ (a-ac)e-(a-ec)c

D . (a-ec)c (W ¢ (ae - ac)e 1 ¢ (b-ac)c 2 . (be)(ac - ¢)
@ (c-be) -alac-c) (L (c-be)(ca - a) @ (c-ca)(be-a) (12 (c-ca)(ba - ca)
= (c-ba)-ca () c(ba - a),

thus identity (16) holds. O

3. Affine-regular heptagon
From now on let (Q, ) be any ARH-quasigroup. The elements of the set @ are said
to be points.

Theorem 2. In the cyclical order of seven equalities a;a; 11 = ajrza;vo (i =1,2,3,4,
5,6,7), where the indexes are taken modulo 7 from the set {1,2,3,4,5,6,7}, each
four consecutive equalities imply the remaining three equalities.

Proof. It is sufficient to prove that from equalities

aias = asas, (19)
asa3 = asaa, (20)
azas = agas, (21)
(405 = a7ag (22)

follows the equality
asag = a1a7. (23)
Firstly, let us prove that equalities (19) and (20) imply the equality
as - asay = ajas, (24)

and then (with the substitution ¢ — ¢ + 2) in the same way from (21) and (22)
follows the equality

as + a5 = asary. (25)

Indeed, we get successively

Hm

(12)
(as - a3a4)a as - agayg)as = agas - (agas - asas)
1)

azas - 0203) azas - 02@3) a4a3)

"¢
( ( (
(20
: (a5a4 : 0203) (115!14 : 02@3)((14@3)
(2)
: (asaz : a4a3) (asaz : 0403)((14@3)
19) (12)
: (asaz : alaz) (115&2 . a1a2)(a102) = (a5a1 'a2) . (115(11 'al)a2
12) 12) (3)
: (a5a1)(a5a1 '111) s = (Gs : a5a1)a1 s = a1as - a2,
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wherefrom follows equality (24). Then we also prove equality (23), which follows
from

1) (10) (21)
asag - a5 = (asae - as)(asae - as) = (as - agas)(asas - as) = (as - agaq) - (asa6 - as)
(2) (25) (2)
= (a5 - asag)(asas - as) = asar - (agas - as) = (a3 - agaq) - azas
(24) 12
= aias-aras = aijay-as.

O

We shall say that (ai,as,as, a4, as, ag, ar) is an affine—regular heptagon with the
vertices aq, ag, as, a4, as, ag, a7 and it is denoted by ARH(aq, as, as, a4, as, ag, ay) if
any four adjacent equalities, and then also all seven, out of seven equalities a;a;11 =
aiv3aivo (1=1,2,3,4,5,6,7) hold (Figure 3).

The possibility of introducing the concept of the affine-regular heptagon into
this quasigroup justifies naming it an ARH—quasigroup.

Corollary 1. If (i1,i2,43,14,15,%6,47) is any cyclic permutation of (1,2,3,4,5,6,7)
or of (7,6,5,4,3,2,1), then from ARH (ay,as,as,a4,as,a6,a7) follows ARH (a;,,
aiz 9 a’iga ai47 ai5a ai(; ) ai7)'

Corollary 2. An affine-reqular heptagon is uniquely determined by any three adja-
cent vertices of its vertices.

Proof. If e.g. a1, ao, az are the given vertices, then the vertices a4, as, ag, a7 are
given by the identities (19) — (22), respectively. O

asajp-az

‘ h
asa4=aeas
asz-asa4=aias
bs
A\ arar=asaz
b %
2 a1
a4as5=az70ae

o
Ag asai

d
aeAz7=azaji

asas=aiaz

Figure 3:

Theorem 3. An affine—reqular heptagon is uniquely determined by any three of its
vertices.

Proof. By means of the statement of Corollary 2 it is necessary to prove three
more statements which, by means of cyclical permutation, can lead to the proofs of
statements (i), (ii) and (iii) out of the following proofs:
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(i) The vertices a1, as, a4 determine the vertex ag uniquely. This statement is
obvious from (19).

(ii) The vertices a1, as, as determine the vertex as uniquely. In fact, let a3 be the
point such that asaq - as = asas, and then let a4 be the point such that ayas = aqas.
It is necessary to prove that equality asas = asas holds. Here is the proof of this
fact:

@ (12) ®
asas3 - 203 — Q2a3 — A501 - A2 — A5092 - 4142 — A502 * A4Q3 — A504 - A203.

(iii) The vertices a1, ag, as determine the vertex a4 uniquely. In fact, let ay be
the point such that az-azas = ajas, and then let as be the point so that asas = asay.
It is necessary to prove the equality ajas = agas. This equality follows from this
conclusion:

@) _ (1)
ajag - asaz = a1as - azaz = (as - azaq) - asas = (as - asaq)as - (as - azaq)aq

) @ @)
= (a3 . a3a4)a5 aqaz = (CL3 . a3a4)a4 - a3 — aqasz - as5ads.
O

Let us examine more precisely those points, which can be explicitly expressed by
means of the vertices of the affine-regular heptagon ARH(aq, as, a3, aq, as, ag, ar).
Let us always take the indexes modulo 7 from the set {1,2,3,4,5,6,7}. The same
products of the adjacent vertices from the definition of an affine-regular heptagon
will be labelled so that

A542 Aj43 = by =a;—2a;_3 (26)
(Figures 3 and 4). Besides that, let us state
biits = a; ait3, bii—s =a;a;—3 (27)
(Figure 4).

Equality (24) can be written in the form agb; = by5, and then according to
Corollary 1, general equalities

bii—3 = Giy2b; = Giy2 - Qit2 Qiy3, (28)
biiys = ai—2bi=a;_2-a;—2a,_3 (29)

are valid. Since by substituting ¢ — —i equality (24) implies the equality a4 - asas =
agas, i.e. the equality bga = a4bg, then we get

27),(26 12 26 3 26
bg3br (7 )a6G3'a2G3 (:)a6a2'a3 = bgaas = asbg-as 29 (a4-asasz)as (——)a3a4 29 b1,

what implies general equalities

bi72,i+1 ajr2 = by, bit2i-1a;—2 = b;, (30)
bi—2,i+2b;—1 = b;, bit2,i—2biy1 = b;. (31)
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Figure 4:
Further, we get
(26) (12 (30) (26) (12)
bsaas - bg = bszaz - a1a2 = bsaa1 -ax = bzaz = aiar-az = aiaz - arag
(26) (2 (27),(26) (11)
=’ 403 - A7a3 = G407 - azaz =  byr-aray = bsray - byray
(30)
=" byray - bg,

so the equality bseas = byrar follows. The obtained equal products are labelled by
c1 in Figure 4. In general, we get equalities

bi—3.i+10it1 = ¢ = biy3i—1 a1, (32)

which define the points ¢; in Figure 4. Because of (27), equalities (32) can be written
in the form

(;—3Qi41 " iyl = C; = Gi130;—1 " Qi1 (33)

Now we get

(33) (14) (33)
asc1 = as(asas - az) = asas-as = cg,
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and generally the equalities
aj—3C; = Ci_2, i3 C; = Ciy2 (34)
are valid. Besides that, we get

27),(33 12 3 27
bascs (BT asas - (asas - as) = (a2 - azas)as © asas & bs2,

i.e. the equalities
biit3Ci—3 = biyss, bii—3Ciys =bi_3; (35)

hold. As it follows

26),(33 2 12
( ) asas - (asar - ar) @ (a4 - asar) - azay 2 (a4 - agar)(agar - azar)

bgc1

,\
IS
&

26 12
(aq - aszar)(agas - a7) (20 (aq - azar)(aras - a7) (2 (aq - azar)(arar - asay)

—~
~

12 26
= (a4 - ara7)(agar - azar) = (aq - ara7)(asaz - az) (20 (aq - arar)(aray - az)

,\
s
e

(12) (26) (2
(ag - ara7)(ar - a1a7) = agar-ara7 = agar - asag = aqas - a706

" byby Y by,

,\
g

so the general equalities hold

bi_2c; = by, bit2c; = bi_1. (36)
Further, we get
(27) (29) 11
as-asar = asbs1 = az(as-azaz) = asas - (az - azas)
(10) @ (28)
=" asas - (azas - az) = (a2 - a2asz) - asas = by - asas
(27),(26) (11)

(27)
= aray4 - ayap = a7y -aqa1 = (l7b417 (37)

and, as in Figure 4, the obtained equal products will be designated by d;. Generally,
we have equalities

Qig1 - Q=305 = Qip1 b3 = d; = a;_1 b3 = a;—1 - 4304, (38)

which define the points d; in Figure 4. For these points some interesting relations
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also hold. So, we get

29 9
dibsy = azbs: - bsy ® az(asz - azaz) - (az - azaz) @ asas - (az - azaz)(asaz)
= = (12) ® o
=" azaz - az(azaz - az) =’ azaz - (azaz - az) = (a2 - axaz)az = azaz = bs,
2 3 1 26
hbs = ax(a3 - asaz) - azaz 2 a0z - (a3 - azaz)as D 305 - azag = azay X br,
10 3 08
diaz = az(as - azaz) - az 2 as - (as - azaz)as @® as - asa3 2 br4,
- (12) (3)
dias = az(az-azas) a3 = azas- (a3 -azaz)az = (a3 - azaz)as - (a3 - azas)as
= @) (10)
=" (a3 - agaz) - azas = asaz - (azaz - az) = agaz - (a3 - azas)
11 28 38
(:) ag(CLQ . 020,3) (:) CL3b74 (:) d4,
27 2 30 26
dibgs = aobsy - be2 @7 asbsy - agas @ G20 - b1 (30) asag - by 20 a2a6 * 203
(11) (27) (38)
=" ag-agaz = agbgs = ds,

and the following general equalities

dibi_3; = b;_3, di biys i = biys, (39)
dibi_3 = bi_1, dibiysz = biy1, (40)

di air1 = bi—1,i+3, d; ai—1 = bit1,i—3, (41)

di ai12 = diys, dia;—2 = d;—3, (42)
dibi—2iv1 = diya, dibiyoi1=di 2 (43)

hold. In (37), the equality di = br4 - agzas holds, which, because of (26), gets the
form b74b5 = dy, thus the general equalities

bi—1,i+3bi—3 = d;, bit1,i-3bit3 =d; (44)
hold. For the points a;, b;, ¢;, d; the following equalities
a; ¢; = by, d; a; = b; (45)
also hold because, e.g., we get

(33 (11

27),(26 44 40
aicy :) al(%az : CLQ) :) (a1a5 : ala2) ca1a2 ( ):( ) b1sbg - be (:) dabg (:)

bla

37 12 3),(15
dyaq :) az(as : (13(12) s aq (:) agaq - (CL3 : (13@2)(11 ( ):( ) (

(11) (28)£(26) b63b7 (2) by

= (a1 . alag) + 203

ai - a1a2)a2 . (a1 . alag)ag

We have proved the following theorem.

Theorem 4. If the statement ARH (aq1,as2,as,aq,as5,a6,a7) holds, then there are
the points b;, b;iys, bii—3, ¢i, d; so that equalities (26)-(36) and (38)-(45) hold,
where the indexes are taken modulo 7 from the set {1,2,3,4,5,6,7}.



ARH — QUASIGROUPS 549

Numerous proofs in this article use the properties of cancellation and solvability
in a quasigroup (Q, -), so it is interesting to observe one direct proof, in which only
properties (1)—(3) and (10)—(16) of a groupoid (@, -) are used explicitly. We shall
prove that equality agay = aca; follows from equalities

a1G2 = G403, 4203 = A504, A3Q4 = Ae05, G405 = A706-

We get successively

—
—

(13)

asar = arag - (arae - ag) = asas - (asas - ag)
(13)

=’ (a4 - aqas) - (agas)(apas - as) = (a4 - agas) - (azaq)(asaq - as)

(aq - agas) - asag

(12)
= (a4 : a4a5) : (03 ~a3a4)(a4a5) = a4(a3 : a3a4) + Q405

= 04((13 : (13&4) : (a5a4)(a5a4 : 114) = a4(a3 : a3a4) : (aza3)((12a3 : a4)

—
—

(a4a3)(a4 -azay) - (agas)(azas - ag) = (agas - agas) - (aq - agaq)(agas - aq)
:O) (asaz - azaz) - (asas - as)(azas - ag) = (aras - azaz) - (a1az2 - as)(azas - as)
2 (araz - asas) - (a1as - agas)ay @ (ar1az2)(aras - agas) - (azas - aq)
2 (a1az2)(aras - azas) - (azaq - agay)
(:3) (araz)(araz - azaz) - [azay - (asaz)(asas - az)]

= (a1az2)(aras - azas) - [azaq - (a1a2)(araz - as))
2 (a1az - azas)[(a1az - asas) - (aras)(araz - as)]

)
= (a1a2 . a2a4)[a1a2 . (a2a3)(a1a2 . ag)} (2) aias - [a2a4 . (agag)(alag '0,3)]

2
= a1a2 l[asay - (a2 - ara2)as] = aias - [az(az - arasz) - asas)

(10)
= ayaz - [az(as - a1a2) - a1as] "= ajag - [az(aza; - ag) - ayas]

(10) (12)
=" a1as - [(a2 - aza1)as - aras] =" aias - [(az - asay)a; - as)

[(
3) (13)
aias - (a1a2 ag) = ag0aiq.

By means of labels from Theorem 4 the following theorem can be proved.

Theorem 5. If the statement ARH (a1, as,as,ayq,as,as,ay) holds, then the state-
ments ARH(bla b2; b3; b47 b5a b6a b7)7 ARH(CI7 Cc2,C3,(C4,C5, Cg, C7)7 ARH(d17 d27 d3, d47
ds,dg,d7), ARH(b14, bas, bse, baz, bs1, b6z, b73), ARH(bys, bag, b3z, ba1, bs2, bes, bra) hold
(Figure 4).

Proof. It can be proved that for each ¢ from the set {1,2,3,4,5,6,7} the following
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equalities hold
bibiy1

CiCit+1

didit1

biir3bit1ita

bii—3biy1,i—2

V. VOLENEC, Z. KOLAR-BEGOVI¢ AND R. KOLAR-SUPER

(26) (2 (26) b\ b

= Qi45Qi44  Ai46Ai4+5 = Ai450i46 ° Q440545 = 0;430;42

(33) @)

=" (ai43ai-1 - @;—1)(Aiqa0; - a;) = (43051 - QiyaQ;) - Q105

@ (26)

= (@i430i44 - Gi—10;) - Gi—10; = (Gi16Qit5 - Gig20it1) * Qiy20it1
@

= (ai+ﬁai+2 : ai+5ai+1) CGi42Q541

@

= (Aip6Git2 - iv2)(Aip50i11 - Qip1)

(33)

=’ Ci43Ci42

(38) @)

= (@it1 - ai140;)(Qit2 - Qip50i11) = Qip10it2 - (Qirad; - Qips5ait1)
@ (26)

= Q410542 - (ai+4ai+5 : aiai+1) = Q440543 * (aiai+6 : az‘+3az‘+2)
@ @)

= 044013 (@i0i43 - Qiveaive) = (Qiya - @i0i43)(Ait3 - Qiteaita)
(38)

=" diy3diyo

(27) (2 (26)

= Q;Qi43 ° Aj41A544 = Q30541 * Cj4-3A544 = Gj430542 * Aj460i45

(27)
= i430i1+6 * Qi+20i15 = biy3iv6biv2its

(27) 2 (26)
= @j0;-3 " Aj+10;—2 = QG411 * G;—30i—2 = (43042 * A;Aj—]
(27)

= a;130;  Qiy20;—1 = biy3ibit2i1,

—~
—

where the indexes are taken modulo 7 from the set {1,2,3,4,5,6, 7}, so the assertions
of the theorem are proved. O
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