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The effect of feedback on the intensity of the illusion of linearity in
high-school students’ solving of geometry problems

JELENA PAIC-ANTUNOVIC and VESNA VLAHOVIC-STETIC

This study examines the illusion of linearity in high-school students’ solving of geometrical problems related
to the perimeter and the area of similarly reduced or enlarged figures. Previous studies have shown that students
strongly believe that when one dimension of a geometrical figure is increased or decreased by factor &, the perimeter
and area of that figure increase or decrease by the same factor. Such reasoning is correct when it comes to perimeters,
but the area is actually modified by a factor 4. Participants in our study were third grade high-school students. They
have taken an exam consisting of 6 linear and 6 non-linear items on two occasions. The results on the first exam have
shown that students were very successful in solving linear problems, but were markedly unsuccessful in solving
non-linear problems. Before applying the second exam, half of the students were given feedback regarding their per-
formance on the first exam and had an opportunity to solve some of the items again. On the second exam these stu-
dents solved more non-linear problems correctly than the students of the control group, but in parallel, they achieved
weaker results on the linear problems when compared to the students who were not involved in our intervention.
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If renting an apartment costs 1200 kuna (Croatian cur-
rency) per month, how much money will I need for a whole
year’s rent? If I want to make a jam in which the ratio of
fruit and sugar is 2:1, how much sugar do I have to buy for 5
kg of fruit? We ask ourselves questions like these daily and
to answer them we use proportional reasoning. Because of
its wide applicability, both in everyday life and in scientific
contexts, proportional reasoning plays an important role in
mathematical education in schools. However, since not all
of the relations are proportional, deepening knowledge in
the field of proportionality can sometimes have a serious
drawback. Freudenthal (1983, p. 267) has pointed out that
“linearity is such a suggestive property of relations that one
readily yields to the seduction to deal with each numerical
relation as though it were linear”. This phenomenon can be
found in literature under different names such as the i//u-
sion of linearity, the linearity trap or the linear obstacle and
it is defined as “the tendency to apply properties of linear
relations anywhere, thus also in situations where this is in-
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adequate” (De Bock, Van Dooren, Janssens, & Verschaffel,
2007, p. 2).

Children’s tendency to use linear reasoning in non-
linear problems has been observed in various fields of
mathematics, such as elementary arithmetics, algebra (e.g.,
Hadjidemetriou & Williams, 2010; Van Dooren, De Bock,
Hessels, Janssens, & Verschaffel, 2005; Van Dooren, De
Bock, Vleugels, & Verschaftel, 2010), and probability (Van
Dooren, De Bock, Depaepe, Janssens, & Verschaffel, 2003).
The best-known case of children’s over-reliance on propor-
tionality comes from the field of geometry (De Bock et al.,
2007), specifically from problems that deal with areas and
volumes of enlarged or reduced geometrical figures. Many
studies have shown that students are very successful in solv-
ing problems in which the task is to calculate the effect of an
enlargement (or reduction) of one side of a figure on another
side or perimeter of that figure, in other words, problems in
which enlargements are linear; but are highly unsuccessful
in solving problems in which the task is to calculate the ef-
fect of an enlargement (or reduction) of one side of a figure
on the area or volume of that figure, in other words, prob-
lems in which enlargements are not linear, but quadratic or
cubic. The principle underlying this type of problems is as
follows: Linear enlargements/reductions by factor k£ multi-
ply lengths by factor k, areas by factor &% and volumes by
factor £°. A crucial aspect of this principle is that these fac-
tors depend only on the dimensionality of the magnitudes
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involved and are not affected by particularities (e.g. shape)
of the figures involved (De Bock et al., 2007). Previous re-
search has shown that most elementary-school students and
even high-school students do not know this principle and
(incorrectly) believe that if the sides of a figure are doubled
then the perimeter and the area of that figure are doubled
too (De Bock, Verschaffel, & Janssens, 1998; De Bock, Ver-
schaffel, & Janssens, 2002; Van Dooren, De Bock, Weyers,
& Verschaffel, 2004).

Possible explanations for the occurrence of the illusion
of linearity

Even though our knowledge base about the illusion of
linearity is slowly increasing, a complete theoretical frame-
work that conclusively explains this phenomenon does not
exist to date. De Bock et al. (2007) analyzed various results
of previous research and tried to derive possible explana-
tions for this widespread phenomenon. They identified three
groups of explanatory factors that supposedly underlie the
occurrence and persistence of students’ over-reliance on
proportionality.

The first and most important explanation for the tenden-
cy to over-rely on linearity seems to lie in the omnipresence
of linear relations in our everyday life and the observation
that human cognition often tends to rely on intuitive instead
of analytical modes of thinking (De Bock et al., 2007).
Starting from the early childhood the concept of linearity
develops from exposure to linear relations and learning and
it gradually becomes very conspicuous. Concurrent with the
development of the concept, first cases of its inappropri-
ate usage start to appear. To explain why this happens De
Bock et al. (2007) rely on Fischbein’s theory of intuition in
mathematical reasoning. Fischbein (1987, 1999) described
intuitive knowledge as a type of immediate and self-evident
cognition, based on salient problem characteristics, leading
to generalizations, generating great confidence and often
persisting despite formal learning. He assumed that the idea
of proportionality belongs to that category of knowledge
and that it is shaped through early and repeated experiences
with situations that reflect the concept of linearity. The idea
that students use intuitive knowledge in mathematical rea-
soning got its empirical verification in a study by De Bock,
Van Dooren, Janssens, and Verschaffel (2002). These au-
thors have conducted interviews with 12-13 and 15-16-year
old students while solving a non-proportional word prob-
lem. After confrontation with the problem, students almost
immediately gave a proportional solution. When they were
asked afterwards why they chose that particular solution,
they could not explain, but they were quite certain that both
their computational method and solution were correct.

Besides work done by Fischbein, the distinction between
intuitive and analytical modes of thinking has been studied
by many cognitive psychologists, especially by advocates
of dual process theories of thinking (e.g., Evans, 2003;
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Stanovich & West, 2000). These researchers make a dis-
tinction between two types of reasoning systems. The first
system, often called S1 or heuristic system, is characterized
as automatic, associative, unconscious and requiring less ef-
fort and cognitive resources. It is responsible for quick reac-
tions and is often based on salient features of the problem
situation and stored “prototype” situations (Sloman, 1996;
according to De Bock et al., 2007). The second system, S2
or analytical system, is characterized as controlled, deliber-
ate and requiring much more resources from our working
memory. Considering the fact that S1 system results in valu-
able responses, people develop a tendency to use it even in
situations that require usage of the analytical (S2) system.
Applied to the illusion of linearity, it means that once stu-
dents begin to realize the applicability of the linear model
in a wide spectrum of situations, a kind of “linear heuristic”
is developed inside the S1 system, which in consequence
results in quick and often correct responses. Looking from
that perspective, students’ mistakes on non-proportional
problems do not stem from their deficient mathematical
knowledge (which is part of the S2 system), but from a ten-
dency to give quick and impulsive answers.

After the tendency to reason proportionally is estab-
lished, some experiences that children have in school seem
to affect its further development and firming. The study by
Van Dooren et al. (2005) has shown that Belgian elemen-
tary school pupils have a strong tendency to apply the linear
model while solving non-linear arithmetic word problems.
This tendency was first observed among second-graders,
and in the period from third to fifth grade, when propor-
tionality is taught in school, it was constantly increasing.
De Bock et al. (2007) claim that the quick and technically
correct execution of known procedures is often the focus in
mathematical education, while the understanding of the pur-
pose and area of applicability of a certain procedure is not
explicitly taught. Hatano (2003; according to Van Dooren
et al., 2010) claims that children acquire a kind of “routine
expertise” — the ability to complete school mathematic tasks
quickly and accurately without much understanding; instead
of “adaptive expertise” — the ability to apply meaningfully
learned procedures flexibly and creatively. This kind of
teaching in schools restricts gained mathematical knowl-
edge to a specific domain of applicability that students have
encountered in school, and reduces the process of choos-
ing the appropriate procedure to identification of distinc-
tive features of a problem situation. Hence, when students
encounter a problem of similar structure to the ones they
solved while learning some mathematical procedure, they
will be inclined to use that same procedure, regardless of
its applicability in that situation. Unfortunately, this kind of
approach is often reinforced in schools. Reusser (1988) con-
cluded that only a few school problems encourage students
to use profound semantic analysis of the problem. Problems
that are used in teaching are often stereotypical, so using
routine strategies enables students to reach a correct solu-
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tion to many of them without much thinking. If we take into
consideration the fact that school exams have a time limit
and that the end results are what is scored and graded, then
it should not come as a surprise that students adopt this ap-
proach. When tasks are separated from school context and
given in an “authentic” form, as real problems that need
to be solved, students’ success rates significantly increase
(e.g., De Bock, Verschaffel, Janssens, Van Dooren, & Claes,
2003; Reusser & Stebler, 1997; Van Dooren, De Bock, Jans-
sens, & Verschaffel, 2007). Unfortunately, this positive ef-
fect of authentic context is lost once the same problems are
applied again within the standard school context.

Students think about school as of a context that is dif-
ferent from everyday life and their approach to school tasks
can be seen in studies in which they solved those tasks dur-
ing individual interviews (De Bock, Van Dooren, et al.,
2002; Hadjidemetriou & Williams, 2010). Statements like:
“In your calculations you can only involve numbers that
are given”, “I thought that the width was relevant too, but
because in the text no reference was made to the width, I
decided to work with the height only”, “You never should
ground a solution in mathematics on a drawing. You have to
ground it on formulas. Drawings are less accurate”, or “No
[T wouldn’t do it this way], if it was a real realistic graph,
but this is the way I would do it in test” illustrate students’
understanding of school problems and a way they have to
be solved. De Bock et al. (2007) describe this phenomenon
using the term “game of school word problems”. Like in
every other game, in this one as well, there are rules. Some
of them have already been mentioned — the goal is to get a
correct final solution in a limited amount of time — but there
are others. For example, the rule that every problem is solv-
able, that a correct solution can be obtained through recog-
nition and execution of familiar mathematical operations on
given data and while doing this, not much attention should
be paid on a linguistic context or graphical representation
of the problem at hand. These rules are part of “didactical
contract” between students and teachers. They are acquired
through interaction and, even though they are rarely explic-
itly stated, play an important role in the educational process
(De Bock et al., 2007).

The first two groups of explanatory factors we discussed
have a general nature and explain why the illusion of lin-
earity is so widespread across various fields. De Bock et
al. (2007) also mention a third group of factors in which
they incorporate more specific elements of the situations in
which this phenomenon occurs. They can be further divided
into two subgroups. The first subgroup relates to students’
deficiencies in knowledge of a certain mathematical field.
Those are, for example, some shortcomings in the general
geometrical knowledge, difficulties with the notions of area
and volume, misconceptions about probability laws and so
on.

The second subgroup consists of specific features of the
mathematical problems that are used and which contribute

to the over-use of the linear model. Until now several fac-
tors from this subgroup have been identified. Some of them
are: different ways of formulating and presenting a task (De
Bock, Verschaffel, et al., 2002), the type of problems (Van
Dooren et al., 2005), the size of a scaling factor (Lapaine,
2010), presence of graphical representations of the problem
(De Bock, Verschaffel, et al., 2002; De Bock et al., 2003)
and presence of a linear solution in multiple-choice tasks
(Rajter, 2000).

What stands behind students’ solutions?

The literature on the illusion of linearity is almost com-
pletely concentrated on non-proportional relations and dif-
ficulties that children experience while dealing with them.
Proportional relations, on the other hand, are given much
less attention. A possible reason is that most students are
very successful in solving proportional problems. This can
leave an impression that they have thoroughly mastered
those relations, and the difficulties they have with non-pro-
portional problems stem from an unjustified generalization
of those well-known proportional strategies in situations
where they are not appropriate. However, there are some
indications that this is not the case. The mere fact that stu-
dents have difficulties distinguishing between situations that
are properly modeled using linearity from those that are not,
tells us something about students’ understanding of propor-
tionality. Modestou and Gagatsis (2010) argue that the tradi-
tional conception that defines proportional reasoning simply
as the ability to solve proportions is incomplete. Hence they
propose a new model of proportional reasoning in which
two new dimensions are incorporated — meta-analogical
awareness and analogical reasoning — besides the old con-
ception of proportional thinking. A similar opinion has been
stated by Cramer, Post, and Currier (1993, according to De
Bock et al., 2007, p. 8) who argue that “a proportional rea-
soner cannot be defined simply as one who knows how to
set up and solve a proportion” and think that mathematical
textbooks do not sufficiently emphasize the ability to dis-
criminate between linear and non-linear situation. Further
argument supporting a notion that students have trouble un-
derstanding proportional relations comes from the studies
that were attempting to reduce the negative impact of the
illusion of linearity (e.g., De Bock, Verschaffel, et al., 2002;
Van Dooren, De Bock, Hessels, Janssens, & Verschaffel,
2004; Van Dooren, De Bock, Weyers, et al., 2004). When
students have been made aware that not all problems can
be solved by using the proportional model, the proportion
of correct answers on items where proportionality is appro-
priate significantly decreased. Greer (2010) thinks that this
finding implies that the previous high level of correct re-
sponses on such items included some false positives.

If different thinking processes can lie beneath correct
answers on proportional problems, can the same be true for
(mostly) incorrect answers on non-proportional problems?
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Greer (2010) tried to answer this question by explaining
possible ways of reasoning that can stand in the background
of selecting a proportional solution to a non-proportional
problem:

1. The student has carefully thought about the situation and
decided that a linear interpretation is appropriate.

2. The student has carefully thought about the situation and
decided that a linear interpretation is not appropriate, but
does not know how to formulate an appropriate alterna-
tive, so he gives the simplest, linear response.

3. The student is reacting to more or less superficial cues,
such as characteristic linguistic phrases which suggest
that the solution can be found routinely; therefore a
common linear answer is appropriate.

4. Regardless of correctness of his/her interpretation of
problem situation, the student just wants to provide the
researcher with an answer and get out of the testing situ-
ation. It seems naive to assume complete cognitive en-
gagement in the context of school, and the same surely
applies to the experimental context.

What we are trying to say is that equating a correct or an
incorrect response with a correct or an incorrect reasoning
is problematic, because more than one interpretation is pos-
sible. Unless we have observed students’ thinking process
during the problem solving, we cannot know which inter-
pretation is applicable.

There are also studies suggesting that some interpreta-
tions are, if nothing else, more probable than others. Those
studies explored the process that underlies solving of this
type of mathematical problems. According to Nesher (1992)
this process consists of several phases. During the reading
of the text a student has to understand its meaning, construct
the situational model of the problem and create a formal
representation. Based on the developed problem represen-
tation, appropriate computational procedures are chosen.
The final phase in problem solving is the interpretation and
verification of the result. Studies that have examined this
process have shown that students tend to skip some of these
phases. For example, in a study by De Bock, Van Dooren,
et al. (2002) students have often skipped all of the steps
apart from choosing and conducting calculations. The de-
cision about which calculations should be performed was
based on routine recognition of a certain type of problem,
and after that, most of the time was dedicated to calculat-
ing and after checking for possible calculation errors, the
final solution was given. Similar conclusion was reached by
Vlahovié-Steti¢ and Zeki¢ (2005). It is worth mentioning
that this finding was characteristic for both types of prob-
lems, in other words, students have used this routine proce-
dure while solving both proportional and non-proportional
problems. Based on these results, we can conclude that cor-
rect responses on proportional problems and incorrect re-
sponses on non-proportional problems are a product of the
same superficial problem-solving procedure. Consequently,
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this would imply that results of studies about the illusion of
linearity speak more of a typical approach that students have
towards solving this type of problems than of their actual
knowledge or understanding of proportionality. If we want
to explore whether students are indeed capable or incapable
of discriminating proportional and non-proportional situ-
ations, we should somehow intervene into their problem-
solving habits. If we could manage to stimulate students to
analyze the problems more thoroughly before giving their
final response, we might get a different estimation of their
success rate in proportional and non-proportional problem
situations.

The aim of this study was to design an intervention whose
primary goal was to increase students’ interest in problems
and persuade them to approach them more cautiously and
try to analyze represented relations before giving a final
solution. We wanted to explore if these conditions would
have a beneficial effect on students’ ability to discriminate
between proportional and non-proportional relations; and if
they did, would that ability translate to their later encounter
with similar problems in ordinary conditions.

METHOD

Participants

Participants were 121 third grade high-school students
from Zagreb. They were divided into two groups, an experi-
mental and a control group, in a way that two intact classes
were selected for one and two for the other group. To make
sure that selected groups are equivalent based on students’
mathematical abilities, we chose classes following the same
mathematical program in school. The experimental group
consisted of 59 (38 girls and 21 boys) and the control group
of 62 (40 girls and 22 boys) students.

Materials and procedure

In the study two comparable versions of an exam with
mathematical problems (Form A for the first examination
and Form B for the second one), answer sheets and feedback
sheets were used.

Exams consisted of 12 items. Half of the items were
non-proportional problems (problems for which it is not ap-
propriate to reason linearly), and the other half were pro-
portional problems (problems for which it is appropriate to
reason linearly). Within each of these categories there were
two items involving one of three types of geometrical fig-
ures — squares, circles, and irregular figures. In the propor-
tional problems students were asked to calculate the effect
of increasing one dimension (height, length, or diameter) of
a figure on the perimeter of that figure, and in the non-pro-
portional problems, on the area of the figure. In most items
it was not explicitly stated that it was necessary to calculate
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Table 1

Examples of experimental items

Proportional problems

Non-proportional problems

Misko needs 7 hours to cut the hedge around the square-shaped
garden with a side of 40 m. How much time would he need to

The restaurant “Galion” has 2 wedding venues. They are both
square-shaped, but one of them is 3 times longer than the other
one. The optimal number of guests in the smaller venue is 100.
What is the optimal number of guests in the larger venue?

Maja’s mother is baking a birthday cake for her daughter. Every-
thing is ready except for the icing that goes on the top of the cake.
If 1 chocolate was needed for the last year’s cake with a diameter

Squares cut the hedge around the garden of a same shape if its side was 6
times longer?
The specialty of pizzeria “Ljubica” is stuffed crust pizza. If there

. are 26 pieces of cheese needed for the crust of pizza with a diam-

Circles .
eter of 30 cm, how many pieces of cheese are needed for a smaller
pizza with a diameter of 15 cm?

Irregular

figures

the 3 times longer table of a same shape?

of 14 cm, how many chocolates will be needed for this year’s cake
that has 3 times longer diameter?

Petra wants to draw a picture of a butterfly on the wall of her

From the oval table that is 5 m long 18 people can simultaneously ~ room. To see how much paint she would need, she first drew it on
take food. How many people could simultaneously take food from a paper and found out that for the butterfly that is 12 cm wide 2

bottles of paint are needed. If the width of the same butterfly on
the wall is 60 cm, how many bottles of paint would she need?

the perimeter or the area, but those measures were replaced
by other, indirect measures, which are directly proportional
to them, e.g. the time needed to walk around a lake or the
amount of paint needed to cover a surface. During the item
construction we tried to keep all other possibly relevant task
variables, such as mathematical and language complexity,
as similar as possible. A number of items were taken from
tests used by De Bock et al. (1998) and Vlahovié-Steti¢,
Pavlin-Bernardi¢ and Rajter (2010), but most of them were
constructed for the purpose of this study. Examples of items
are listed in Table 1.

Examination was conducted with every class of students
separately in the regular class time and it was performed in
two phases. In the first phase the procedure was the same
for both groups. Prior to solving the exam participants were
given the following instruction: “You are looking at a book-
let with 12 mathematical word problems. Please solve these
problems in the same order as they are presented, paying
attention to the ordinal number of a problem. Once you
have solved the problem, write your end result into the at-
tached answer sheet under the corresponding number. You
will have enough time to solve these 12 problems, so please
be as careful as possible. Every solution should be accom-
panied by a procedure you used to come to the final result.
The procedure does not have to be written in the form of
mathematical operations, but may be a graphical represen-
tation or an explanation in your own words. You can use a
calculator for your computations.” After reading the instruc-
tions all students started solving the items from Form A and
entered their final solutions into their answer sheets. They
were given 30 minutes to complete this task, but most of
them solved the entire exam within 15-20 minutes.

The second phase of the examination took place one or
two days after the first one, but now the procedure for the

two groups of students was different. In the control group,
the same procedure as the first time was followed. After
the participants were given the instructions, they took the
second test (Form B). Students in the experimental group
first received feedback sheets and their own answer sheets
from the previous test. The feedback sheet consisted of the
first three items from Form A and their correct final solu-
tions. The following operating instructions were read: “In
the volume in front of you are the first three problems from
the test you took yesterday together with their correct fi-
nal solutions. Your task is to re-read these problems and
to compare the solutions from your answer sheets with the
provided correct ones. If your solution differs from the cor-
rect one, try to determine where you made a mistake and
then try to solve the problem again correctly.” The purpose
of the feedback was to allow participants to recognize that
not all the problems in the test were equal, i.e., to identify
the problems that cannot be solved using a linear model.
This intervention was designed to encourage students who
solved non-proportional problems in the first test as if they
were proportional to review their original strategy. After
that, the participants in the experimental group also took the
second test (Form B).

RESULTS

In the first phase of the experiment 121 subjects par-
ticipated and in the second one, there were 114. Students’
responses on the proportional and non-proportional items
were considered correct and given 1 point when they result-
ed from a mathematically appropriate reasoning process;
therefore, final solutions that differed from the correct ones
due to minor technical mistakes were also considered cor-
rect, as long as most of the solution procedure was mathe-
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Table 2
Number of participants with a specified number of correctly solved
non-proportional and proportional items (N = 121)

Number of correct Non-proportional Proportional
responses items items
0 89 0
1 17 1
2 10 1
3 3 2
4 1 10
5 0 21
6 1 86
Mdn 0 6
0 0.5 0.5

Note. Mdn = medians, Q = semi-interquartile ranges.

matically appropriate. All other kinds of erroneous answers
and cases in which no solution at all was given were scored
with 0 points.

Kolmogorov-Smirnoff tests showed that all distributions
significantly deviated from a normal distribution. Score dis-
tributions on the proportional items were negatively asym-
metrical and distributions of the non-proportional items
were positively asymmetrical. Therefore we decided to ana-
lyze our data using non-parametrical statistics.

Students’ performance on both the non-proportional and
the proportional items in the first test (Form A) is shown
in Table 2. On the non-proportional items participants
achieved extremely weak results (Mdn = 0; O = 0.5), but
at the same time, they were highly successful in solving the
proportional items (Mdn = 6; O = 0.5).

To check whether students’ poor performance on the
non-proportional items was a result of the illusion of lin-
earity, we qualitatively analyzed their incorrect responses
on those items. Out of all incorrect answers, 96% of them
were solutions that could be obtained through a proportional
reasoning process.

Table 3 shows the percentages of correct responses of
the students in the experimental group on the first three
items in the first test and after their confrontation with the
feedback sheets. The proportional item (item 2) was already
correctly solved by most of the students (96.6%) in the first
test, so those students did not have to solve it again within
the feedback presentation. The few students who made an
error on this item in the first test managed to recognize their
error, so all students answered this item correctly with the
aid of the given feedback. The difference in students’ per-
formance on this item in the first test and after confrontation
with the feedback sheets was not statistically significant (Z
=-1.000; p > .05).

Compared to the first examination students’ perfor-
mance on the non-proportional items improved with the aid

Table 3

Comparison of the performance of the experimental group on the first three items in Form A (N = 59) and after their confrontation
with the feedback sheets (N = 55)

Form A Feedback Wilcoxon
Item Mdn (0] % Mdn (0] % Z
1 0 0.5 27.1 1 0.5 70.9 -4.796™
2 1 0.0 96.6 0.0 100.0 -1.000
3 0 0.0 0.0 0 0.5 345 -4.359"

Note. % = percentage of students who have solved the item correctly.

*p<.01

Table 4
Comparison of the results of the experimental and the control group on both types of items in the first and the second examination
Form A Form B
Group - -
Mdn o % Mann-Whitney Z Mdn o % Mann-Whitney Z
Non-proportional items

Experimental 0 0.5 7.9 1.0 25,5 "

-0.224 -5.299
Control 0 0.5 7.5 0 0.0 4.8

Proportional items

Experimental 6 0.5 91.2 4 1.0 75,2

-0.982 -6.496™
Control 6 0.5 93.3 0.0 97,5

Note. " p <.01
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of the given feedback. The percentage of correct responses
increased from 27.1% to 70.9% (Z =-4.796; p < .01) for the
item involving squares (item 1) and from 0.0% to 34.5% (Z
= -4.359; p < .01) for the item involving irregular figures
(item 3).

To examine if the feedback also influenced students’
scores on the items in the second test, we analyzed differ-
ences in average number of correct responses of participants
from two the groups on both test forms. Medians, semi-in-
terquartile ranges and results of Mann-Whitney U test are
shown in Table 4.

In the first test (Form A) both groups of students suc-
cessfully solved almost all proportional items (Mdn = 6; O
= 0.5) and almost none of the non-proportional items (Mdn
= 0; O = 0.5). The differences in results of the two groups
of participants were not statistically significant on neither
of the two types of items. In the examination after the in-
troduction of the feedback (Form B) the situation changed
and differences appeared for both types of items. On the
non-proportional items the experimental group performed
significantly better (Z = -5.99; p < .01) and on the propor-
tional items significantly worse (Z = -5.229; p < .01) than
the control group of students.

We used the Wilcoxon signed-rank test to analyze the
changes in performance of both groups of participants
separately. The performance of the experimental group im-
proved on the non-proportional items (Z = -4.632, p < .01)
and deteriorated on the proportional items (Z = -4.108, p
<.01). Interpretation of the changes in performance of the
control group is somewhat more complicated. Score medi-
ans did not change, but semi-interquartile ranges decreased
which means that in the second examination more students
achieved a score equal to the median. Since the median
score on the non-proportional items is the minimum pos-
sible score on the test (Mdn = 0), we can conclude that stu-
dents’ performance weakened on this type of items. For the
proportional items it is exactly the opposite. This time more
students achieved the maximum score on the test (Mdn =
6), which means that they improved their performance on
these items. Both differences are significant at the 5% per-
cent level of significance.

In the previous analysis we have treated the two groups
of participants in their entirety and thereby ignored the fact
that not all participants in the experimental group benefited
equally from the feedback. Although all participants in this
group had the opportunity to find out whether their solu-
tions in the first test were correct or wrong, only some of
them managed to discover their mistakes and to find a way
to reach the right solutions.

Therefore, we decided to split up the experimental group
into two subgroups, depending on the number of correct re-
sponses on the two non-proportional items after the feed-
back was given. The first subgroup consisted of the students
who solved at least one non-proportional item successfully

(the successful subgroup) and the second one of the students
who solved none of these items successfully (the unsuccess-
ful subgroup). We compared the results achieved in the sec-
ond test by the students from these two subgroups of the
experimental group with the results of the students from
control group. Due to great differences in size of these three
samples, we decided not to test the differences in results,
but only to compare them. On the non-proportional items,
the control group and the unsuccessful subgroup achieved
similar results (4.8% and 4.2% of correct responses), while
the successful subgroup was distinctively better (32.5% of
correct responses). On the proportional items, the success-
ful subgroup had the least correct responses (70.7%), the
unsuccessful subgroup a little bit more (77.1%) and control
group the most (97.5%). In other words, the effect of feed-
back on scores in the second test was different depending
on students’ success in solving the non-proportional items
within the feedback presentation.

DISCUSSION

The aim of the present study was to examine the effect
of feedback on students’ success rate in solving non-pro-
portional and proportional problems. Several analyses were
performed on the test results, before and after the introduc-
tion of feedback. In the initial test, no differences in the
success rate of the two groups of participants were found
— almost all participants achieved very high scores on the
proportional and very low scores on the non-proportional
items.

Between the first and the second test the experimental
group received feedback on the accuracy of their solutions
for the first three items from the first test. Most participants
learned that their solution for the proportional problem was
correct, while their solutions for the two non-proportional
problems were incorrect. It should be noted that participants
were not told about a difference between these two types of
problems. Hence, they could only find out that one of their
answers was correct and two were incorrect. In the time they
had at their disposal to discover their mistakes and to reach
the correct solution, not all of the participants were equally
successful. Due to the given feedback, the percentage of par-
ticipants who correctly solved the non-proportional problem
about a square increased from 27.1% to 70.9% and for the
non-proportional problem about an irregular figure from 0%
to 34.5%. Changes in the performance on both non-propor-
tional problems proved to be statistically significant.

We hypothesize that this improvement is based on a dual
effect of the feedback. On the one hand, participants were
confronted with the information that they had made a mis-
take on problems that they considered being simple and of
which they believed they solved them properly. We have
not asked our participants to express their level of certainty
about their solutions, but several previous studies (e.g. Lapa-
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ine, 2010; Molnar, 2010; Vlahovic-Steti¢ & Zeki¢, 2005)
have shown that for this type of mathematical problems stu-
dents generally report high levels of certainty about their
solutions, even when those solutions are incorrect. The fact
that some of our subjects commented that the problems in
the first test were very easy, that those are the problems for
first graders and so on, suggests that the same holds for this
study. We think that the information about the number of
errors that students made in these “simple” problems caused
cognitive dissonance in them; hence they were motivated
to try to discover the reason why they made those mistakes.
On the other hand, we assume that the feedback could have
served as an incentive for students to change their initial ap-
proach for solving these problems. Studies have shown that
many students, while solving mathematical problems, skip
all phases in the solution process except choosing and per-
forming calculations (De Bock, Van Dooren, et al., 2002).
Since in this case the final solution was already given and
the instruction was to reveal the process by which it was
obtained, the participants were forced to redirect their ef-
forts towards the remaining phases of the solution process,
i.e. understanding the meaning, constructing the situational
model, creating a formal representation and verifying the
solution of the problem. In such circumstances, as it turned
out, much more participants managed to discover a correct
way of solving these problems.

In the second examination, after the introduction of the
feedback, the results of both groups of participants changed
and the differences in success of the two groups proved to
be statistically significant.

The obtained pattern of changes in the results suggests
that there are several explanatory factors. For clarity, we
will first focus on the results on the non-proportional items.
In the second test the experimental group achieved slightly,
but significantly better results than the control group, which
can probably be attributed to the positive influence of the
given feedback. However, the feedback was not of equal
benefit to all participants. To most of the students in the
experimental group, it proved to be a sufficient incentive
for reviewing their original solving strategy and detecting
the non-proportional nature of the problems. When we have
singled out this subset of participants, we have observed
that their results were significantly better than the results
of the other participants. To a smaller part of the students in
the experimental group our intervention has given the op-
portunity to verify the accuracy of their solutions, but that
information was not sufficiently helpful for them to find the
right solution for the problems. In the second test, the results
of the students from this subset of the experimental group
were similar to those of the control group. These findings
suggest that mere presentation of the feedback was not suf-
ficient for causing a positive shift in the success rate of the
experimental group in solving non-proportional problems; it
was students’ own success in solving this type of problems
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during the presentation of the feedback that facilitated their
improvement in the second test.

In the control group of participants, the results on the
non-proportional problems deteriorated in the second test.
This finding was not expected. Namely, if the illusion of
linearity is a phenomenon that is, in the absence of serious
interventions, highly resistant to change, there is no reason
to expect that in two days, which was the length of the pe-
riod between the two measurements, something would alter
it significantly. Even if something happened in this period
(e.g. if the participants have been thinking about the prob-
lems after the examination, talking to each other, etc), then,
by all accounts students’ results in the second test could get
better, but not worse. How can we then explain the obtained
findings? What we could assume is that the participants in
the control group have, in the absence of any intervention,
approached the second test in the same way as the first one,
and then, after gaining the impression that it is the same (or
a very similar) test, put less effort into profound analysis of
the problems and gave way to automatism. The fact that the
results of this group improved on proportional items, also
fits into this explanation. Namely, if the automatic response
is the reaction that could be defined as “set up and solve a
proportion”, then that response must be the wrong solution
to non-proportional problems, but at the same time it will
necessarily be the right solution to all proportional ones. If
we accept this explanation, we have another argument in
favor of the feedback. With its introduction, we were able
to prevent the experimental group from falling into this trap
of automaticity.

For the proportional items changes in the results were
observed as well, and the direction of these changes was op-
posite to the ones observed for the non-proportional items.
On this type of items the control group achieved better and
the experimental group worse results than in the initial test.
We have already suggested a possible explanation for the
results of the control group, so we will now focus on the
results of the experimental group. Some previous studies
(e.g., De Bock et al., 1998, 2002; Van Dooren, De Bock,
Hessels, et al., 2004) reported a similar effect — when an in-
tervention has helped to reduce the number of errors on non-
proportional problems, the price of that success was paid by
the proportional problems. De Bock et al. (2007) concluded
that once students begin to doubt the applicability of linear
model in problem situations for which it is not appropriate,
they sometimes begin to doubt its applicability in situations
for which it is. The results that we have obtained are con-
sistent with this explanation. Of the total number of errors
that participants in the experimental group have made on
the proportional problems, the largest share were the solu-
tions that would have been obtained if these problems were
solved as if they were non-proportional.

In other words, it seems that our feedback has sup-
pressed students’ tendency to solve non-proportional prob-
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lems as if they were proportional, but has at the same time
attracted a new trend, contrary to the previous one, to solve
proportional problems as if they were non-proportional. We
could say that the feedback helped decreasing the impact of
the illusion of linearity in the experimental group, but it did
not improve students’ ability to meaningfully discriminate
between these two types of problems and to better under-
stand the mathematical principles that stand in their ground.
When we compared the total score of the control and ex-
perimental group in the second test, the difference in their
results was not statistically significant.

The aim of this study was to examine the impact of
feedback on the accuracy of solving proportional and non-
proportional problems. Initial examination has shown that
students are very successful in solving proportional prob-
lems, while they are markedly unsuccessful in solving non-
proportional ones, mostly because they solve them as if they
were proportional. Feedback on the accuracy of their solu-
tions has helped many participants to discover their mistake
and to reach the correct solutions to problems that were pre-
sented during feedback. This intervention had a significant
effect on students’ performance in the second test with simi-
lar items. Participants in the experimental group performed
better on non-proportional items compared to the control
group, but at the same time their results on proportional
problems got worse. It remains an open question what kind
of educational intervention could help students discriminate
between proportional and non-proportional problems more
proficiently and solve both types of problems successfully,
but without the negative effects that were observed in the
present study as well as in previous ones.
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