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THE GENERATING CONDITION FOR THE EXTENSION
OF THE CLASSICAL GAUSS SERIES-PRODUCT IDENTITY

TOMISLAV SIKIC
University of Zagreb, Croatia

ABSTRACT. In this paper a condition is presented on parameters
(n1,n2,Ag), for arbitrary partition n = {ni,n2} (n1 < n2) and k =
1,...,n—1, which guarantees that two different interpretations of characters
of fundamental modules L(Ay) for the affine Kac-Moody Lie algebra sl
generate extended classical Gauss series-product identities.

1. INTRODUCTION

The classical Gauss series-product identity (see [1]) is given by

2n2+n _ @(q2)2
D ,%q (g

where
e(@) =[]0 -4)
j=1

is the Euler product function. The classical Gauss identity (1.1) appears in
representation theory of infinite dimensional Lie algebras from the time of
the first concrete computations of characters as in [3] to more recent results
as in [2] and [9]. The main result of the paper [9] are two infinite families of
series-product identities which are based on a classical Gauss identity and two
different interpretations of characters of fundamental modules for the affine
Kac-Moody Lie algebra 5A[n i.e., for the affine Lie algebras of type Aél) for
{=n—1.

2010 Mathematics Subject Classification. 17B67.
Key words and phrases. Affine Lie algebras, characters of fundamental modules, series-
product identities, classical Gauss identity.

133



134 T. SIKIC

The first interpretation is based on the character formula
— _ehotr—31n1%8
(1.2) chpony = e2lAI%8 2egine
. L(A) Hj>1(1 _ e—jé)mult jé
(1)

for level 1 dominant integral weights A of affine Lie algebras of type A,”,
Dél), Eél) (see [5] and [6] or [4] Sect. 12.13).

Another interpretation is based on a bosonic and fermionic construction
of fundamental representations L(Ay) of affine Lie algebra gl,, (see [8]) which
is special case of the more general construction [7]. The realization [8] is
parameterized by partitions n = {ni,---,n.} (n1 < -+ < n,) and the
corresponding “g-dimension” trace formula of L(Ay) k = 0,1,...,¢ for the
affine Lie algebra ;[n is

const& Z q%(%++%)

(1.3) Tracer(a,)(9) = ¢ T
[Tz e(a"/™) kit--tke=k

The above trace formula (1.3) is an expression for a particular specialization
Fs of the character chp(s,). Therefore for every fundamental module we
obtain a nontrivial identity by equating (1.3) with the properly specialized
character given by (1.2). Following the mentioned bosonic and fermionic
construction for é\[n we have explicit equation for arbitrary partition n =
{n1,---,n,} (see Proposition 4.1 in [9])

2 2
N k3 K2
2 (apttar)

ns N\ Dk etk @
(14) fs(ChL(Ak)) _ qco t H(l _ q]N) k +T +k.=k -
j>1 i Hj21(1*q7”)

where
S:N(n1+nr7i7"'7i7n1+n2717i""’i7
(1 5) 2nin, Ny ny 2nins N9 no
’ No + N3 1 1 1 Np_1+ Ny 1 1 1 )
2nong e et 2neany ‘ny T n,
and
L6 N N i N(E-+-1)e2Z Vije{l,...,r}
(1.6) | 2N' i N'(-+ 1) ¢2Z for a pair (i)
i J
(N’ is least common multiple of ny,--- ,n,).

By using the Gauss identity (1.1) for two special choices of partitions
n={ni,nz} (n1 <ng)

and the corresponding fundamental weights Ax we can transform the right-
hand side of equation (1.4) into infinite products and obtain two infinite
families of series-product identities (see again [9]).
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In this paper a condition is presented on parameters (ny,n2, Ag) which
guarantees that equation (1.4) generate new series-product identities based on
the classical Gauss identity (1.1) following the methodology as in the paper [9].

It is very important to accentuate that this generating condition discover
infinitely many new examples of extended classical Gauss identities which are
not presented in the paper [9].

Certainly, the parameters (n1, ng, Ax) for two mentioned infinite families
of series-product identities from paper [9] definitely satisfies this generating
condition. For instance, for affine Lie algebra 5?[16 the triples (ni,n2,A) =
(1,15, A12) and (4,12, A45) are corresponded to mentioned two families from
paper [9]. But, from condition which will be explain later in this paper, we
can discover triple (nq,ne, Ag) = (2,14, A14) which create a new example
of extended classical Gauss identity. This first sporadic new example was
presented on 4""CMC ([10]). As one may expect, Example 3.5 confirms that
the number of new examples of extended classical Gauss identity for affine
Lie algebra 5A[n will increases with n.

2. THE BASIC NOTATION

Let g be the Lie algebra sl,,, the simple Lie algebra of type Ay for n = £41.
Let h be a Cartan subalgebra of g and R the corresponding root system. We
may identify h = h* via a normalized Killing form (. | . ) of the Lie algebra
s, such that (6 | 0 ) = 2 where § = a3 + as + a3 + - - - + ay is maximal root
for a fixed set of simple roots A = {a1,...,as}.

For a root , by a¥ we denote the dual root. Let

5[n:b®®ga

aER
be a root space decomposition. Let
sl, = sl, ® C[t,t '] & Cc® Cd.
Then ;[n is the affine Lie algebra with
[2(0), y(4)] = [, yl(i + ) + ibirj0(z [ y)e

¢ being a central element and d a scaling element with [d, z(7)] = iz(i). The

affine Lie algebra sl,, is a Kac-Moody Lie algebra of type AEI) (see [4]), and

h=bhea (Cc+ Cd)

is its Cartan subalgebra. We identify h* C 6* using h*|(cetca) = 0 and define
8 by 8lpmce = 0, 6(d) = 1. The root system R of the affine Lie algebra sl, is
composed of the real and imaginary roots

R=REEURI™ = {a+nd|lacR,necZ}U{ndnecZ\{0}}
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If we denote by aq the root ag = —60 + 0, then A = {ap, a1, .., a,} forms a
base of the root system R. The corresponding root lattice is

L
Q = Z Zaia
=0

and

14
(2.1) 5= a.

If we denote oy = —60Y + ¢, then {a;]i = 0,1,...,£} is a set of simple roots
and {)|i =0,1,...,¢} is a set of simple coroots of Kac-Moody Lie algebra
sl, (cf. [4]). The fundamental weights Ay, for K =0,1,...,¢, are defined by

Ak(a}/): ik j:(),].,...,g and Ak(d):O

For a subset S C 6* by S is denoted the orthogonal projection of S on h*. In
the case of the affine Lie algebra sl,, (i.e., Aél)) (see [4]) we have

A=A,
¢

@ = ZZO@L‘.
i=1

3. THE GENERATING CONDITION

(2.2)

As it was already said in the introduction, in this paper a condition will
be presented on parameters (nq,na, Ax), where n = {ny,n2} (n1 < ng) is an
arbitrary partition and Ay, for £k =1,...,n — 1, a fundamental weight, which
guarantees that equation (1.4) generates series-product identities based on the
classical Gauss identity (1.1) as in the paper [9]. Since the following equation
holds

2 2
(3.1) Z P = Z s
nez nez

we have the following definition of the similarity to the classical Gauss identity.

DEFINITION 3.1. Let
(3.2) Z qa2n2+a1n+ao
nez

is a formal series, where as,a1,a9 € R. The formal series (3.2) is similar to
the classical Gauss identity if there exists a pair (A, c¢) from R* X Z such that

2 )2 —c
Z qazn +aintao _ qconst Zq/\(Q(n c)*+(n c)).
nez neZ
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REMARK 3.2. Let g = 5A[n and let n = {n1,n2} be an arbitrary partition
of the positive integer n. For the fundamental weight A = Ay the sum

N kT k3
(3.3) S gt
k1+ko=k

from the right-hand side of the equation (1.4), after substitution ko = k — k1,
could be transformed to formal series

Z ¢ k+aiki+ao

ki1 €Z
for a triple
N N k2. N
3.4 as,a1,0qp) = n,—— - k,—).
( ) ( 2,U1, 0) (27’L1 Ny 3 No ) 27’L2 )
Since the condition n; < mo holds it is not necessary to consider the dual

2 2
substitution k1 = k — ko for the polynomial :—11 + :—2
As a result of remark above we can reformulate Definition 3.1 in the

special case of the formal series (3.3).

DEFINITION 3.3. Let n = {n1,n2} be an arbitrary partition of the positive
integer n. Fork=0,1,....n—1 and N defined in (1.6), the triple (n1,na, Ax)
satisfies the generating condition for the classical Gauss identity if there exists
a pair (A, c) from R* x Z such that

2 2
(35) Z q%(:_ll"‘:_;) _ [k‘2=k—k1] — qconst Z qA(Q(!ﬁ*c)?:t(klfc)).
ki1+ko=k k1€Z

It is interesting to notice that the triple (nq,n2, Ag) does not satisfy the
generating condition (3.5) at all. Now, the following lemma holds.

LEMMA 3.4. Let n = {n1,n2} be an arbitrary partition of the positive
integer n and k =1,--- ;n—1. The triple (n1,n2, Ag) satisfies the generating
conditions for the classical Gauss identity (3.5) if and only if the following
equation holds

(3.6) 4k -ny = (det 1)n
for some nonnegative integer c.

PRrOOF. First of all, as in (3.4), the substitution ko = k — ky implies an
equation
N k? k3 N
(3.7) — (L +2)=

= k2 —onk-k t .
2 'np ne 2n1 - no (n 1 n1 1) + cons

Suppose that the generating condition (3.5) holds for the triple (n1, no, Ag).
From the comparison between polynomial in the variable k;

M2(k1 — )2 £ (k1 — ) = 202 — Ade F 1)k + A(2¢% Fe)
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and polynomial (3.7) we have the following system equations

N
5 ‘n =2\,
(3.8) ”“};
—— k=—(4dct 1)\
no
Since A and 2njzfn2 are nonzero real numbers the system equations (3.8) is

equivalent with the following one
2n1ns9

N Y
2nin
21k = (4011)%%,

Do
(3.9) 2

which implies the existence of integer ¢ in the equation (3.6). Moreover, from
(3.6) it is obvious that ¢ is a nonnegative integer.

Suppose that the equation (3.6) holds for some nonnegative integer c.
Since the integer 4c¢ &+ 1 is an odd number (i.e., relatively prime with 2) it is
obvious to notice that n is divisible by 4 and % is positive odd number.
Then from (3.7) the following calculation

N k? k3 N
5 n_ll + n_z T (nk? — 2n1k - k1) + const
N dnik
=5 g(2kf L k1) + const
(3.10) ”1N”2
(3.6) = Y ~g(2kff(4c:|:1)~k1)+const
1°M2
N
= Snrma 3(2(]@’1 —¢)* ¥ (k1 — ¢)) + const
1
implies the generating condition (3.5) for the pair (A, ¢) = (42}1'.22, c). O

Due to Lemma 3.4 we can interpret the condition (3.5) as the condition
(3.6). Therefore in the rest of the paper we always use the following notation
”the generating condition for the classical Gauss identity (3.6)” instead of the
condition (3.5).

EXAMPLE 3.5. Let g = slos. In paper [9] only two triples are presented
in the case of n = 24:

(1,23, Aqg), (6,18, Aag).
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Using the generating condition for the classical Gauss identity (3.6) we can
list all triples as follows

|| (n1,n2, Ag) | c || (n1,n2, Ag) | c || (n1,n2, Ag) | c || (n1,n2, Ag) | c ||
(6,18,A1) [0l (7,17,A6) |21 (6,18,A13) | 3] (7,17, A1) |5
(3,21,A2) | 0] (9,15,A¢) |2 (3,21,A44) | 2] (9,15,A45) | 7
(9,15,A0) | 1]| (11,13,A¢) | 3| (9,15,A1a) | 5] (11,13, A45) | 8
(2,22,A3) [0 (6,18,A7) |2 (2,22,A15) [ 1] (6,18, A19) |5
(6,18,A3) [ 1] (2,22,A9) [ 1| (6,18, A15) |4 (2,22,A01) |2
(10,14,A3) [ 1 || (6,18,Ag) |2 || (10,14,A15) | 6 || (6,18,As1) |5
(6,18,A5) | 1]| (10,14,A9) | 4| (6,18,As7) | 4] (10,14,A51) | 9
(1,23,A6) |0 (3,21,A10) | 1] (1,23,A45) | 1] (3,21,A92) |3
(3,21,A6) |1 (9,15,A10) |4 (3,21,A15) [ 2] (9,15,A) |8
(5,19,A6) | 1| (6,18,A11) | 3 || (5,19,A18) |4 || (6,18,A23) | 6

REMARK 3.6. It is interesting to notice that when the triple (ni,nz2, Ag)
satisfies the generating condition for the classical Gauss identity (3.6) for
integer ¢, then the triple (n1,ng, A,—) also satisfies the generating condition
for ¢ = ny — ¢. This conclusion is based on the following simple calculation

dni(n — k) = (3.6) =4nin — (de £ \)n = (4(n1 — ¢) F 1)n.
Denote by C the Cartan matrix of sl,,. Now we have the following result.

THEOREM 3.7. Let n = {n1,n2}, (n1 < na) be a partition of a positive
integer n and the corresponding N is defined in (1.6). Letk=1,...,n—1. If
the triple (n1,na, Ag) satisfies the generating condition for the classical Gauss
identity (3.6) then the equation (1.4) generates a series-product identity in

the following form
N

N t 4 lir ns 7 P q2:1”2 2
(3.11) Z q2§C§ +lin(g) _ qco tap(qN) L - ( - ) —
cezn—1 e(g™1)p(g™2 )p(g™imz)
for
n—1
(3.12) lin(€) = N&w — 3 si&s
=1
where
s = (507 IPRE Sn—l)
ny+ng 1 1 ny+ng 1 1
, - N = S ).
(3 13) 2711712 ni ni 2711712 no n2>
—_——— —_————
("’7«171)>< (n271)><

PROOF. Since n — 1 is equal to £ and Ay = Ag + Ay from (2.2) we can
write _
A = Ao + Apgoo + - Ak oy
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for a fundamental weight of the simple Lie algebra sl, (i.e., type Ay).
Furthermore, the n-tuple s (3.13) is special case of the n-tuple (1.5) for
partition n = {ni,n2} (i.e.,, r = 2). So for affine Lie algebra sl, (i.e., type
Aél)) the numerator of the formula (1.2) has the form

ehot+3|Ax|%s Z Y3 1%8
YEQ+AL
for
(3.14) v =&+ &ag+ -+ oy + Ay

Since the Cartan matrix of type Ay is given by

2 -1 o 0 --- 0
-1 2 -1 0 .- 0
0 —1 2 -1 - 0
C= [(ai|aj)]i,je{1,...,e} = .
0 0 -1 2 -1
| 0 0 0 -1 2 |
we have the following formula
(3.15) Y2 = (7 | 7) = €CE" + 26 + (Ax|Aw).
Now (2.1) implies
(3.16) Fs(e™®) ="
for the specialization defined by
(3.17) Fs(e™*)=¢q%, i=0,1,--- 1.

Using (3.14) — (3.17) and from the fact that mult jé = dimh = £ we have the
following calculation

—_ — photy=3Iv|%s
110y %6 207 €T, © 1 g
.7'-5(62‘ k| ’Y i — ) = qconstiNe - Fs( Z 17zl )
[Tz (1 =e77) e(q™) L
= 'YGQ“FA}C
qconst st )
= o 2 T FEeE
YEQ+A
const ) o
= q - Z q*(§1+)\k,1)s1*"'*(feJr/\k,L)se .q%(EC‘g +2‘Ek+(Ak|Ak)).
e(gV)

gezt
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Finally the left-hand side of the formula (1.4) has the form

Ao+y—31vI?8
Fs(e LA 5ZVGQ+A ¢ ’

H]>1(1 —e ]6)111u1t 7o )
const

€ Z E B eCE +NE—E1s1——Epse

gezt

(3.18)

for particular specialization (3.13).
The right-hand side of the formula (1.4) for the triple (n1,ne, Ag) is
ﬂ(ﬁ ﬁ)

qconst ]:[(1 o qu) Zk1+k2 =k 4q ?

Nj
j>1 HZ (1_Q"I)Hj>1(1_Q"Q)
_ qconst f( N) Z q2n17,2(n2k2+mk 5)

(g™ )SD(Q”2 ) k1t ha=k

After the substitution ks = k — k1 and using the calculation (3.10) from
Lemma 3.4 we have

Z qﬁ[nﬂchﬂnk;] _ qconst Z qﬁ[ k3 —2n1k-k1] _ (3 6)

(3.19) k1+ko=k ki €Z
' — oSt g — 2 (2¢%+c) Z q%m 520k —0)*F (k1 —c)]
k1€EZ
Since % and mn are positive integers, the calculation (3.19), equation (3.1)

and the Gauss identity (1.1) imply that the right-hand side of the formula
(1.4) has the form

N(kl ’C2)

szl(l _ qu) Zk1+k2=k g2 mom2
N Nj
(3.20) Lo (1—g") s (1 —gq)

M)

nN 2
__ ,const <,0(q @(qznlnz)
=4q x N N
plam)elgm)  plg™im)
Now, from (3.18) and (3.20) it is obvious that the series-product identity
(3.11) holds when lin(£) has the form (3.12) for the n-tuple (3.13). O

Finally, the simple calculation for following triples
(n1,n2,Ar) = (1,4m — 1, Az,,), m € Z*,
(n1,m2,Ag) = (m,3m, Agp_1), m € Z+
and corresponding ¢-tuples (¢ = 4m — 1)
(s1,++,80) = (1 =2m,1,--- 1),
(St s Smy-->80) = (3,---,3,2—3m,1,---,1)



142

T. SIKIC

confirms that two infinite families of series-product identities from paper [9]
are just two special cases of more general formula (3.11).
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