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ON DETERMINANTS OF RECTANGULAR MATRICES
WHICH HAVE LAPLACE’S EXPANSION ALONG ROWS
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University of Rijeka, Croatia

ABSTRACT. Let A be any given m X n (m < n) matrix over some field
and let det A be the determinant of A calculated by Definition 1 given in
[1]. Let det* A denote determinant of A calculated by any other definition
which possess Laplace’s expansion along rows. Then there exists constant
a such that det* A = adet A.

1. INTRODUCTION

In [1] we have the following definition of determinant of a rectangular
matrix. Let A be a m x n matrix with m <n. Then

(1.1)  detA= ST (et .
1<H1 < <jm<n Amjy -+ Qmj,

We show that this determinant possesses Laplace’s expansion along rows,
that is, for each 1 <1i < m it is valid

(1.2) det A= (~1)"a; AL
j=1

where A; is the minor of the element a;;.

The general Laplace’s expansion along rows and many other interesting
properties of this determinant are also established. Very interesting properties
refer to its geometrical interpretation (see references from [2] to [5]).
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2. ON DETERMINANTS OF RECTANGULAR MATRICES WHICH POSSESS
LAPLACE’S EXPANSION ALONG ROWS

We denote by M, x» the set of all m x n real matrices with m < n. For
brevity we shall often write (@i;)mxn instead of

THEOREM 2.1. Let Fy, ,, denote the set of all functionals defined on the
set M, «n such that the following is valid:

(i1) Bvery functional fm . from the set Fp, p is linear with respect to the
rows. If m =1, then for every functional fi, from the set Fy , there

are real numbers o&’n, .., af, such that
(2.1) fin(ar,...,an) = ainal +-taf uan
for every (a1,...,a,) € Mixy.
(iz) For every real matriz A = (Gij)(m+1)x (n+1) and positive integer i (1 <
i<m+1)
n+1 o .
(2.2) Frttns1(A) =D (=1 a5 frnn (A7),
j=1

where A} denotes the minor of a;;.
Then there are real numbers o, ..., Qp—mi1 such that

fm,n = Opn—m+1 detm,na

that is, fmn(X) = an_miy1 detym n(X), for every matric X € My,xn. In
other words, dety, , are (up to factor proportionality) only functionals with
the properties (i1) and (iz).

PRrRoOF. By induction on m, first let m = 1 and let f;, be a functional
given by (2.1). Let A = (aij)ax (nt1) be the matrix

o ... 1 ... 0... 0
A<o 0 1 0)’
where a1, = a2s =1 (1 <r < s <n+1), and the all other a;; (i # r and j #

s) are equal zero. If by (2.2) we expand the matrix A along first row (i = 1)
we get

font1(A) = (=) £1,(0,...,1,0,...,0)

= (-1)"atl,

(2.3)
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where in the matrix (0,...,0,1,0,...,0) we have as_; = 1. But if we expand
along the second row (i = 2) we get

font1(A) = (=12 f1,(0,...,0,1,0,...,0)

(2.4) o
= (71)2+ Q1 no

where in the matrix (0,...,0,1,0,...,0) we have a, = 1.
Comparing (2.3) with (2.4) we have

ay, = (-1t 1<r<s<n+1.

1,n>

Taking r = 1 and denoting o&,n by a., we have the following notation
(—1)2+safn1 =a,, s$=3,4,...,n+1

from which it follows

2 3 _ 4 _
al,n = —Qn, al,n = +an, al,n = —Qn

and so on (alternatively).
Thus, the expansion for fi , can be written as

fin(ar,...,an) = an (a1 —ag+ -+ (—1)1+”an)

2.5
(2:5) = apdety p(a1,...,an).

Now, since f1,, = apdety ,, we suppose that

fm,n = an—m—i—ldetm,n
for some positive integer m. Then for m + 1 we can write

n+1
Frsta1(A) = D (=1 ar; fonn(4))
J=1
n+1 )
= Z(—l)lﬂaljan,erldetm,n(A})
j=1
= an—m+1detm+1,n+1(A)

or,since (n+1)—(m+1)+1=n—m+1,

(2-6) fm+1,n+1 = an—m+1detm+1,n+1-
The induction on m is complete and Theorem 2.1 is proved O
We now show how other determinants of rectangular matrices which have

Laplace’s expansion along rows can be defined. Namely, we have the following
theorem.
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THEOREM 2.2. Let A € My« be given and let s be any given integer
such that m < s < n. Let det* A be defined as

(2.7) det*A = SO (et ,
1<j1<--<js<n Amjy . Amj,

where the right-hand side refers to the determinant calculated by (1.1). Then

det™ has Laplace’s expansion along rows.

PROOF. The proof is going in exactly the same way as the proof that
det A has Laplace’s expansion along rows. O

Here let us remark that s = m in the determinant given by (1.1), and
that in the determinant given by (2.7) we take s > m.
In this connection, notice that

(2.8) det" A = o' det A,

where ", is an integer given by

0, n —m even, s —m odd
2.9 art, = o n_m
(29) s (71)[%“[ il <[52m]> , in all other cases
5=
Here [z] denotes the largest integer which does not exceed x.
To prove that holds (2.9) we first prove the following lemma.

LEMMA 2.3. Letn and s be any given positive integer such that 1 < s < n.
Then
(2.10)

0, n even and s odd

Z (—1)fr+tis = (_1)[5;1] (

1<Gi<<js<n.

[§]> , in all other cases

PROOF. Let by i be denoted the number of all odd integers in the set
{j1,---,Js}- Then
(=1)drttis

(-1)".

Since between integers 1,...,n there are [%1} odd and [%} even, it is clear

that
()

is the number of all s-tuples ji,...,js, (1 < j1 < -+ < js < n) such that
there are ¢ odd and s — 7 even integers. Thus it holds

Z (—1)irt s = i:(l)Z(S[%}Z) ([%ﬂ])

1< <+ <gs<n =0
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It is easy to see that the right-hand side of the above relation is the
coefficient of z® in the polynomial
This polynomial can also be written as
1 — 22 [ ], n even
fl@) = ( 2)[ ]
(I —z*)l2l(1 —-2), nodd

or, using binomial formula,

N3 3

%(1)%‘@)&', v,
f) = i
_[Z% <(1)i<[§}>fﬂ2i + (=)™ G?)x”“) . nodd.

From the above relations it can be seen that for the coefficient of x°, depending
on n, the following holds.
If n is even then coefficient of z° is given by

0, s odd,
(—1)5([7] , seven,

Hence, since for even s we have [”1} =3 = [%}, and for odd s we have

sl =[] and 551 = [£], it is clear that holds (2.10).

Now it is not difficult to show that (2.8) and (2.9) hold for every 1 x n real
matrix and m < s < n. Also, it is not difficult to show that (2.8) and (2.9)
hold for every real m x n matrix and m < s < n.

Here is an example. Let A € Moy and let s = 4. Then det* A = —2det A,

since
2
a%,4 = (—1)1+2 (1) =-2.
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