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On the equivalence of Mann and Ishikawa iteration
methods with errors

ARIF RAFIQ*

Abstract. We show that for several classes of mappings Mann
and Ishikawa iteration procedures with errors in the sense of Xu [14]
are equivalent. It is worth to mention here that, our results are the
extensions or generalizations of some known recent results about equiv-
alences.
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1. Introduction

Let X be a real Banach space and let X* be its dual space. The normalized duality
mapping J : X — 2% is defined by

J () ={f € X7 (a, f) = [l IF1 [1f1] = [l]},

where (., .) denotes the generalized duality pairing. Further, let K be a nonempty
subset of X and T a self-mapping of K. F(T) and D(T) are the set of fixed points
and the domain of T', respectively.

Definition 1. The mapping T : K — K 1is said to be strongly pseudocontractive
if there exists t > 1 such that

[z =yl < (L +7)(@ —y) —rt(Tz - Ty)|, (1.1)

forall x,ye€ K andr>0. Ift=11n (1.1), then T is called pseudocontractive.
Definition 2. The mapping T’ : K — K is said to be strictly hemicontractive
if F(T'") # ¢ and if there existst > 1 such that

e —all < (1 +7)(z—q) —rt(T'z = q)|, (1.2)
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forall x € K, qe F(T') and r > 0.
Definition 3. A mapping T : D(A) — R(A) in X s called accretive if the
following inequality

lz =yl < llz =y + s(T"x =T Y|, (1.3)

holds for each x, y € D(T"), and for all s > 0. T" is pseudocontractive iff I —T"
s accretive, where I denotes the identity operator.

Definition 4. A mapping A : K — K is called strongly accretive if for each
x, y€ K, there exists j (x —y) € J(x —y) such that

(Az — Ay, j(z—y) > k|z—yl|*, (1.4)

for some constant k > 0. Without loss of generality, we shall assume that k € (0,1).
Definition 5. The mapping G : X — X is called Lipschitz if there exists a
constant L > 0 such that

IGz — Gyl < Ll|z — yl], (1.5)

Vz, y € D(G).
Let K be a nonempty convex subset of an arbitrary normed space X and let
T: K — K be a selfmap of K.
In 1995, Liu [8] introduced iterative schemes with errors as follows:
Algorithm 1. The sequence {x,}52, in K iteratively defined by:

xg € K,
Tpt1 = (L= bp)xy + 00, TYn + un,
Yn = (1 =0b))xn + b0, 7Ty + vy, n>0,

where {by, }, {b,} are sequences in [0,1] and {u,}, {v,} are sequences in K satisfying
Yoot Munll < 0o, D207 lunll < o0, is known as an Ishikawa iterative scheme with
errors.

Algorithm 2. The sequence {x,}52, iteratively defined by:

xg € K,
Tnt1 = (L =bp)zy + 0, Tz +up, n>0,

where {b,} is a sequence in [0,1] and {u,} a sequence in K satisfying > o |Jun| <
00, 18 known as a Mann iterative scheme with errors.

In 1998, Xu [14] devised a new iteration scheme to study the unique solution
of the nonlinear strongly accretive operator equation Tx = f and the convergence
problem of the revised iterative sequences for strongly pseudocontractive mappings
without the Lipschitz condition.

Algorithm 3. For any given ug € K the sequence {u,}52 defined by

Upt1 = an Uy + bl Tvy + ¢ S,
VUp = Apln + 0T Uy + Cptn, n >0, (XU-I)
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where {sn}52 and {t,}52, are arbitrary bounded sequences in K and {an}S,
{0035%0, {en}2, {a,}2,, {0,352 and {c,}32, are real sequences in [0, 1]
such that an + by, + ¢, =a, +b, +c, =1 forall n >0 is called the Ishikawa
iterative sequence with errors in the sense of Xu [1/].

Algorithm 4. The sequence {z,}52, now defined by

xo € K,
Tpy1 = apy + 0, Tx, + Cwn, n >0, (XU-M)

is called the Mann iterative sequence with errors in the sense of Xu [14], where
{wn}52 is an arbitrary bounded sequence in K.

It is clear that the Mann and Ishikawa iterative sequences [6, 9] are all special
cases of the Ishikawa iterative sequences with errors in the sense of Xu [14].

In [11], Rhoades and Soltuz showed that for several classes of mappings Mann
[9] and Ishikawa [6] iteration procedures are equivalent.

In [12], Soltuz showed that Mann-Ishikawa iterations and Mann-Ishikawa itera-
tions with errors in the sense of Liu [8] are equivalent models for several classes of
operators.

While it is clear that consideration of error terms in iterative schemes is an
important part of the theory, it is also clear that the iterative schemes with errors
introduced by Liu [8] are not satisfactory. The errors can occur in a random way.
The conditions imposed on the error terms which say that they tend to zero as n
tends to infinity are, therefore, unreasonable.

In this paper, we show that for several classes of mappings Mann (XU-M) and
Ishikawa (XU-M) iteration procedures with errors in the sense of Xu [14] are equiv-
alent.

2. Fundamentals

Lemma 1 [see[13]]. Let {®,}n>0 be a nonnegative sequence that satisfies the
inequality

D1 < (1 - 5n)¢)n + on, n >0, (21)

where o, € [0,1] for each m € N, Y 6, = 00 and o, = 0(6,,). Then &, — 0 asn
n>0
— 0.

Lemma 2 [see [7]]. Let z, y € X. Then
2]l < llz +ryll (2:2)

for every r > 0 if and only if there is f € J(x) such that Re (y, f) > 0.
As a consequence of Lemma 2, it follows from inequality (1.1) that T is strongly
pseudocontractive iff

(I-T)x—=I-T)y,jlx—y) >klz—yl, (2.3)
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holds for all z,y € K and for some j(z —y) € J(z — y), where k = =L € (0,1).
Consequently, it follows easily from Lemma 2 and inequality (2.3) that T is strongly
pseudocontractive iff the following inequality holds:

|z =yl <llz —y+s[(I =T —kl)z— (I =T -klyl, (2.4)

for all z,y € K and for all s > 0.

3. Main results

We are able now to prove the following results.

Theorem 1. Let X be an arbitrary Banach space, K a nonempty closed convex
subset of X and T a Lipschitzian selfmap of K with Lipschitz constant L < 1.
Suppose that T has a fized point ¢ € F(T). Let x5 = uo € K and define u,, and x,
by (XU-I) and (XU-M), with {s,}22 0, {tn}50, {wn}52 o bounded sequences in K
and {an};Zo Abn}nzo Acen}nZo » {an}nto , {0n}nZo and {c,}7%, sequences in
[0, 1] satisfying

an+by+c, =a, +b,+c, =1, n>0,

lim ¢, =0,

¢, = 0(bh,),

Z bl = oo.
n>0
Then the following are equivalent :
(1-a) the Mann iteration (XU-M) converges strongly to q,
(1-b) the Ishikawa iteration (XU-I) converges strongly to q.
Proof. That (1-b) implies (1-a) is obvious by setting b, = 0 = ¢,, in (XU-I). We
prove that (1-a) implies (1-b). From ¢}, = 0(d},), we have ¢, = €,b!,, where €, — 0
as n — oo. From (XU-I) and (XU-M),

Zn+1 — unsall = Ha/n(xn —Up) + b/n(Txn —Tv,) + C;L(wn — sn)ll

< a;z lZn — wnl| + b;zL |Zn — vnll + C;L(Hwn =zl + |Isn — 20))-

[z — vnll = llan(zn — un) + bn(zn — Tun) + cn(n — to)||
< an[|zn = unll + bn(|2n — Tan| + | Tzn — Tunll) + cn ltn — 22|l
< (an + bpL) ||zn — un|| + b |20 — Tzp|| + cn ||tn — zn]| -
Thus
[Zn+1 = unsll < [af, + b, Lan + b L)] |z — unll + bnb], 20 — T2n |
+0hcnL [[tn — znll + ¢, (lwn — zall + [Isn — 22 ).
Note that

al, + b, Lia, +b,L) <1—¢, —b.c,L
=1-"0,(en+ cnL)
<1-Lb,.
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Hence

[Znt1 = uns1ll < (1= L) (|20 — unl + b3, [[lzn — Taa|
+enL |[tn — 2 + en(llwn — znll + 50 — 2nll)]-

Since z, — ¢ and T is Lipschitzian, T' is continuous. Therefore, lim Tz, = Tq

=gq and ||z, — Tx,|| — 0 as n — oo. With
Oy = Ty — uall,
8, = Lb),, and
On = b/n[”xn = Tap|l + +en L ltn — zoll + en(lfwn — 2n || + [[sn — zul])],

for each n € N, inequality (2.1) of Lemma 1 is satisfied. Therefore

lim ||z, — un| = 0. (3.1)

n—oo

Since (1-a) is true, using (3.1),
[un —qll < llzn — gl + |zn — unll,

which implies that nILI%C |lun — ¢l = 0. O

Theorem 2. Let X be an arbitrary Banach space, K a nonempty closed convex
subset of X and T a Lipschitzian strongly pseudocontractive selfmap of K. Suppose
that T has a fixed point ¢ € F(T). Let xo = uo € K and define u, and x, by
(XU-I) and (XU-M), with {sn}20, {tn}g, {wn}22, bounded sequences in K
and {an}22y {bn}oo Aentn + {0l }20 + (Vg and {c, )2, are sequences
in [0,1] satisfying

an+bn+cn:a;+b%+0{n:17 77‘207

lim ¢, =0,

c;L = O(b/n)7
St -
n>0

A b = 0= lig B
Then the following are equivalent:

(2-a) the Mann iteration (XU-M) converges strongly to q,

(2-b) the Ishikawa iteration (XU-I) converges strongly to q.

Proof. The existence of a fixed point ¢ comes from [4, Corollary 1] which
holds in an arbitrary Banach space. That (2-b) implies (2-a) is obvious by setting
by, = 0 = ¢, in (XU-I). Without loss of generality, we may assume that the Lipschitz
constant L of T is greater than or equal to 1. If L € [0,1], then the result
follows from Theorem 1. To prove that (2-a) implies (2-b), it is necessary to express
|Zn+1 — Unt1]l in terms of (2.2). From ¢, = 0(b),), we have ¢, = €,b,, where
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€n — 0 as n — oo. It is very clear that (XU-I) and (XU-M) are equivalent to the
following
Unt1 = (1 =0y + b, To, + ¢, (8 — un),
Un = (1 = bp)un + b Tup + ¢ty —uyn), n>0, (3.2)

Tpt1 =1 =0z, + b, Tx, + ¢, (w0, —z,), n>0. (3.3)
From (3.2) and (3.3), we have
Up = (1 + b ) upi1 +0,(I =T — kDuyyr — (1 — k), uy,

(2= k) (wn — Ton) + b, (Ttpi1 — Tvp)
- [1 + (2 - k)b/n]cln(sn - un)7 (34)

Tp =1 4b)zn1 +0,(I =T —kI)zpi1 — (1 — k)b,
+(2- k)bi (xn, — Ty) + 0, (Txpse1 — Ty)
— 14+ (2 = k)b, ]c, (wp — xp), (3.5)

and

[2n = unll = (1 +03) (Unt1 — Tn1) + 0, [(1 = T — kI )un41
—~(I =T = kDxpi1] — (1= k)b, (up — x0)
(2 = k)b (un — Ton — 2 + Ta)
+0 (Tupy1 — Tvy — Tapig + Txy)
—[14+ (2 = k)b, ]c), (8n — tun — wy + @) |-

Using the triangular inequality and (2.4),

20 = wnll > (1 +),) [2n41 = tngall — (1= K)by, 20 — wn|
—(2 = k). [Jtn — Tvp — 2 + T
= Tt — Tvy — Tapiq + Ty
—[14 (2= k)], Isn — un — wn + Ty || -
Solving the above inequality for ||zp+1 — tnt1] gives
[1+ (1 — k)b
110,
+ (2= k), lun — Twall + (2 = ), [|2n — T,
+ 0 | Tuns1 — Top|| + b, | Tops1 — Ty
+3c(Isn = all + lzn — unll + [lwn — za)).- (3.6)

lZnt1 — tnta] < lzn — wy |

Observe that

[un — Tonll < |20 — unl|l + |20 — T || + | T2n — Toa]| . (3.7)
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|Tzy — Top|| < Llzn — vall
= L||(1—=bx)(xn — un) + bp(xn — Tun) + cn(tn — un)||
< L[(1 = bp) |2 — un|| + bn |20 — Txn|| + 0nL |20 — wnl|
+en lltn = @l + en |20 — unll]
= L[(1 = bp +bnL + ) |20 — un| + by |2 — Ty ||
+en |[tn — xnll]-

Note that, for L > 1, 1 — b,, + b,,L, < L. Therefore
ITzn — Ton|| < LI(L + cn) |2n — wnll + bn |20 — Tznll + cn ||tn — 20l (3.8)
Substituting (3.8) in (3.7) gives

[un — Ton|| < [T+ L(L+ L)] |lzn — unll + (14 L) |2, — Tan||
+ Ley ||t — x| - (3.9)

|Tunt1 — Ton| < Lunt1 — vall
=LI(1~- b/n) (Un —vn) + b/n(TUn —Up) + c/n(sn — up)||
< L[(1 =) lun = vall + 65, [ Tvn = vall + (150 — 2n|
+ ll2n — unl)] (3.10)

[un — vl = [[bn (un — Tun) = cnltn — un)||
< by Hun - Tun” +cn ”tn - un”
< [bp(1+ L) + cn] |zn — un|| + b |20 — T2y |
+ cn l[tn — @al|- (3.11)

[Tvn = vn|l < | Tvn — Tanl| + [[#n — Tanll + (|2 — val
< (U4 L) [|an = wnll + [(1+ L)bn + 1] |z — T
+ (14 L)ey ||tn — ]| - (3.12)

Substituting (3.11) and (3.12) into (3.10), we obtain

| Ttps1 — Tl < [L(1—b)[(1+ L)by, + cp) + L(1 + L)%,
+ Lcln] [Zn — unll
+ [Lb, (1 = b)) + L[(1 + L)b,, + 1]b],] |7y, — T
+ L1+ L)en |t — znll + LE, |80 — @] - (3.13)

Substituting (3.9) and (3.13) into (3.6) and using the fact (1+b,)~1 < 1—b, + b/,
yields
[#n41 = tns1ll < an (|20 — Unll + B |20 — T2pl| + Lby, [[Tn41 — n|
+ b;z[L[(2 —k)+ (1 + L)]en [t — |
+ (34 L)ey ||sn — nll + 3en [|wn — xn]l]s (3.14)
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where
ap = [1+ (1 — k)b, )(1— b, +b)
4 (2= k)14 L+ L)Y, +b,[L(1 = b)[(1+ L)by + c]
+ L(1+ L)%, + Lc,,] + 3¢,
Bp = (2—k)(1+ L), + (2 k)b,
+ b, [Lbn(1 —b,) + L[(1 + L)b, + 1]0,].
Note that
1+ (1 =k =0, +b) =1— kb, + kb + (1 — k)b
< 1— kb, + kb, + (1 k)b,
= 1— kb, +b,.
Therefore,
an <1 — kbl +0,[Mb, + L(1+ L)b, + Ley, + (3 + L)ey],
where
M=1+2—-k)[1+LA+L)]+L(1+L)>
So

an <1 — kb, + MUY, (b, + by, + cn + €n).

n’ “no

(3.15)

(3.16)

Since ¢}, b}, ¢, and b, satisfying conditions ¢}, = 0(b},) and lim b, = 0= lim b/, =

lim ¢, there exists an integer N such that

n—oo

M (b, + by 4 +€,) < k(1 —k) for all n > N.

Thus
an <1 — kb, + k(1 — k)b,
=1- k%0,
Also
Bn =b,[(2—k)(2+ L)b], + Lb,,(1 + Lby,) + Lby,]

<[2Q+L)+L(A+L)+ LY,

= (2+ L)%V,,.
Thus

Zn+1 — tpsa| < (1 - k2b;z) 2n — unll
+ (24 L)%V, ||zn — Ty
+ LY, |2n+1 — |
+ 0, [L[(2 = k) + (1 + L)len [[tn — ]l
+ 3+ L)en ||sn — x| + 3€n ||wn — z4]-

n—oo

(3.17)

(3.18)

(3.19)
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Since T is Lipschitzian, it is continuous. Therefore x,, — ¢ implies that lim Tz, =

n—oo

Tq =gq and ||z, — Tx,|| — 0 as n — co. Also lim ||zp41 — z,]| = 0. With

P = [lon —unll,

6, = k20, and

on = by [(2+ L)? [|an — Tl + L {|2ngr — x| + L2 = k) + (14 D)]en [[tn — ]|
+(B+ L)en ||sn — x| + 3en ||wn — zn ],

for each n € N, inequality (2.1) of Lemma 1 is satisfied. Therefore
nlL»rrolo |zn, — unl = 0. (3.20)
Since (2-a) is true, using (3.20),
[un = qll < llzn — qll + l2n — unll,
which implies that lim |u, —q|| = 0. O

Remark 1. All our results hold for multivalued operators provided that they
admit appropriate single-valued selections.

References

[1] F.E. BROWDER, Nonlinear mappings of nonerpansive and accretive type in
Banach space, Bull. Amer. Math. Soc. 73(1967), 875-882.

[2] S.S.CHANG, Some problems and results in the study of nonlinear analysis,
Nonlinear Anal. 30(1997), 4197-4208.

[3] C.E.CHIDUME, M. O. OSILIKE, Nonlinear accretive and pseudocontractive op-
erator equations in Banach spaces, Nonlinear Anal. 31(1998), 779-789.

[4] K. DEIMLING, Zeros of accretive operators, Manuscripta Math. 13(1974), 365-
374.

[6] T.L.Hicks, J. D. KUBICEK, On the Mann iteration process in Hilbert spaces,
J. Math. Anal. Appl. 59(1977), 498-504.

[6] S.IsHikKAWA, Fixed points by a new iteration method, Proc. Amer. Math. Soc.
149(1974), 147-150.

[7] T.KATO, Nonlinear semigroups and evolution equations, J. Math. Soc. Japan
18/19(1967), 508-520.

[8] L.S.Liu, Ishikawa and Mann iteration process with errors for nonlinear
strongly accretive mappings in Banach spaces, J. Math. Anal. Appl. 194(1995),
114-125.

[9] W.R.MANN, Mean value methods in iteration, Proc. Amer. Math. Soc.
4(1953), 506-510.



152 A.RAFIQ

[10] M. O. OSILIKE, Ishikawa and Mann iterations methods with errors for nonlin-
ear equations of accretive type, J. Math. Anal. Appl. 213(1997), 91-105.

[11] B.E. RHOADES, S. M. SOLTUZ, On the equivalence of Mann and Ishikawa it-
eration methods, IJMMS 7(2003), 451-459.

[12] S. M. Sorruz, Mann-Ishikawa iterations and Mann-Ishikawa iterations with
errors are equivalent models, Math. Commun. 8(2003), 139-149.

[13] X. WENG, Fized point iteration for local strictly pseudocontractive mapping,
Proc. Amer. Math. Soc. 113(1991), 727-731.

(14] Y. G.Xu, Ishikawa and Mann iteration process with errors for nonlinear
strongly accretive operator equations, J. Math. Anal. Appl. 224(1998), 91-101.



