GLASNIK MATEMATICKI
Vol. 33(53) (1998), 101-108

WHICH CONDITIONS FOR AN APPROXIMATE
RESOLUTION ARE ESSENTIAL?

B. Cervar and N. Uglesi¢é, Split, Croatia

Abstract. Among all conditions which characterize an approximate polyhedral resolution of a
topological space, only two ((AS) and (B1)) are essential.

1. Introduction

The notion of a resolution of a topological space was introduced by S. Mardesié
[2], [3]. The idea was to improve some lacks of the inverse limit theory in the
noncompact case. A few years later S. Marde§i¢ and L. R. Rubin [4] introduced
the notion of an approximate (inverse) system. The intention was to relax the
commutativity condition, which has been too rigid for some purposes even in the
compact nonmetric case. Finally, S. Marde§ié¢ and T. Watanabe [6] put the both ideas
together, introducing the notion of an approximate resolution of a space.

In any case, the basic idea (due to P. S. Aleksandrov, 1920's) did not change:
to express a "bad” object (an arbitrary space) in terms of "nice” ones (polyhedra,
ANRs, ...) on purpose of much easier studying some of its properties.

By a space we mean a topological space, and by a mapping, a continuous func-
tion. A covering % of a space X is an indexed family of its subsets whose union
equals X. If A C X and % is a covering of X, then s¢(A, % ) denotes the union of
all U € % meeting A. If % and ¥ are coverings of X, then sz(%,¥") denotes the
covering {st(U,¥) | U € % }; st% and st""'% are the abbreviations for st(% , %)
and st(st"% ,% ), n € N, respectively. % < ¥ means that % refines ¥. Cov(X)
denotes the collection of all normal (or numerable) coverings of a space X. Every nor-
mal covering % of a space X admits a normal covering ¥ of X suchthatst¥ < Z.If
f.g:Y — X are % -near mappings, i.e., forany y € Y thereisa U € % with f (y),
g(y) € U, we write (f,g) < %.

By a polyhedron we mean a triangulable space (CW-topology; [7]). If (K, h)isa
triangulation of a polyhedron P, we formally identify P with the geometric realization
|K|. A subspace Q C P is a subpolyhedron of P, if there exist a triangulation K of P
and a subcomplex L C K such that Q = |L|.
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Recall now the basic definitions (comp. [6], [1]).

An approximate (inverse) system X = (X, paa,A) consists of the following
data: A preordered set A = (A, <) which is directed and unbounded; for each
a € A, a space X,; for each pair a < a', a mapping p.y : Xy = Xo (Paa = lx,)-
Furthermore, one condition is required:

(A2) (Va € A) (V% € Cov(X,)) (3d' 2 a) (Vaz 2 a1 2 ') (Paa,Parar» Paay) <
.

If each X, is a polyhedron, a € A; we speak of an approximate polyhedral system. An
approximate system X admits meshes if for each a € A there exists a %, € Cov(X,)
satisfying two additional conditions:

(Al) (Va < a < a”) (paa’pa’a”7paa”) < Y

(A3) (Ya€A) (V¥ € Cov(X,)) (3d > a) Va" > d') Uy <p_L%.

aall
An approximate system X which admits meshes is uniform provided it satisfies the
following condition;
(AU) (Va< @) % <p %.

aa’
An approximate map p of a space X into an approximate system X, p = (p,) :
X — X, is a collection of mappings p, : X — X,, a € A, such that the following
condition holds:
(AS) (Va€ A) (V% € Cov(X,) (3d' Zz a) (Va' 2 d') (paa'Par Pa) S % .

An approximate resolution of a space X is an approximate mapp = (p,) : X = X

which satisfies two following conditions:

(B1) (VZ € Cov(X)) (3ac A) (3¥ € Cov(X,)) p;'V < ¥,

(B2) (Va€ A) (V¥ € Cov(X,)) (3a’ 2 a) puat(Xa) C st(p(X), %).

If each X, is a normal space, (B2) is equivalent to

(B3) (Va € A) (Vopen U C X, with Cl(p,(X)) CU) (3d =2 a) p.(Xy)CU.
Note that the notion of an approximate resolution (which admits uniform

meshes) includes conditions (A2), (AS) (B1) and (B2) (and (Al), (A3), (AU)).

Although they are mutually independent, only two of them, (AS) and (B1), are

essential (at least in the polyhedral case). More precisely, we are proving that,

taking appropriate subpolyhedra and the restriction mappings, all the conditions can
be obtained by means of (AS) and (B1).

2. Construction of the resolution

Let us state our main result:

THEOREM. Let A be an unbounded and directed preordered set, and let X =
(Xa, Paat»A) be a collection consisting of polyhedra X,, a € A, and of mappings
Paa * Xoo = Xoo a € @ (paa = lx,). Let p = (p;) : X = X be a collection of
mappings pa : X — X,, a € A, satisfying conditions
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(AS) (Va S A) (V% c COV(X,,)) (E|a’ 2 a) (Va” > a') (paallpa/l,pa) g %,‘
(Bl) (VZ € Cov(X)) (3ac A) A¥ € Cov(X,)) p;'V < %.
Then there exists an approximate polyhedral resolution ¢ = (qp) : X > Y =
(Y, gy » B) such that
(i} B = (B, <) is partially ordered and cofinite;

(ii) (Vb € B) (Jae€ A) Y, C X, is a subpolyhedron;

(i) (Vo< V') (Ba<d) qu:Yy Y, isthe restriction mapping of paa;

{(iv) Y admits uniform meshes;

(v) (YbeEB)(3a€cA) qp=p,:X—> Y, CX,
In addition, if X is a (commutative) system and (AS) of p is strengthened up to
commutativity, then (AS) of q turns into commutativity.

In order to prove the theorem, i.e., to construct a desired resolution, we need
two lemmata. The first one shows how to enlarge an indexing set to obtain a more
convenient one.

LEMMA 1. Let X = (X4,pu,A) be a collection of spaces X,, a € A, and
mappings Pey * Xo — X4, a < d', over a preordered, directed and unbounded
set A = (A,<). Then there exists a collection of spaces and mappings X' =
(X3, P55+ ) over A such that

(i) A = (A, <) is partially ordered, directed, unbounded and cofinite;
(if) (VA € A) card(A)) = card(A) > card(A),
where Ay = {A' € A| A" 2 A};
(iii) (VA € A) card(Ay) 2 ew(X}),
where cw(X} ) is the covering weight of X5 ;
(iv) (VA €eA)(FacA) X, =X,
(v) (VA< A) (Ba<d) Phu =Paa-

Proof. For each a € A choose a cofinal subfamily C, C Cov(X,), and let
L={(a,%)|a€ A% € C,} = Ugea({a} x C,) (see [9], Sec. 2.). Apply now
the well known “Marde3i¢ trick” on L, i.e., let A = F(L) be the set of all finite
subsets A C £ ordered by inclusion. Clearly, A satisfies conditions (i), (ii) and (iii)
(see [8], [S]). Furthermore, there exists an increasing surjection s : A — A such that
s({(a,%)}) =a,(a,%) € L. By putting X; = X,;3), A € A, and p};, = psa)sar)
whenever A < A’, one establishes (iv) and (v). O

LEMMA 2. Let X = (X,,pa0,A) be a collection of polyhedra X,, a € A, and
mappings Poy : Xa — Xa, @ < @', over a preordered, directed and unbounded set
A= (A,L). Let {%, € Cov(X,) | a € A} be a family of open coverings satisfying
condition
(A3) (Va € A) (VZ € Cov(X,)) (3d’ > a) (Va" 2 d') Uw <p L %.

Let X be a space and let p : X — X be a family of mappings ps : X = X,, a € A,
satisfying condition
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(AS) (Vac€ A) (V¥ € Cov(X,)) (3a’ 2 a) (Va" 2 a')  (DaaDarr Pa) < %.
Then there exist an approximate polyhedral system X' = (X;,p’ ,,A") and an
approximate map p' = (p),) : X — X' satisfying
(i) A’ = (A, <) is a preordered, directed and unbounded set such that:
a<'d=>a<d and a§'a’ Ld'=za< d
if < is a partial order, then so is <';
if (A, <) is cofinite, then so is (A, <');
(ii) X! is a subpolyhedral neighbourhood of Cl(p,(X)) in X,, a € A;
(lll) p:m’ = Dad’ | X;, IX;/ — X; CXpa </ /;
(iv) ph=pa: X=X, CX,,a € A

Proof. Let K, be a triangulation of X, such that s, < %, (see [7], p. 126;
[10]), where &, = {st(v,K,) | v € K0} € Cov(X,), a € A. Let X, = |N,| be
the minimal K,-neighbourhood of Cl(p,(X)) in X,. (|N,| is the union of all closed
simplexes of |K,| meeting Cl(p,(X))).

Define a new relation <’ on A by putting
a=a
or
a<'a'<g'> a<d,atd N (NVa"2d)pu (X)) CX, A
(pna”pa”:pa) S A
<7}" S P;,L («Zz)
We first show that the relation <’ contains more than the diagonal of A x A. Let
a € A. Since X, is a neighbourhood of CI(p,(X)) in the normal space X, there exists
an open neighbourhood V of Cl(p,(X)) such that V C CI(V) C Int(X}) C X},. Take
¥ = {Int(X)), X, \ CI(V)} € Cov(X,). By (A3) and (AS), for a and #/, there
exists an @} > a such that, for every a” > 4,

F1 < Ugr S Po(W) (1)

and
(paa"pa”7pa) < 4 (2)

hold. In the same way, for a and .%,, there exists an a5 > a such that, for every
' !
a > az,

i & U < P (Fa) (3)

and
(Paa”pa”’pa) < 5/‘1 (4)
hold. Take an d’ > a, a3, @' # 4}, a). In order to prove a <’ &', we need to verify
Paa’ (Xz,z”) < thv (5)

whenever @” > d'. Letx/,, € X!,,. Then there exist an S, € F and a Uy € U
such that

Xt € Sgr T Up and  Syn N Cl{pn (X)) # 0.
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Therefore, since S, is open, Syr N p(X) # 8. Let xpn € Sgv Npn(X) and let
x € X such that p {x) = x,. By (2), (Pag’Par,Pa) < # holds, and thus

Paa'! (xa”) SHA (6)

for some W € #'. Note that W = Int(X}), since x, = p.(x) € po(X) C Int(X}) €
¥ . Further, Z,n < p‘;}, (#) implies Upn C p_ ) Int(X,). Hence, pogn (Ugr) C
Int(X}),and pagn (x,,,) € Int(X}), which verifies (5).
The proof from the above also shows that A’ = (A, <’) is unbounded. Now, one
easily verifies all the properties of <’ stated in (i).
Let

Phat = Paat | Xop : Xy = X, CXpya < &, (7N
and :

Pa=pPa:X—X,C X, a€A. (8)

Since p’ inherits property (AS) of p, it remains to prove that X' = (X, p. ,,A’) is
an approximate system, i.e., to verify condition
(A2) ga € A) (V% € Cov(X)) (Fa € A) (Va' 2" d 2'@) (Pl yDlygnsPogr) <

Leta € A’ and Z € Cov(X}). Since X!, C X, is a subpolyhedron, it is normally
embedded, and there exists a covering # € Cov(X,) such that

VX <U. 9)
Choose a ¥ € Cov(X,) such that

PV LW, (10)
By (A3) and (AS), for a and ¥, there is an @ € A’ such that
gfpal S Stj/al g %al < pa—a} (7/) and (paalpal,pa) S 7/, (11)

whenever @’ > @. Let us show that, foralla” >’ d’ >’ q,
(p:m/plazau,p:wu) < /4 (12)
holds. Let x),, € X,,. Then there exists an Sy € . such that
x;u S Sall and Sau ﬂpﬂu (X) 75 0

Choose any x,# € S Npe(X) and x € X such that x,» = pr(x). By (11),
G L Upr < p;}, (¥) holds (a" 2’ @), and there exists a V; € ¥ such that x,,
X, € pa_a},(Vl), ie.,

a

Paa'! (x:z”)’ Paa' (xa//) = Paa"'Pa’ (x) e Vi. (13)
Further, (11) implies (paarparr, pa) < ¥, and there exists a V5 € # such that

paa”pa”(x)a pa(x) €V, (14)
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By definition of <’, @’ <’ @” implies ¥,y < p
Sy € Fy such that

;‘11,,(5’,,:). Thus there exists an
Pa'a (xa”)> Pa'a (x;”) S Sa'-

By the same argument, (p,q7py,par) < Fp holds, and there exists an S/, € S
such that

pa'a”pa”( ) = Pa'a" (xa”)a Pa’ (x) € S;"
Similarly, @’ >’ @ implies ¥y < paa,("//) (see (11)), and there are V3, V4 € ¥ such
that Pa'a’ (xau)’ Da'a' ('#a”) (S paa’ (V}) and DPa'a’ Pa’t (X) Do (x) c p‘;l}(V4), i.e.,

Paa' Pa' o (-xa”)v paa'pa’a”( a") € V3 (15)

and
Daa' Pa' ! (xa”) Paa'Pa’ (x) € Va. (16)
Finally, @' >' @ >' a implies (pyo'pa’,Pa) < ¥, and there exists a V € ¥ such that
Pu Py (x), palx) € V. (17)

Relations (13), (14), (15), (16) and (17) imply

Paa" (x;”), paa’pn’a"( a”) € s*V.
Now, by (7), (9) and (10), we establish

(p:m’p,a’a”’p:m”) = ((paa’ I X::’)(Pa’a” I lez”)7 (Paa” l lez”)) Y | X; S%.

Consequently, (12) holds true, i.e., condition (A2) for X "is verified, and the lemma
isproved. O

Proof of the theorem. By Lemma 1, there is an X' = (Xj,p},,, A), associated
with X, having corresponding properties (i)-(v). Note that Lemma 1 (iii) is the
stability condition (C) (see [8], [5]), which (in the cofinite case) implies condition
(A3) for X'. Further, p : X — X yields the collection of mappings p’ = (p} =
psay) - X = X', Obviously, p’ inherits conditions (AS) and (B1) of p. Applying
Lemma 2 on X’ and p’ , one obtains an approximate polyhedral system X" =
(X3,p4;»A") and an approx1mate map p” = (p}) : X — X" having corresponding
properties (i)-(iv). We will now prove that p” : X — X" is an approximate
resolution. It suffices to check conditions (B1) and (B3). Note that (B1) of p” is
inherited of the same condition of p’. In order to verify (B3) for p”, letany A € A’
and any open set U 2 Cl(p} (X)) in X} C X; = X, are given. Choose an open
set W C X/ such that W N X} = U. Since every polyhedron is a normal space, there
exists an open set V C X such that CI(p (X)) C V C CI(V) C WNIn(Xy). Let
W = {W,=Wnln(Xy), W, = X) \Cl(V)},and takea # ' € Cov(X}) with st#’
"< #.By (A3) of X’ and (AS) of p’, for A and # ', there is a A’ = A such that,
for every A" > A/,

%A” < (pilu)_lwl and (pjuupau,pﬁ) < V.2 I.
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(Clearly, one may choose A’ >’ A, and then any A" 2’ A’ .) Letx}, € X{,.. Then
there exists an S;» € 3 such that x},, € Sy~ and S;» N py#(X) # 0. Choose any
Xy € Syn Npyu(X). Since Fnr € Uy < (piA,,)—IW !, there are an Uyn € Zn
and a W' € # ' such that

Xpr, .x;{u €S CUyn C (p’“‘u)_lwl, ie.,

pIU.” (xar), P:uH (xxu) ew.

Take an x € X such that p}, (x) = x3. Then (p};»p)n,p3) < # ' implies

P;.(%)s PianPan(x) = Paan(xan) € W,

for some W € # '. Obviously, W N W # § and

pi(x), palll(xlxlu) (S WI U W” Q SI(WI,W /) g Wl,

consequently, p} ;. (x5,) € Wy. Therefore,

Pian (X)) =P (X)) CW=WnInt(X)) CWNX) =U

which establishes condition (B3) for p”.

Finally, modifying ordering <’ into <* (see [5], Remark 2.10, and [6], (1.6)

‘Remark), one also obtains condition (A1) and the uniformity condition (AU) for
X". To complete the proof, one only has to adapt the notations: B = (A')*,
Yy = X}, qur = pj;. and g, = p}. The additional statement in the commutative
case is obviously true. O

(4
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