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ONE-DIMENSIONAL FLOW OF A COMPRESSIBLE VISCOUS
MICROPOLAR FLUID: A GLOBAL EXISTENCE THEOREM

Nermina Mujakovi¢, Rijeka, Croatia

Abstract. An initial-boundary value problem for one-dimensional flow of a compressible viscous
heat-conducting micropolar fluid is considered. It is assumed that the fluid is thermodinamicaly perfect
and politropic. A global-in-time existence theorem is proved. The proof is based on a local existence
theorem, obtained in the previous paper [4].

1. Statement of the problem and the main result

In this paper we consider an initial-boundary value problem for one-dimensional
flow of a compressible viscous heat-conducting micropolar fluid, being in thermod-
inamical sense perfect and politropic (see [4] and references therein).

Let p, v, w and 6 denotes respectively the mass density, velocity, microrotation
velocity and temperature in the Lagrangean description. Then the problem that we
consider has the formulation as follows:
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p(x,0) = po(x), 1.8

v(x, 0) = wo(x), 1.9
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w(x,0) = wo(x), (1.10)
8(x, 0) = 6o(x) (1.11)

for x €]0, 1[. Here K, A and D are given positive constants; po, Vo, W and 6y are
given functions, satisfying the conditions

Po, B >0 in [0,1]. (1.12)
Let T € Ry; a generalised solution of the problem (1.1)—(1.11) in the domain
0Or =]0, 1[x]0, T]is a function
(x,1) = (p,v, 0, 0)(x,1), (x,t) € Qr, (1.13)
where
p € L=(0, T;H'(]0, 1[)) N H'(Qr), (1.14)
v, 0,0 € L= (0, T; H'(]0, 1[)) n H'(Qr) N L*(0, T; H(]0, 1])), is)

that satisfies the equations (1.1)—(1.4) a.e. in Qr, the conditions (1.5)-(1.11) in the
sense of traces and the conditions

infp>0. ; (1.16)
or

From embedding and interpolation theorems ([3]) one can conclude that from
(1.14) and (1.15) it follows:

p € C({0, T], L*(]0, 1[)) n L*=(0, T; C([0, 1])), (1.17)
v, 0,0 € L*(0, T; ([0, 1])) n c([0, T}, H'(]0, 1[)), (1.18)
v,0, 0 € C(Qr). (1.19)

Specially, the condition (1.16) has a sense.
Assuming the conditions

po, 60 € H'(]0, 1[), vo, wo € H}(]0, 1[) (1.20)

and the inequalities (1.12), in the previous paper [4] we proved a uniqueness of a

generalised solution and the following local existence theorem: there exists Ty € R,

such that in the domain Qr, =]0, 1[x]0, Ty there exists a generalised solution,
having the property

6 > 0in Q. (1.21)

With the use of that theorem, in this paper we shall prove the following result.

THEOREM 1.1. Let the conditions (1.20) and (1.12) be fulfiled. Then for each
T € Ry, in the domain Qr there exists a generalised solution (1.13) of the problem
(1.1)«1.11), having the property
6 > 0in Q.

In our proof we apply the method of the book [1], where the Theorem 1.1 was
proved for the classical fluid (w = 0); for this case see also [2].
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2. The proof of Theorem 1.1

Because of the local existence result, Theorem 1.1 is an immediate consequence
of the following statement.

PROPOSITION 2.1. Let T € Ry and let a function

(x,1) = (p,v,0,0)(x, 1), (x,2) € Qr (2.1)

satisfies the condition:

foreach T' €]0, T|, (2.1) is a generalised solution of the problem (1.1)~(1.11)
in the domain Qp =)0, 1[x]0, T'[ and the inequality 8 > 0 in Qp holds true.

Then (2.1) is a generalised solution of the same problem in the domain Qr and
inequality 8 > 0 in Qy holds true.

The above statement is a consequence of results below. In that what follows
we assume that the function (2.1) satisfies the condition of the Proposition 2.1. By
C € R, we denote a generic constant, having possibly different values at different
places; we also use the notation ||f|| = ||fl|.2(j0,1)- Because of the fact that equations
(1.2) and (1.3) don’t contain the function w, some of our considerations are identical
to that of classical fluid. In these cases we omit proofs or details of proofs, making
reference to correspondent pages of the book [1].

LEMMA 2.1. It holds

v, w € L=(0, T; L*(]0, 1[)), (2.2)
0 € L= (0, T; L'(]0, 1[)), (2.3)

Proof. Multiplying the equations (1.2), (1.3) and (1.4) respectively by
v,A"!p7lw and p~!, integrating over ]0, 1| and making use of (1.5)—(1.7), af-
ter addition of the obtained equalities we find that

1

d 1 1
9 [ (5v3+ g40* +0)dx =00n]0, T, (2.4)

0

Integrating over [0,t[, r €]0, 7] and making use of (1.9)—(1.11), we obtain
i
J (5 e+ 0)ax = JialP + szllanlP + ooy on 10,7,
0 (2.5)
or
VI + l[@]l* + 1161|201y € Con O, TY. (2.6)
From (2.6) there follow the statements (2.2) and (2.3). O
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LEMA 2.2. ([1], pp. 4748, 50-52). Let t €]0, T[ and
Mo(r) = max 0, 1), (2.7)

mp(t) = ?J‘ffp( 1, (2.8)

11([)

||
S L

p(x r)(g—e(_\‘, t))zdx, (2.9)

(2.10)

Then there exist C € R, and (for each € > 0) C; € RY, such that for eacht €0, T
the inequalities

M3(1) < el (1) + Ca(1+ R(1)), (2.11)
mp() > C(I + /Mg(r)m)_l (2.12)
0

hold true.

LEMA 2.3. It holds

inf@ >0, (2.13)
or
p € L¥(Qr). (2.14)

Proof. 1etW = 6~ 'and p > 1. Multiplying the equation (1.4) by 2pp~ W1
and integrating over |0, 1{ we obtain

§ e [0 o) (o G o 329
0

+Lwpwt(G2) Ywer KR

I
< [ [2opw=1 2 (o aW)%—K:BpWZP“l]dx on |0, T
ox\"'a 2

0 (2.15)
Integrating the first term on right-hand side by parts and making use of (1.7), we
find that

i 1

[ weae < [ [aortap = owes (GE) K owr
: J : (2.16)

Q.|n~_

or
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1 2 1
di / 2de<’”2 / pW*~ldx on 0, T[. (2.17)
0 0

The conclusions (2.13) and (2.14) follow now from (2.17) as in the case of classical
fluid ([1], pp. 48-50). O

LEMMA 2.4. It holds

My € L*(]0, T]), (2.18)
inf@ >0, (2.19)
or
6 € L> (0, T; L*(]0, 1[)) n L*(0, T; H'(J0, 1[)). (2.20)
Proof. Let
o=1v+ Lot (2.21)

Multiplying the equations (1.2), (1.3) and (1.4) respectively by v®, A"!p~lw®
and p~'®, integrating over ]0, 1[ and making use of (1.5)—(1.7), after addition of
the obtained equations, we find that

1 1
1d [ 42 P \? aeacp
iz/@dx#—/p(a—)dx —1)/p
0
1
/ w90 004, /pev%q’dx_OOn]o T, (2.22)
0 4]
or
1 1 1
1d [ 42 P\ ? 96 69
m/‘“”/"(m) dx+ (D / Pox ox
0 0 0

1 1

@ 5%
< L/plw%‘:—aa—x—\dx—kl(/pelva}dx onl0, T, (2.23)

o h

0

where L = |1 — A~!|. Applying on the right-hand side the Young inequality with a
parameter § > 0, we obtain

1

1d ] 06 8%

izT/ d”/f’l‘”)(?a—) +O-DGE G e
4] 0

p [mz(%x“l)z + 6% dxon]o, T[. (224)

N

Q

[=7]

L
o _
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One can easily see that the following inequality holds true

1-23)(5)’ <D—1>%Q%“’ (0-69)(§e) - 0+ L= 20) v (52)

2
a5 ((1-28)+ 2145+ D)) £ (42)" (225)
Let § = 24" ' min{1, D} From (2.24) and (2.25) it follows the inequality

1
i [ o P(?fi) x
0

1
<C1/p[ (g;’) + w? (%—‘;’)erezvz] dxon]0,T], (2.26)
0

where

Ci1 =2max{46 + (

1-464D)* C n 2(1-26)*+(1-46+D)’ _C_'}

86 "8 86 e
Multiplying (1.2) and (1.3) respectively by v3 and p~!w?, integrating over 0, 1]
and making use of (1.5) and (1.6), after applying the Young inequality we obtain
the inequalities

1 1 1
2
a‘i/v“dx+/pv2(%‘§) dx < 6K2/p62v2dx on |0, T, (2.27)
0
1 1
Ed‘/ 4dx+A/p <0onlo, 1. (2.28)
0 0

Multiplying (2.27) by C; and (2.28) by C; = A~!C,, after addition of the obtained
inequalities with (2.26), we find that
1 1 1

d 24 vt 4 00 2.2

4 (cb +O VG )dx-i-D/p(a ) dx < C/pB V2 dx on 0, T[ (2.29)
0 0 0

or, taking into account (2.2), (2.14) and (2.11),

1

jt (/(cb2 + v+ Co*)dx + Dlz) < C(1 + Dhy)

0
1

< c(1 + /(@2 + Civ* + Co*ydx + DIZ) on]o, T[. (2.30)
0
From (2.30) it follows the inequality
1
/(q)2 + C1v* + Co0*)dx + DI, < Con )0, T] (2.31)
0
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and therefore it holds

L e Loo(]o, T[)v (232)
® € L (0, T; L*(]0, 1])). (2.33)
From (2.32) and (2.11) we conclude that (2.18) holds true. The inequality (2.19)
follows now from (2.18) and (2.12); the inclusion (2.20) follows from (2.33), (2.19)
and (2.32). O
LEMMA 2.5. ([1], pp. 53-54) It holds
p € L*(0, T;H'(]0, 1])) n H'(Qr). (2.34)
LEMMA 2.6. ([1], pp. 53-54) It holds
v e L=(0, T; H'(]0, 1])) n H'(Qr) n L*(0, T; H2(]0, 1])). (2.35)
LEMMA 2.7. It holds
w € L=(0, T; H'(]0, 1[)) n H*(Qr) N L*(0, T; H*(]0, 1])). (2.36)

Proof. Multiplying the equation (1.3) by p~!w, integrating over ]0, 1[ and
making use of (1.6), we obtain

1
1d, ., dw\? w?
il — —|dx = 0 2.37
2dt||w” +A/[p(ax) +p]x 0 on ]0,T], (2.37)
0
or
t 1
1 w?
Ellm( M2 +A/d1/ — +?](x, T)dx
0
1
=3 / w2(x)dx < C, 1 €)0, T[. (2.38)
0
Using (2.19), we conclude that
w € L*(0, T; H'(]0, 1])). (2.39)

w
Multiplying (1.3) by A~!p~!——- and integrating over ]0, 1[, after integration by
plying o

parts on the left-hand side and making use of (1.6), we find that

1 X s
2AdtNax H / (axz>dx‘/(%g%—%g—f%)dx on ]0,T].

0
(2.40)
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In that what follows we use the inequalities

i< 5] (5] <23 5]

valid for a function f vanishing at x = 0 and x = 1 or having derivatives that vanish
at the same points.

With the help of (2.19) and (2.41) and using the Young inequality with a
parameter § > 0, for the terms on the right-hand side of (2.40) we find estimates on
10, T as follows:

(2.41)

1

[ 55 <ol Gl + crar @22)
20 11 8% 11k 2
lo/iii‘i‘ix did‘ll 5 /Iix‘i’gfi
1182w nin o 2 2
<55 Ii\allaax“z’il |5 5T

(2.43)
Using again (2.19), from (2.40), (2.42) and (2.43) we obtain (making use of (1.10))

!

a0+ / [l ar <tonr e [ (ot [ 1520 e

0

<<+ /<uwu2+u |2 ). e e

4]

With the help of (2.34) and (2.39), from (2.44) we find that

/” FrEa 1<C t€)0,T[ (2.45)

Using (2.14) and (2.19), from {1.3) we obtain

5] <clor+ 520 152 ) oo @

and, because of (2.39) and (2.45),

/t“%_c:("r)uzd" <G €0, T (2.47)
0

The conclusion (2.36) follows from (2.45) and (2.47). O
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LEMMA 2.8. It holds
6 € L~ (0, T; H'(]0, 1)) n H'(Qr) N L*(0, T; H*(]0, 1[)). (2.48)

2
6
Proof. Multiplying (1.4) by p‘lgﬁ and integrating over |0, 1], after integra-

tion by parts on the left-hand side and making use of (1.7), we obtain

1 1
20 2
2d;” H /( )dx KO/ Gg%dx !p(%)zgg—dx
A [ 2850 i
0 0 2

With the help of (2.14), (2.35), (2.41) and (2.36) and using the Young inequality
with a parametar § > 0, for the terms on the right-hand side of (2.49) we find
estimates on |0, 7T as follows:

oo ] < conf 52 < | J21 + o s
2

o) e <l 1520 < 1530 30
<s| 22 oo+ | 221) s

; 2 2 2
‘b/p(Zx) 3x2d }\C” ox ” HZ:;H HaxZ H \61|Zx2”2+CHaBTC:H

<s| 22 v e+ [521), -
[£50 <ol <l +e em
2
23 Gt <2 RN 2 <Gl el

Using again (2.19), from (2.49)-(2.54) (making use of (1.11)) we obtain

t

2ol i e <ol f o

elgaeal +[FEea +[Feal)e) @9
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With the help of (2.18), (2.35), (2.36) and (2.20), from (2.55) we find that

/ |5

Using (2.14), (2.19), (2.34), (2.35), (2.36), (2.41) and (2.53), from (1.4) we obtain

2
1 <c(ems+ |52 + 152 +|52) o @)
and, because of (2.18), (2.35), (2.36) and (2.56),

dr<C 1€)o,T] (2.56)

/I”%?(" T)'lz‘” <G e Tl (2.58)
0

The conclusion (2.48) follows from (2.56) and (2.58). O

The Proposition 2.1 follows immediately from (2.13), (2.19), (2.34), (2.35),
(2.36) and (2.48).
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