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APPROXIMATION OF PERIODIC FUNCTIONS IN
WEIGHTED ORLICZ SPACES

Yunus E. YILDIRIR
Balikesir University, Turkey

ABSTRACT. In the present work we prove some direct theorems of the
approximation theory in the weighted Orlicz spaces with weights satisfying
so called Muckenhoupt’s condition and we obtain some estimates for the
deviation of a function in the weighted Orlicz spaces from the linear
operators constructed on the basis of its Fourier series.

1. INTRODUCTION AND MAIN RESULTS

A convex and continuous function @ : [0, 00) — [0, 00) for which ®(0) = 0,
®(x) > 0 for x > 0, and

o o
lim 2@ g i 2@ _
z—0 X z—0 X

is called a Young function.
The complementary Young function 1 of ® is defined by

¥(y) == max {zy — ®(x) : x > 0}
for y > 0.
A Young function ® said to satisfy Ay condition (O € Ag) if there is a
constant ¢ > 0 such that
D (2z) < c® (x)
for all x € R.

A nonnegative function ¢ : [0,00) — [0,00) is said to be quasiconvez if
there exists a convex Young function ® and a constant ¢ > 1 such that, for
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allz >0
P(z) < p(z) < B(cx)
holds.
Let T :=[—n,n] . A measurable function w : T — [0, o] is called a weight

function if the set w™! ({0,00}) has Lebesgue measure zero.
A 27-periodic weight function w belongs to the Muckenhoupt class Ap,

p>1,if
p—1

1

— [ w(z)dx i w V= (2)dx <C

1] (@) 1]
I I

with a finite constant C independent of I, where I is any subinterval of T
and |I| denotes the length of T.

~

Let ¢ be a quasiconvex Young function. We denote by L., ., (T) the class
of Lebesgue measurable functions f : T — C satisfying the condition

[etr@he @i < oo

The linear span of the weighted Orlicz class Z%w (T), denoted by L, (T),
becomes a normed space with the Orlicz norm

(L) f] = sup / 1 @)g(@)| w () dz /wg(zmdzgl ,

where v is the complementary Young function of ¢. We define the Luxemburg
norm as

(1.2) [fll (g =1nf ¢k >0: /go (k7" f(2)) w(z)de <1
T
There exist ([6, p. 23]) constants ¢, C' > 0 such that
ch”(cp,w) < ||f| ©,w < CHfH(Lp,w) :

For a quasiconvex function ¢ we define the indice p(p) of ¢ as

1
—— = inf {B :B>0, ¢ is quasiconvex}

p(p)

(16, p. 218)).
If w e Ay, then it can be easily seen that L, (T) C L;(T) and

L, (T) becomes a Banach space with the Orlicz norm. The Banach space
L, (T) is called weighted Orlicz space.

Throughout this paper, the constant ¢ denotes a generic constant, i.e.,
a constant whose values can change even between different occurrences in a
chain of inequalities.
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Detailed information about Orlicz spaces, defined with respect to the
convex Young function ¢, can be found in [14]. Orlicz spaces, considered in
this work, are investigated in the books [6] and [20].

Let ¢ € A and ¢ is quasiconvex for some 6 € (0,1). For f € Ly, (T)
with w € A,(,, we define the shift operator oy by

h
(onf) (z) == ;—h/f(x—i—t)dt, O<h<m zeT
~h

and the r-modulus of smoothness (r =1,2,...) by

, 0 >0,
w,w
where [ is the identity operator. This modulus of smoothness is well defined,
because o, is a bounded linear operator on L ., (T) under the conditions
that ¢ € Ay, ¢ is quasiconvex for some o, 0 < a < 1, and w € Ay, ([1])-

We define the shift operator o5 and the modulus of smoothness (27, , in
this way, because the space L, (T) is not, in general, invariant under the
usual shift f(z) — f(z + h).

We denote by En(f),w the best approximation of f € Ly, (T) by
trigonometric polynomials of degree not exceeding n, i.e.,

Bu(f)pws = {If = Tally s To € Moy n=1,2,..},

where II,, denotes the class of trigonometric polynomials of degree at most n.
Note that the existence of T, € II,, such that

En(f)«p,w = ”f - T;H@,w

follows, for example, from [4, p. 59, Th. 1.1].
Let also

ﬁ (Iio—hi)f

=1

Q. (f,0):== sup
0<h; <o

(o] oo
f(z) ~ Z cpet® = Z(ak cos kx + by sin kx)
k=—o00 k=0
be the Fourier series of f € L!(T). In addition, we put
n n
Sn(z, f) = Z cpett = Z(ak cos kx + by sinkx), n=20,1,2,...
k=—n k=0
Our main results formulated in the following enable us to make conclusions
concerning the rate of vanishing of the quantities R,, (f, )\)%w and R, (f, )\)%w
by using the modulus of smoothness €27, , (f,0) and the best approximation
E,(f)pw- In the theory of approximation, statements of this sort are called
direct theorems. In this paper we investigate some direct theorems of
approximation theory in the weighted Orlicz spaces and get a generalization
of the results appeared in [17].
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In the literature many results on such approximation problems have been
obtained in weighted and non-weighted Lebesgue spaces. The corresponding
results in the non-weighted Lebesgue spaces can be found in the books [4]
and [22]. The best approximation problems by trigonometric polynomials in
weighted Lebesgue spaces with weights belonging to the Muckenhoupt class
were investigated in [7] and [15]. Detailed information on weighted polynomial
approximation can be found in the books [5] and [16].

Approximation by trigonometric polynomials and other related problems
in the Orlicz and weighted Orlicz spaces were studied in [2,8-12,17,18,21,23,
24].

Since every convex function is quasiconvex, the Orlicz spaces considered
by us in this paper are more general than the Orlicz spaces studied in the
above mentioned works. Therefore, the results obtained in this paper are new
also in the non-weighted cases.

The relation < is defined as A < B < there exists a constant C' such
that A < CB”.

Our main results are the following.

THEOREM 1.1. Let f € Ly, (T), ¢ € Ag, w € Apy) and ¢ be qua-
V)Q’l“

siconvez for some o € (0,1). For the system of numbers )\l(,") =1- (n

(v <n)
ST P

. 1
< CQZp,w (fa E) .

THEOREM 1.2. Let ¢ € Ag, w € Ay and ¢* be quasiconver for some
a € (0,1). For a sequence of functions A, (r) = 1—(v |r — ro|)** (1/ < %)

= |r—ro]

n
% n Z)\I(jn) (a, cosvx + by, sin Vx)]

v=1

Pw

specified on some set E of the real axis and in addition for any fixed r € E
and any function f € L, ., the series

oo
% + Z)\V (r) (ay cosvax + by, sinvx)
v=1
convergences to a metric of the space Ly, (T), then

Rr (fa )\)w,w = f(IL') -

% + ;)\V (r) (ay cosvzx + by, sin I/l‘)‘|

oW

< CQZ,UJ (fa |T - rO') :

THEOREM 1.3. Let f € Ly, (T), ¢ € Ag, w € Ay,
a Young function for some pg > 1 satisfying the Ay condition and p® be

)y and cp(t%) be
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quasiconvez for some o € (0,1) such that

(1.3) p(uv) < cp(u)p(v)

with a constant ¢ > 0. Then for an arbitrary triangular matriz of the numbers
{)\,(,")} (Ag’” 1AM =0, v>n, n=0,1,2, )

1/2

Ru(f ), 2 + Bu(f)pe

m
ZEQQ'/fl(f)w,w&%’/fl
v=0
if ¢ (y/u) is conver and

R (f N < 0l 7 {1 +3 ¢ [ckEzv—l(f)w,wézv—l]} + CEu(fpu

v=0
if ¢ (v/u) is concave, where

r41_

(527"»” = Z

=27
2M << 2MFL

A )

)

+‘17/\§?)

The non-weighted analogues of these theorems were proved in [17].

2. AUXILIARY RESULT

LEMMA 2.1. Let ¢ (tﬁ> be a Young function for some py > 1 satisfying
the Ag condition. Then there exists two positive constants ¢y and co such that

- 1/2
o [olane@r< [ (Zéi) w(a)dn < ex [ (Fla))w (o) do
T T k=0 T
for arbitrary f € L' (T) N Ly, (T), where
2k 1
519 = Z C,jeiyz, 50 = %ao.
y=2k—1

This lemma is proved in [13, Th. 2].

LEMMA 2.2. Let ¢ (t%) be a Young function for some py > 1 satisfying

the Ag condition. Let fn(x) (n=1,2,...) be a sequence of 2w periodic
Junctions in Ly, (T), w € Apyy and let Sy k., (x) be the k-th partial sum
of Fourier series of the function f,(x), k = ky, is a function of n. Then there
exists a positive constant C' such that

1/2

/‘/’ (Z Sk (fﬂ)l2> w(z)de < C/<P < Ifn(ﬂf)|2> w (z) dx
T n=0 T n=0
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with a constant C is independent of fy(z).

This lemma is proved in [13, Th. 1] by taking

F=> 1Suk, @) and g:=>>"|fu(x)*.
n=0 n=0

LEMMA 2.3. Let A\g, A1, ... be a sequence of numbers such that
2!+l 1
N <M, D A=Al <M (1=0,1,2,..).
v=210
Then the series
apho/2 + Z A (ay cosve + by, sinvz)
v=0

where a,, b, are the Fourier coefficients of a function f(z) € Ly [0,27],
is a Fourier series of some function h(x) € Ly [0,27] and the following
inequality is valid:

/ o (h(@)]) w(z)dz < C / o (1f(2)) w(z)de.

T T

This lemma is proved in a similar way as [23, Lemma 2.4].

3. PROOFS OF MAIN RESULTS

PROOF OF THEOREM 1. Let 2™ < n < 2™*!, By virtue of the property
of the norm, we get

Hf(x) - [ZMV% ()
v=0

n Y oo
<X A @]+ Y A@

v=0 ©,w v=n-+1 oW
=11 + I,

where A, (z) := a, cosvz + b, sinvz. From [1, Lemma 3]

10 (fs )00 2 (@)
1f (@) = Sn (f, 2)ll 0y = Enlf)e,
It follows from the latter inequality that

> A(2)

v=n-+1

I, = = En(f)ap,w




PERIODIC FUNCTIONS IN WEIGHTED ORLICZ SPACES
and, since ([1, Th. 2])

1
En(f)gp,w = Q;yw <f7 _>
n
then
e 1
> )| = (nt).
v=n-+1 ©,w
Now, we estimate
U R sing\"
I = '———Tft—?Aw(Z)<1 y”>
v=1 (1 — %) n
n w,w
We let o
17A n
—v—— forv<nmn,
p =3 (%)
0, forv>n
For the sequence u(y’?

according to lemma 3

) the conditions of lemma 3 are fulfilled ([3]). Then,
I =

i sin Z\"
S, @) (1- 5
v=1

n

v

<A@ (1-52)
n ow =1 n
) 1
= Q(p,w (fa E)

and theorem 1 is proved.

0w

0
PROOF OF THEOREM 2. By virtue of the property of the norm we get

[ =1
Re(f Vo0 < || 2 (1= (r) Ay (2)

v=1

©,w
X
l/:[ﬁ} +1
=1 + L.
We estimate
[ 1]
I{ _ Z 1 - )\l/(r)

. k
sinv|r — ro|
R kAD(x)(li) ) k:172;'
y— (1 _ sm‘u\'r'—rlo\)
v|r—ro

vir—ro|

(1= (1) Ay ()

0w

407
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Let us assume

1.—/\7V(T),C for v < |1
sin v|r—rg| |r— ro\

o =9 (=)
0, for v>n

For the sequence {u,(,nr) } the conditions of lemma 3 are fulfilled. Consequently,

according to lemma 3, for 2™ < [\r—lw] < 2mtl

2m+1 . k
sinv |r — ro|
I{ < ZNV,TAV (x) (1 - 7)
v=1 |T_TO|
= iAy (z) (1 Sm”"’*“' H o (fo 7 = 7ol).
v=1 |T_TO|

Let us now estimate I}. It is easily seen that the conditions of lemma 3 are
fulfilled for the system of numbers {1 — A, (r)}. Then, according to lemma 3

o0

p=| Y 0-amaE| | Y Aw

V:[\T—ITQ\]JFl oW D:[\rflr[)\:l+1 oW
Hence, as in Theorem 1, it follows
I3 < Q% (f I — o).
The latter completes the proof of the theorem. O

PROOF OF THEOREM 3. Let 2™ < n < 2™+l We obtain by means of
our previous argument the following

n

Fa) = S AMA, (2)

v=0

B (fi M) g

oo

Z A, (x)

v=n-+1

(3.1) +

IN
NE
—

1- )\f,”)) A, (x)

N
Il
-

»,w ©»,w

PN
NE
—

1=MP) A @)+ Ba(Des

N
Il
—

oW
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Let ¢ (v/u) be a convex function. Bearing in mind the equivalence of the
norms (1.1) and (1.2), by virtue of lemma 1, we have

Y 1-AM™) A, (x)
"z:—l( ) ' (p,w)

= inf k>o:/¢ <k1 i(l—)\f,”))Ay(x)
v=1

T

) w(z)dr <1

1
m |2rti—1 2\?

<inf [k>0:c,f ¢ kL Z Z (1 — )\l(,”))AV (@) w(z)dr <1

T pu=0| v=2¢

Moreover, due to (1.3), the constant D, may be chosen such that

(3.2) eoip (w) < p (D).
Then

> (1-39) 4, (@

v=1 (psw)

27

m 1/2
<inf | k> 0: /cp D, k™t <ZJ72%M(:C)> w(x)de <1 |,
0 n=0

where
ontl_q

Let ¢ (u) = ¢ (v/u). Then

Z (1 - )\f,”)) A, (x)

v=1

(p,w)

<inf | k>0: /w (D?pk:QZa?%M(x)) w(z)dr <1
T n=0

[N

= |inf [£>0: /w (Diklzoi,u(xo w(z)dr < 1
T

pn=0

:DW

3 m 3 m 3
< lez \lai,u<x>\!<w,w>] = D«:lZ |U"au(x)||?w,w)] ’
pn=0

(1) #=0

m
2

> _onu@)

n=0
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where
Hoi’u(x)H(wyw) =inf | k> 0: /1/) (kilai,u(fﬂ)) w(z)de < 1
T

=inf [k>0: [¢(k Y20, (2)) w(x)de <1
y

T

=inf [t*>0: /cp (t o (@) wlz)de <1
T

— lonu @2,

If we apply the Abel transform to A,

20t
@) = > (1=A) A, ()
v=2H
2ttt
= 3 (Sulfiw) = S (F0) (A = A
v=2K

+ (S 1(f:2) = S (f,2)) (1= AG)

Then, by virtue of the inequality (3.1) and the monotonicity of the sequence
of best approximations, we have

ontl_q
lon (@)l ooy < D 180 2) = Sautr 1 (£, 2) |y [AT2 = AL |+
=2k

+ Sgurr—1(f,2) = San—1(f, @)l (0 ‘1 - >‘(22)
E2”—1(f)<p,w62”,n-

PN

Then

z”: (1 - )\f,")) A, (x)

v=1

m 1/2
<D, (ZE;l(f)@,wé%u,n) :
n=0

(p,w)
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Let ¢ (y/u) be a concave function. In the inequality (3.1), we use the
well-known formula for calculation of the (norm [14, p. 92]):

> (1) e
— gg%kfl 1+/<p <kzn: (1 - )\(ﬁ) A, (x)) w(z)dz

Applying lemma 1 and (3.2), we obtain

n m 1/2
3 (1 - )\(V”)) 4, @) = mee (1 +/¢ <Dik220i,u(x)> w(z)dz |.
T p=0

v=1 ©,w

Since ¢ (y/u) is concave, we have

n

> (1= 4, (@)

k>0
v=1 >

=infk ' [1+ Z/cp (D ko () w(z)da
N:OT

Pw

Using the proof of lemma 9.2 in [14, p. 74], it is easily seen that

u(a)
Z g [numuj wle)de =1

Using this inequality, (1.3) and (3.2)

oDk w(wits

= () Z <%> @ (Dok 0w (@), ) wl@)da

<o (Diklonn(@ll,,,) -

Consequently, we obtain

zn: (1 - Agm) A, (z)

m
. —1
< infk (1 + e (D;,k |Un,u(x)||<p,w>>
©,w

pn=0

m

. -1

< infk (1 + z:ocp (D;,kEgul(f)w,waguyn)> .
=

This completes the proof. O
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