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Estimating convexifiers in continuous optimization

SANJO ZLOBEC*

Abstract.  Every function of several variables with the continu-
ous second derivative can be convezified (i.e., made convex) by adding
to it a quadratic “convexifier”. In this paper we give simple estimates
on the bounds of convexifiers. Using the idea of convexification, many
problems in applied mathematics can be reduced to convexr mathemati-
cal programming models. This is illustrated here for nonlinear programs
and systems of nonlinear equations.
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1. Introduction

Every function f : R® — R with the continuous second derivative (i.e., a C?
function) can be “convexified” on a bounded convex set C. This is achieved by
adding a simple quadratic convexifier c¢(x) = yxTx to f, where ~ is an appropriate
sufficiently large non-negative number. This idea has a wide range of applications
ranging from Tikhonov’s regularization of ill-posed problems, e.g. [4], to numeri-
cal methods of nonlinear programming. In particular, using a convexification, Liu
and Floudas [3] have observed that every nonlinear program with C? functions is
equivalent to a “partly convex” program (using the terminology from, e.g. [5]).
Furthermore, it has been recently shown in [6], see also [5], that an arbitrary pro-
gram with C? functions is equivalent to a “convex programming model”. Moreover,
such model is “stable” (i.e., the feasible set mapping is lower semi-continuous) at
the optimal solution. This means that the study of arbitrary nonlinear programs
with C? functions can be essentially reduced to the study of only linear programs,
convex programs, and the relationship between the two. In this paper we show that
it is relatively easy to obtain practical estimates for quadratic convexifiers.
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2. Estimates for quadratic convexifiers

For a function f : R® — R we denote the first derivative at & by V f(x) and the
second derivative by V2 f(z). Assuming that these objects exist, one can represent
them by the gradient and the Hessian of f at @, respectively. In our notation, the
gradient is a row n-tuple, while the Hessian is an n X n symmetric matrix. Denote
the eigenvalues of V2 f(x) by \;(x), i.e.,

Ai(z) = N (V2 f(x)), i=1,...,n
and their infimum on a given bounded convex set C' by

A* = inf min A (x).
zeCi=1,....n
The following result, used in [3], is included here for the sake of completeness:
Lemma 1 [Convexification Lemma]. If f : R" — R is a twice continuously
differentiable function on a bounded convex set C, then for every v < A\*

1
olw) = f(z) - 372"
is a convex function (convezification of f) on C.

Proof. The eigenvalues of the second derivative V2p(x) = V2 f(x) — vI satisfy
Xi(V2f(@) =7 > M(VPf(®) =X >0, i=1,...,n

for v < A*. This means that V2p(zx) is positive semi-definite and hence ¢(z) is
convex. O
The essence of convexification is illustrated by the following example.
Example 1. Consider the scalar function f(t) = —t* over —1 <t < 1. This
function is strictly concave. Since

N(V2F(t) = —12t3, i=1,...n,

we have \* = —12, a convezifier is c(t) = 6t% and a convezification o(t) = —t*+6t2.
The graphs of f(t) and its convezification o(t) are depicted in Figure 1. Note that
the convexification is not convex outside the prescribed interval.

Similarly, one can introduce

A" =sup max A\ (x)
zeC =1,....n
and perform a “concavization” of a function. Indeed, if f : R® — R is a twice
continuously differentiable function on a bounded convex set C, then f(z)— 18z x
is a concave function over x € C for every 5 > A*. One can think of \* and A* as
extreme global eigenvalues of the second derivative of f over C.
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Figure 1. Function f and its convezification ¢

From now on we will focus on the bounds A\* and A* and give their estimates.
At this point let us make a quick reference to the Rayleigh quotient from linear
algebra. This quotient gives a lower and an upper bound for the smallest and largest
eigenvalues of a given symmetric matrix. These estimates are quickly obtained often
after only several randomly chosen approximations and they are “pretty accurate”.
Our problem is more complicated, because we do not estimate the eigenvalues of a
constant matrix but rather of the second derivative matrix that generally depends
on the points of C. In order to avoid calculation of the second derivative of f at
various points of C, we will work with its convexification ¢(x). In this way we can
use only the first derivative or avoid derivatives all together.

The function that will replace the need for calculating the second derivative is

V(=) - Viy)(x—y)
[l —yl|> '

Y(x,y) =

Note that 1) : R™ x R™ — R is defined for every @ and y, © # y. We will use the
notation (u,v) = u”wv for the Euclidean inner product and ||u| = (u”u)'/? for
the Euclidean norm. The function 1 is symmetric, i.e., ¥(x,y) = ¥(y,x), so the
points in the domain of ¥ do not have to be ordered.

Remark 1. If one fized an x and chose y = x + dd, for some § > 0,

and d such that ||d|| = 1, then one could show, using the directional derivative,
that limy_z ¥ (z,y) = (d,V*f(z)d). In particular, if d = (1,0,...,0)T, then
limy_q Y(x,y) = 62825;”), etc. Hence one could define the function ¥ (x,y) also for

y = x. However, we will not need this limiting case.

Values of the function ¢ (x,y) can be calculated for any two points  and y on
a grid spread over the convex set C'. Hence the global bounds can be estimated
after calculating only the first derivatives of f:
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Theorem 1. Consider an arbitrary twice continuously differentiable function
f:R" = R and a bounded convex set C. Then

AT <p(m,y) < AT

for everyx € C andy € C, y # x.
Proof. We know that the function p(x) = f(x) — %)\*asz is a convexification
of f on C. This means that ¢(x) is convex. Therefore

(Vo(z) = Vo(y))(x —y) 20
for every x € C and y € C, y # «. This is
(Vif(@) = Nz=V [ (y)+ Ny, z—y) = (V' f(2) -V f(y) -\ (z—y),z—y) >0

proving the left-hand side inequality. Similarly, one uses the concavification f(x) —
%A*a:T:c to prove the right-hand side inequality. O
The bounds can be estimated without the derivative:
Theorem 2. Consider an arbitrary twice continuously differentiable function
f:R™ = R and a bounded convexr set C. Then

X< {2/ =Nz = ylPIHA () + (1= N f(y) = fFOx + (1= Ny)} <A

for everyx € C andy € C, y # x, and for every 0 < A < 1.
Proof. Since p(x) = f(x) — A" @ is convex, we know that

Az + (1 —Ny) < dp(x) + (1 — X)p(y), for every 0 < A < 1.

This is, after substitution,
L. L.
Fow -+ (1= 2w - 33 e + (1= P < A ) - g3l
1 * 2
+A =) f ) = Ayl ¢
Hence

FOw (1= Ay) ~ A (@)~ (1~ V()
3 { I+ 1= wl? = Alx? - 1 - Vol

IN

1 *
= SAAA = 1lz -y

after squaring and rearranging. Now division by A(A—1)||z—y||? < 0 yields the left-
hand side inequality. Similarly, one uses a concavification to obtain the right-hand
side bound. O

Corollary 1. Consider an arbitrary twice continuously differentiable function
f:R™ = R and a bounded convex set C. Then, for everyx € C andy € C, y # x,
we have

X< [8/lle — yIPHIf (=) + F(y)]/2 - f(x +y)/2)} <A™
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Proof. Specify A = 1/2 in Theorem 2. O

Remark 2. The above results give only rough estimates of the bounds of con-
vezifiers. Typically these bounds are not reached on C. In practice one should go
below the estimates for \* and above the estimates for A*. Generally, the smaller
the set C' and the denser the mesh, the better the bounds.

3. Applications

The motivation for our study of convexifiers is to gain more information about opti-
mal solutions of programs with arbitrary C? functions after reducing these programs
to convex programs. Consider the “classical” convex programming problem

Min f(x)
(CP)
zeC

Here we assume that f : R™ — R is a differentiable convez function and C' is a
compact convex set in R™. Every local optimum of (CP) is also its global optimum,
so we can talk only about “optimal solutions”. Now we consider (CP) but instead of
assuming that the objective f is convex and differentiable, we assume that it is just
a C? function (possibly non-convex). In this case we cannot characterize optimality
of a feasible point «* in a constructive way. (There do exist various necessary and
various sufficient conditions of optimality, but not characterizations; see, e.g. [5].)
After a convexification of f one can obtain interesting results. First we make two
observations:

Observation 1. Consider an arbitrary twice continuously differentiable function
f:R" — R and a convex set C € R™. Then for every 8 € C, the function
c(+,0) : R — R defined by

c(xz,0) = %Q(GT:B —zTx)

is a convexifier of f on C for any a < A\* . This is easy to see using the fact that,
for any @ and for any a < \*, the function ¢(x,0) = f(x) + %a(GT:c —zTz) is

convex on C. The linear term is of no importance for convexification.

Observation 2. (Due to Liu and Floudas [3]) Consider the two programs

(P)  Min f(x), subject to x € C
and
(C,0) Min ¢(x,0) = f(x) + %a(@Ta: —zTx), subject tox —0=0,z€C

for some o < A*, where f(x) is twice continuously differentiable and C'is a compact
convex set. Note that (P) is an optimization problem in @, while (C,0) is an
optimization problem simultaneously in  and 6. (Hence (C, 0) has twice as many
variables as (P)). Suppose that f(x) has a unique global minimum in C. Then
x* € C is the global minimum of (P) if, and only if, * and 6" is an optimal
solution of (C, 0), and 6™ = z*.
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Using the above observations we conclude that the program (P) of minimizing an
arbitrary twice continuously differentiable function on a convex set can be solved
using (C, 0). A stable formulation of (C, 8) has been recently given in [6] as

(C,0;e) Min ¢(z,0) = f(z) + a(0"z — 2Tz), subject to
|z —0]| <e, zeC
for some € > 0.

Note that (C,0;¢) is a convex programming model for every fixed € and it is
a convex program for every fixed € and 6. Under the assumption of a unique
global optimum of (P), for a sequence ¢ — 0, the sequence of optimal solutions
(z°(g),0°(g)) converges to some ((°(0),0°(0)), where the limit points coincide,
i.e., £°(0) = 0°(0). Hence * = x°(0) is an optimal solution of (P). Since the set C
is assumed to be nonempty and compact, the optimal solutions (z°(¢), 8°(¢)) exist.
The results on convergence and stability have been reported in [5, 6] and we will not
repeat them here. The main point is that, using convexifications of C? functions,
one can reduce general nonlinear programs to convex models. In particular, one
can convexify programs in which one is minimizing a concave (!) function on an
arbitrary set of constraints.

Example 2. Let us consider the problem of minimizing a concave scalar func-
tion, say, f(t) = —t% +2t, on the set 0 < t < 1. This problem can be formulated,
using a convezification of f(t) and after choosing \* = —2, as

1
Min — % 4 2t + 5(=2)(0t - t2) =t(2 - 0),
—e<t—0<e 0<t<1.
As, say, € = % — 0, the optimal solutions 0 = % — 0 and ty = % — 0. Hence
t* =0 is an optimal solution of the original problem.

One can apply convexification to all problems that can be reduced to continuous
optimization problems. For example, the problem of finding a solution (or a best
approximate solution) of a nonlinear system of equations can be replaced by an
optimization problem and then reduced to a convex model.

Example 3. Consider the problem of solving the system of equations from [5,

p.19]:
423 + 373 + mox3 = 1,
43:5’ — 229 + 2123 = —1,

2x3 + x1x3 = 1.
This problem can be formulated as the unconstrained program
Min (423 + 322 + zow3 — 1)% + (42l — 29 + 2123 + 1)% + (223 + 11225 — 1)
and then as the convexr programming model
Min (423 + 322 + zow3 — 1) + (423 — 220 + 2123 + 1)% + (223 + 125 — 1)?

1
+§a(91x1 + 0525 + 0323 — x% — x% — x%)
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subject to —e < x; — 0; < €, 1 =1,2,3 for a < 0 sufficiently small. Using input
optimization for conver models, one finds that, as € — 0, the optimal solutions
(z(€),0(¢)) — (z*,0"), where x* = 6" = (0.571,—-0.940,0.768)T. Here x(¢) de-
notes an optimal solution of the convex program for fized € and 6(e). A solution
of the system of equations is thus obtained as the limit of a sequence of convex
programs.

Convex models can be solved by the GOP methods [1], or by input optimization
methods studied in [5]. The success of convexification depends on the methods used
for solving convex programming models.

4. Counter Example

Convexification may or may not work for functions that are not C2. Here are
examples.

Example 4. Consider the function f(t) = t*(2 +sin(1/t)). It appears in, e.g.,
[2] and [5], where it is used in a different context. At the first sight, by looking at
its graph, the function appears to be conver. However, a closer inspection of the
function reveals that this is not true in any neighborhood of t = 0, although t =0 is
its unique global minimum,; see Figure 2.
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Figure2. Global and local behavior of f

The second derivative of f is f () = 12t2(2 + sin(1/t)) — 6t cos(1/t) — sin(1/t).
The function is not defined at ¢ = 0 and hence it does not belong to the class C?.
(One can find a sequence ¢ — 0 that converges to any prescribed value from the
interval [—1,41]). Still, the values of the function, close to ¢ = 0, range between
—1 and +1. If we chose, e.g., A\* = —2, we would get the convexification ¢(t) =
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t4(2 + sin(1/t)) + t2. The graph of ((t) is depicted in Figure 5.

x10°
\ /

14 /
12 \ Convexification f(t)+{? /

Figure 3. Conwvezification of f

Example 5. Now consider g(t) = t%sin(1/t) for t # 0 and g(0) = 0. It is
well known that this function is differentiable but not continuously differentiable;
again see, e.g., [1] and [4]. Hence g ¢ C?. One finds that its first derivative is
g (t) = 2tsin(1/t) — cos(1/t) if t # 0 and g’ (0) = 0. Global and local behavior of g
is depicted in Figure4.
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Figure4. Global and local behavior of g

If one attempted to convexify g with any quadratic c(t) = yt2, for v > 0 sufficiently
large, the convexification would not work. In the absence of the second derivative,
one can check this claim by looking at the first derivative. Indeed, g/(t) + 27t is not
monotonic around the origin, which is enough to deduce that ¢(t) = g(t) + vt is
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not convex. The graph of ¢ (t) is depicted in Figure 5 for v = 500.
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Figure5. The derivative of ¢
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