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On a theorem of S.S. Bhatia and B. Ram

Z1VORAD TOMOVSKI*

Abstract. In this paper some inequalities for Dirichlet’s and Fe-
jer’s kernels proved in [6] are refined and extended. Then we have 0b-
tained the conditions for L'-convergence of the r-th derivatives of com-
plex trigonometric series. These results are extensions of correspond-

ing Bhatia’s and Ram’s results for complex trigonometric series (case
r=20).
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1. Introduction and preliminaries

Let {ci: k =0,£1,42,...} be a sequence of complex numbers and let the partial

sums of the complex trigonometric series Z cre’™ be denoted by

k=—o0

Sulet)= > cre™, te (0,7, (1)

k=—n

If a trigonometric series is the Fourier series of some f € L', we shall write

cn = f(n), for all n and S, (c,t) = S, (f,t) = Sn(f).
S.S. Bhatia and B. Ram [6] introduced the following class £* of a complex
sequence: a null sequence {c,} of complex numbers belongs to class ®* if

oo

D

k=1
3 %
’;kz‘AQ(k)’ < 00.
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Dirichlet’s and respectively Feier’s kernels are denoted by
sin (n + )

kt =
+ Z o8 2 sin 5

cos§ —cos<n+ 5)15

Dnt = 31 =
(t) Z sin kt e
k=1 2
. 1 ¢ _ cos (n + %)t
Do(t) = —=ctg = + Dp(t) = —
(1) = —5cteg +Dull) 2 sin £
- 1 & - ) sin(n + 1)t
K, (t) = Dy(t) = in ¢ —
®) n+lz (t 4 sin? L [smt n+1 ]
k=0 2
Let E,(t) = + + Zeikt and E_,,(t) = 1 + Ze_ikt. Then the r-th derivatives
k=1 k=1
D" (t) and [75?( t) can be written as
2D () = B (1) + E") (1)
()~ B (1) (2)

2iD")(t) = EC
S.S. Bhatia and B. Ram [6] introduced the following modified sums

cni1 B, (t) = c_ gy EL (1)

galet) = Sule,t) + ——
and proved the following result
Theorem 1 [6]. Let {c,} € R*. Then there exists f(t) such that
(1) limy, oo gn(c,t) = f(t) for all 0 < |t| < 7.

@)l = o(1), n — oo.

(ii) f(t) € LY(T) and [|gn(c,t)
(i63) 11Sa(f,1) — F(t)1 = o(1) iff f(n)logn| = o(1), n] — oo
of a complex sequence as follows

if

Now we define a new class R*(r), r =0,1,2
a null sequence {cx} of complex numbers belongs to class $*(r), r = 0,1, 2,

( )‘kr+1logk<oo

o0

k" Ck
Z 287 ()] < e.

If r =0, class ®*(r) reduces to R*.
C. V. Stanojevié and V. B. Stanojevié¢ [7] introduced the following modified com-

(cnEn(t) 4+ c—nE_n(t)).

plex trigonometric sums
= Sn(c,t) — (c

Un(c,t)
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The complex form of the r-th derivative of this sum obtained by Sheng [5] is
U (e,t) = S (ent) = (eaBD (1) + c-n BV (1))

B. Ram and S. Kumari [4] introduced another set of modified cosine and sine sums
as

ao n n a;
folz) = 5 + ZZA <7> kcoskx and

k=1 j=k
hn(x) = ZZA (a—J> ksinkx .
k=1 j=k J

The complex form of the r-th derivative of these modified sums obtained by Bhatia
and Ram [2] is

G (e, t) = ST (e, t) + i : {CnJrlET(LrJrl)(t) _ C—(n+1)E(_r;1)(t)
n

Using the modified complex sums Gg) we shall prove the following theorem:
Theorem 2. Let {c,} € R*(r), r=0,1,2,... Then

(i) lim G0 (e, t) = fO(@) for all 0 < |t] < 7.

(ii) f© € LNT) and |G (e, t) — FP(1)||l = o(1), n — oo.

(iii) |5 (f,t) — O (O)1 = o(1), n — oo iff |n|” f(n)log|n| = o(1), |n| — co.

The case r = 0 of our Theorem yields Theorem 1.

For other criteria for L'-convergence of the r-th derivative of a complex trigono-
metric series, see [8].

The real trigonometric series version of Theorem 2 was established by Bhatia
and Ram [3].

2. Lemmas

For the proof of our new theorem we need the following Lemmas. ~
Lemma 1 [5]. For the r-th derivatives of the Dirichlet’s kernels D,, and D,
the following estimates hold

(i) HDﬁLT)Hl =2n"logn+O(n"), r=0,1,2,...
(i) |IDY ||, = O(n" logn), r=0,1,2,...

Lemma 2 [5]. For each non-negative integer n, chEy) + c,nE(f,)lﬂl = o(1),
[n| — oo holds if and only if In|"c,log|n| = o(1), |n| — oo, where {cn} is a
complex sequence. We note that this Lemma for » = 0, was obtained by Bray and
Stanojevié¢ in [1].

Lemma 3 [10]. Let r be a non-negative integer. Then for all 0 < [t| < 7 and
all m > 1 the following estimates hold
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(i) |[E)(1)| < 4w

(i) | D (1)] < 4,

Proof. (i) The case r = 0 is trivial. Really, since E,(t) = D, (t) + iDy(t), we
have

~ T ™ 3T 47
|En(®)| < [IDa@®)| +1Dn] < 577+ 07 =517 < 77
20t [t 2] ¢
47
|E_n ()] = [En(—t)| < R

Let » > 1. Applying Abels’s transformation, we have:

n n—1
E(t) =i ke =it |y AR Be(t) - =)+ (Ealt) -
2 2
k=1 k=1
EOW] < 3 [+ 17w (5 + 1301 + o0 (12001 + 1)
k=1
T 31y [ o .
< (MJFM) {k—l[(k+1) — k] +n }_ T

Since EU)(t) = B (), we obtain |E") ()| < 458",
(ii) Applying inequality (i) and equation 2, we obtain
an"m
It

~ ~ 1 1 "
D) = iDL (1) < 5B @)+ 5B 0)] <

Lemma 4 [6]. ||K(t)|1 = O(n).
Lemma 5 [11]. If T,,(x) is a trigonometric polynomial of order n, then

TN < n" || Tl

This is Bernstein’s inequality in the L'(0, 7)-metric (see [11], vol.2, p.11).
Lemma 6. ||I~g,(f)||1 =0(n"), r=1,2,...

Proof. Since K, (z) = ;_; "Z}gk sin kz, we have that

n

k(n+1-k)
T () Z ] cos kx
k=1

is a cosine trigonometric polynomial of order n.
Applying first Bernstein’s inequality, then Lemma 4, yields:

1Kl = 1TV (@)l < 2"~ Ta (@)l = O(n").
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3. Proof of the main result

Applying Abel’s transformation, we have:

v T
G t) = S ) + — {Cnﬂ B () — e oo B ¢ )]
P SNV A (Coh Tk )
_gk_lA(k)Dk (t>+kz-1A< - JiEC0).

By Lemma 3, we get:

IA

SNOTEIES SEINOE T ooy
EHEE) el

())<=

A(Lk_ C’C)E(_’"Jl)(t)l < % {éwl A(Lk_ c’“) }

1 & . C_ — Ck
-0 <?|kz_3k +1logk’A(T)D <.

#(3)

1 = .,
=0 mzﬂ 2
j=1
and

>

k=3

Consequently,

£ =230 A ()0 + 30 A(SEE) i)

1 k=1

Mg

£l
I

exists and thus (i) follows.
Now, for t # 0, we have:

-G =23 Ao 3 a(FAE )

k=n-+1 k=n-+1
2 (r+1) Cn+1 \ 7 (r+1)
_ialk—klA (k)K (1) — 2(n+1)A<n+1)Kn+1 (1)

+i Z A( ) ECH ).

k=n-+1
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Then,

1700 - D0 <2 Y (k4 1)|a2(F)| T IR @l

k=n-+1

+2(n+1)’A(C”++11)‘ I

+ Z [a(=FH)] o

SIOING

Applying Lemma 6 and Lemma 1, we have:
(1) — G ol v 42| a2 (O
1£9@) = GO (el = o<z<k+1> )A(k))>

k=n+1
a(fe)))

A(%) k:r“logk:) .

+0 <(n +1)7*2

ol s

k=n-+1

But
2| = | X ()2 X gl ($)

=n

Hence, ||f)(t) — Gsf)(c, t)|[1 = o(1), n — oo by the hypothesis of the theorem.
Since GY(c,t) is a polynomial, it follows that £ € L!.
The proof of (iii) follows from the estimate

1f0) = ST f ||1—H Fn+ 1)ECY — f(—(n+ 1)) EU)

1
<7 =GP (e =0( ), n— o0

and from Lemma 2.
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