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On the number of solutions of the Diophantine
equation of Frobenius — General case*

Takao Komarsut

Abstract. We determine the number of solutions of the equation
a1x1+asxo+ - -+ amTy, = b in non-negative integers x1, To, ..., Tn. If
m = 2, then the largest b for which no solution exists is ajas — a1 — as,
and an explicit formula for the number of solutions is known. In this
paper we give the method for computing the desired number. The method
18 tllustrated with several examples.
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1. Introduction

Let ai, ag, ..., a, be positive integers with ged(aq,ag, ..., an) = 1. Furthermore,
let N(aq,az,...,am;b) denote the number of solutions of the equation

a1x1 + asxo + ...+ amTy,m = b (1)

in non-negative integers x1, xa, ..., Tm,. It is well known that N(1,...,1;b) =
——

m

(btﬁzl) for any non-negative integer b (see e.g. Theorem 13.1 in [11]). It is also
well-known that equation (1) has a solution in non-negative integers if b is suffi-
ciently large. Then, what is the generating function > 2 N(a1,as, ..., am;b)z?
How can one determine the constant ¢ as a function of a1, asg, ..., a,, such that
N(ai,az,...,am;b) ~ cb™~1 (Problem 15C, [11])? If m = 2, the generating func-
tion can be expressed and N (a1, as;b) can be given in an explicit formula (see e.g.
[14], [16], [18]). But, the problem seems to be fairly difficulty if m > 3.

Several authors determined the greatest integer, say, G(a1,as,...,ay), such
that equation (1) has no such solution in non-negative integers. For m = 2 a
bound G(ai,a2) = (a1 — 1)(az — 1) — 1 was given by Sylvester and this is the best
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possible. For m > 2 the problem has not been solved. Several bounds are given by
many authors (see e.g. [3], [8], [15], [17]) and the good algorithm to calculate it is
known if m = 3 ([6], [13]). There is, however, no good algorithm for its calculation
if m > 4. — The general solution of an equation (1), where each x; can take a
negative integer too, was obtained by Bond [2]. An algorithm by Djawadi and
Hofmeister [7] can calculate some bound under the condition a; = 1. In fact, if
m >3, G(ay,az,...,an,) cannot be given by closed formulas of a certain type ([5])
and the problem to determine G is NP-hard ([12]).

In this paper we are interested in determining the number of solutions in (1),
when ged(ap,a;) =1 (b #1). Sertéz [14] and Tripathi [16] independently obtained
an explicit formula in the case m = 2. Israilov [10] found one in the general m,
but it was too long and complicated. We shall give a general form which is well
computable practically to find the real values of N(aq,...,am;b) even if m > 3.

2. Preliminaries

By the counting theorem one has

N(zx) = ZN(al,aQ, oAbzl =
b=0

By Schur’s theorem one has
bmfl

N(ai,a2,...,6m;b) ~ (b— 00).

(m—Dlajas - am

In particular, there exists an integer N such that every b > N is so representable
in at least one way ([18, pp.93-99]).
Assume that ged(ap, a;) =1 (b #1). Then we can write

1
(1 —zm)(1l—a22)--- (1 —2%m)

N(ac):ZN(al,ag,...,am;b)xb: (2)
b=0

a1 —1 Am—1
m Agy (K A, (k
= “ +“'+67m+217(7k)+“'+2#(7k)’
1—=x (1—.’1)) pat 1—C(o' pat 1—C(anx
where (,, = €™/ (I = 1,2,...,m). We have two decompositions. The first

decomposition into ordinary partial fractions is called the first type; the second one
including the periodic sequences is called the second type or Herschellian type [4,
p.109].

Multiplying both sides of (2) by 1 — (;*z and taking limits as z — (¥, entails
that

1—-C ke
Ao, (k) = i a,
(k) etk (T—ao)(1—a%2) - (1 —aom)
—k
— 1 1
= lim a1

e—¢k —arz (1 —x2) .. (1 — xom) T (1 —¢azhy . (1 —¢amby”
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In a similar manner we can obtain for [ =1,2,...,m
1
e RN TR eI e e
Multiplying both sides of (2) by (1 — )™ and letting © — 1 entails that ¢,, =
1/(a1---am). To calculate ¢; (I =m —1,m —2,...,1), we multiply both sides of

(2) by (1 — x)™, differentiate m — [ times and take limits as * — 1. Namely, we
have

o=t = g (=)

1—am).- (1 —zom)

r=1

_ 8mfl 1
T 9pm—l (1+x+--~+xa1*1)--~(1+x+-~-+x“m*1)

r=1

Then one can obtain ¢,,,—1 = (a1 +- - -+ am —m)/(2a1 - - - a,,). We should be able to

obtain ¢;,—2, ¢m—3, ... in a similar manner, but it seems that it becomes extremely

difficult to calculate them practically. The details are given in the next section.
Notice that for [ =1,2,...,m

Hence,

Il
&
<
_|_
[~z
b
IS
=
2
S

This form has been already known (see e.g. [4], [14], [18]).

3. The calculation of d;

We consider the terms derived from the first type of two decompositions. First of
all, notice that

-1
b+1-1y 1 -1 | 3l-2 o -3 -
( b >_(l—1)! b~ +b E Jj+b E Jij2 + -

j=1 1<51<ja2<l

+b > g1 jiia+ (I —1)

1< << i<l
Denote P = a1as - - am and S; = al +al+---+al, (j=1,2,...). By obtaining

51—m
2P

Cm =

1
- Cm—1 =
Pv 1
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387 =S —6(m—1)(S1 —m) —m(3Bm — 1)
fm=2 = 24P
1
Cm—3 = 48—P (Sf — 5159 — (m — 2)(3S12 — Sg)
+(m —1)(3m — 8)(S1 — m) + 2m(m?* — 3m + 1)) ;

and

one can find that (Cf. [4, p.113])

Cmn, 1
(m—1)1  (m—1)P’

m—1
Cm . Cm—1
dm_ = — _—
2= Gn 1) ;“ m—2)!

dmfl =

B ¢m m(m—1) i Cm—1 S1
~ (m—1)! 2 (m—2)!  2(m—2)!P’
Cm Cm— 2
dn—s = 01 Z Jij2+ 7 ,Z R —T
1<j1<ja<m—1
e (m—=2)(m— 1)m(3m -1)
 (m—1)! 24
C¢m-1 (m—1)(m—2) Cm—2
D) 2 =3
_352- 5,
~ 24(m - 3)!P’
_ Cm ... Cm—l ..
dm—4 = m—1) Z J1J2J3 + (m—2) Z J1j2

' 1<j1<j2<j3<m 1 T 1< <ja<m—2

Cm2 Cm3
|Z~7+

Cm m( —1)( —2)(m—3)

(m—1)! 48
C¢m—-1 (m—=3)(m—2)(m—1)(3m —4)
Tm—2) 24
Cm—2 (m—2)(m—3) Crn—
R T > e
 5i(52— )
~ 48(m —4)!P”

In a similar manner, one can find

P 2854 + 552 — 30525, + 155%
mes 240 - 41(m — 5)IP ’
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dm—6 = 96 - 5!(m — 6)IP ’

dy = —16Ss — 425254 + 126525, — 3553 + 3155253 — 315515, + 6359
" 4032 - 6!(m — 7)!P ’

do g — S1(—16Sg — 425,84 + 42525, — 3553 + 1055252 — 63545, + 959)
" 1152 7!(m — 8)!P ’
After obtaining ¢, ¢m—1, - - -, Cm—i+1, one can find d,,_; as

Cm . .
dp_) = ——— E e
! (m—1)! Jieeedi-t

T1<g1 < <G—1<m—1

Cm—1 . .
+m § Jitc g2t
T 1< < <Gi—2<m—2
m—Il+1
Cm— l+2 Z + Cm—I+1

(m—1+1) -
Finally, dy = ¢y + Cp—1 + -+ - + 1.

But it was very hard to find an explicit form of the general d;. One nice-
looking form can be derived from the main result in [1]. Define Bell polynomials

Yo (y1,y2,---Yn) by

0o .’Ek e T
exp (Z:%’cg) :ZYn(yhy?a"wyn)m
k=1 ’ n=0 ’

where Yy =1 and

nly;
Yn(yl7y27”'7yn) = Z H kz'(l')kl '

k1+2ko+-4nkpn=n =1
k1,k9, . kn >0

We have the following identity.
Proposition 1. Forl=0,1,2,... we have

(-1)!
ml-1=——"—"———Y
dm-1-1 (m—1—nup !

where P = [[/L, a;, Sn = XL, a} and By, is the n-th Bernoulli number (n =
1,2,...).
Proposition 2. Forl=1,2,... we have
2 0

dm—l = ma—sldm—l—l .
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4. The calculation of Y A, (k)¢

ay

We consider the terms derived from the Herschellian type of two decompositions.

We assume that ged(ap,a;) = 1 (b # 1). Put A, = Zl:_ll Aa, (R)CPR (1 =
1,2,...,m) for convenience. Without loss of generality, set a = a;. When a = 1,
this term does not exist. When a = 2, by the assumption all of as, as, ..., a,, are
odd. From (5 = —1 we have

1 —b b

L ¢ (-1)
A2 = AQ(k)C = a 2a a = .
; ? 2(1 -G =) (1=¢™) 2m

Let a; be odd with a1 > 3. Denote s; (I =1,2,...,a—1) by
sp=#{aj|2<j<m, a; =1 (moda)},
satisfying 27:_11 s; = m — 1. By the assumption, a; # 0 (mod a) for any j with

2 < j <m. Put ( = (, for simplicity.
With these notations we can write

a—1 _
C bk

1
Aa = a Z (1= CF)s1(1— C2F)o2 -~ (1 — (@ Dk)sar

k=1

Lemma 1. For any integer k we have

k
1-¢h=2sin-7m-e "=
a

Proof. Put 1 — ¢¥ =re®. Then

2k \? 2k 0\’ _k
r= l—cos—n| +|(sin—n | =2sin—m.
a a a

By
1. 2k k
sin(—#) = —sin —m = cos -7,
T a a
we have
g_ T k__a—-2k
T2 4" 24 ¢

By this lemma together with the facts

lla—k lk
sin Mw = (=1)!sin =7
a a
and
e(a72l(a7k))(sl7sa_l)i7r/(2a) — (_1)l7167(a72lk)(sl7sa_l)i7r/(2a) ,
we obtain

)s (a=Dkys N otk (s sayin/2a)
(1-=¢")"(1—-¢ Yol = | 2sin —7 e 1—Sa—1 )
a
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From ¢ %=k = (% if ¢ is odd, then

1 a—1 Ok Hl(gl)ﬂ e(a=2k)(s1=sq—1)im/(2a)
Ao = a (a—1)/2 lk S1FSa_1
k=1 1=1 (2 sin - )

(u 1)/2
9 (a—1)/2 cos( (a— 222(3, Sa—1)— 4bk7T>
=
k=1

el

2 sin %w)lersa_l

We can interchange a1 and any a;, (2 < h < m) without loss of generality.
Therefore, we obtain the following.

Theorem 1. If a = ap is odd with a > 3 and ged(aj,a) =1 (1 < j < m,
j #h), then

o (a=1)/2 cOS
Aa== >
a 1 (ail)/2 < . l]f )sl"l'sal
H 2 sin ETI’

=1

2a

<4bk+z<“ /2 (1 —a) (51— 50_1) )

This form seems still very complicated, but we can calculate A, very easily when
a is small even if the number m is very big.
Corollary 1. When a = 3, we have

~ Ly G
_ 1) —bk __ 3
A3 = ZAk 4-3 - § Z agk _ ngk) . (1 _ amk)

k=1 k=1 3 3
o 2 b 51 — 82
= 52 (30— T
Proof. When a = 3, we have [ = k = 1, and 2sin(lk/a)m = /3. O

Corollary 2. When a =5, we have

22:0

1 2sm—) Lo (2sn25k

4bk‘+(2k‘ 5)(51 54)—‘1-(4]{: 5)(52 Sg)ﬂ_

C)‘!I[\.’)

)82+83
Remark 1. Notice that

<281n%> <QSin2%) = \/5 _2\/5\/5 +2\/5 =5

for further calculations.
Corollary 3. When a =7, we have

A 2 Z3: cos 4bk}+(2k}77)(81786)+(4k}77)(82785)4’(6’677)(83784)71_
T= = s1+s So+s 83+s :
7 1 (2 sin §7r) 1o (2 sin —7r) 2hes (2 sin 37]“ ) ats
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Remark 2. It is convenient to use relations

-3

Sl — =

7 7 7 72
for further calculations.

Let a be even with a > 4. By the assumption, s; = 0 if [ is even or | = a/2. In
a similar manner we obtain

2 2
23in§-2sin—ﬂ- 25111——\/_ and sin—ﬂ+sjn3_ﬂ-_" T V7

a-1 ¢k

1
Aa = a ; (1 —¢k)s1(1—¢3k)ss ..o (1 — C(afl)k)sa_l

iy ¢k Hfi‘i/‘”_l ea—2(21=1)k)(sa1-1—sa—2141)im/(2a)

E 9 41-1 . _ S21-1+Sqa—21+1
=1 Hl:L(;/ ] (2 sin wﬂ>

2la/4)—1
—2(20—1)k) (21— 1—Sa—2141) —4bk
o 9/27 1cos< = (@ 2@ DR (oaio1 —Sazir) TF) (1)

:_Z 2a

—1+Sa—2141 .om—1"
2|a/4]—-1 . @l=1k )T e a-2
=1 (2 sin *=——=—m

Notice that the last term arises for k = a/2.

Theorem 2. If a = ap is even with a > 4 and ged(aj,a) =1 (1 < j < m,
j #h), then

. abk4+ 322/ M= (921 —1)k—a) (5211 —5a_2141)
2 5— COS < % T
~ Z 2la/a]—1
k=1

_ S21—1FSa—21+1
H <2 sin Mﬂ')
a

=1

(=1°

+a .gm=1"
5. Examples

Suppose that m = 3. Then

a? + a3 + a2 + 3(a1as + azasz +aza1)  a; +ag +as
N b _ 1 2 3
(al,ag,ag, ) 12&1&2&3 + 2a1a2a3
1, 1 —bk

b

+ +— a
2a1a20a3 ay Z (1— “2k)(1 — a3k

al

az—1 —bk az—1 bk

+— “2 —
as Z (1_ agk)(l_ alk a3 Z 1_ alk (1_ agk)
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Let a; = 3, ag =5 and a3 = 7. For a; = 3, by Corollary 1 with s; = so = 1 we
have

2 2
Az = §cos §b7r.

For as = 5, by Corollary 2 with s; = s4, = 0 and s2 = s3 = 1 we have

2 4bk
2 COS oo 2 0 2b 2m 4b
As=2 > —— 10— = ((2sin = )% cos —m + (2sin — ).
5 5k:1(25m2k) 25(( 51n5) cos57r+(sm5)cos57r

For as = 7, by Corollary 8 with s;1 = so = s4 = sg = 0 and s3 = s5 = 1 we have

2b+1

(2sin 771)(2 sin =

26 +1 w+2sin2—ﬂcosww
7 7 7

3
cos
A7 = Z 3k 1)
k
2 <2s ﬂcos
_c in—
\/_

. 37
—2sin — cos

Therefore, we obtain

1 74 2 2
NG5, 7:0) = b2 4 bt 2 2052y
(8:5.T:0) = o5b" + 130+ 35 T g s 307
2 2b 2 4b
25 <(2sm 5)2 cos =7 + (2sin %)2 cos gw>
2b+1 2 2(2b+1
;—w—i—ZsinTWcos%w

(2 sin il cos
7\/—

—2sin — cos

7 7

With the notation due to Cayley (Cf. [9]), (zo,21,...,2k—1)pcrky = x; if b =i
(mod k), this result matches the Comtet’s one [4, pp.114-115],

1 71
N(3,5,7:b —b2 —b 2,—1,—1)per3
(3,5, 7:0) = 50" + 13t 35 T o3 Jpersy

1 1
+2(2,-1,0,0, = D)perfy + 2 (1,0, 2,2, ~2,0, L)parT,.

It is quite easy to find

1 4 - 2 2
N(1,273;b)zﬁb2+ b+7—;+( 8) +§cos§b7r

for a; =1, a2 =2 and a3 = 3 (Cf. [4, p.110]).

If each a; is small, it is not difficult to obtain the exact form of N (a1, ..., am;b),
even though the number m becomes large. For example, let a1 = 2, a3 = 3, ag = 5,
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as =17,a5 =11, ag = 13, a7 = 17 and ag = 19. Then one can get

L 1 . 1 6 419 5
N(2,3,5,7,11,13,17,19;6) = 48886437600b * 181396800b * 698377680b
n 43 4 21901069 4 174869 , 134507 n 810672961
1272960 20951330400 10077600 978120 2176761600
+(_1)b + 2 cos <2b+ l) ™
256 813 37 6

2 4b — 1 2 8b+3
+m <(2sing)3cos 1—07r+ (2sin %)3c0s %w)

+i (QSinIyCOSZlb—_'—? + (2Sin2_7r)2COS 8o+ 17
—(2 sin 3;)2 cos 12?: 77r)
2 o~ . kmo, . Akm,  4bk—11
+ﬁ;(281nﬁ) (2SIHT) COSTW
9 8 . kmy2,. . 3km . 4km ~ bkw (4b + 24)k — 39
+@ (281nﬁ) (281n1—3)(251nﬁ)(2smﬁ) cosTW

2 . T\ 2 . 3k . 4k . 5k ) 6k
+@Z(23mﬁ) (231n1—7)(2sm7)(231n7)(2sm7)

Tk 8kmya (4b+18)k —51
-(251117)(25110 T )" cos 7
2 & . kw2, . 3kmw . dkm. 2 . bkm . 6k
+ﬁ g(? sin E) (2 sin 1—9) (2 sin E) (2 sin E) (2 sin E)
. Tkmy o 8kmy . 9kmyo (4b+2)k—19
-(2sin E)(2sm m )(2sin m )" cos B ra—

B 1 7 1 6 419 5 43 4
- 48886437600b + 181396800b + 698377680b + 1272960b

21901069 4 174869 , 134507 n 810672961
20951330400 10077600 978120 2176761600

+(_1)b+1(1 10)03+1(1 1,1,—1,0)perh
— (1, - T — (1, — — T
256 81 5 , V)P b 25 ) ) , V)P b
1 1
+49(0: =1, =2,4,~4,2, )parTy + (0, -1,2,-1,0,0,0,0,1, -2, 1)perl 1,

1
+13(3,-3,1,-1,1,0,1,0,-1,0,~1,1, ~I)perl3,

1
+12(4,-4,2,-2,0,2,-2,4,-4,3, 1,3, 23,3, 3,1, -3)parl 7,

1
+75(2.2,-2,5,-5,3,-1,2,0,0,0,-2,1,-3,5, 5,2, 2, ~2)perl9;
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We omit the detail calculations above. For example, use the relation

(a=1)/2 ko
I] (2sin —) =Va.

k=1

Let a1 = 137, as = 251 and a3 = 256, which triple is an example much used in
the literature (see e.g. [13]). By Theorems 1 and 2 one gets

1 161 182817

N(137,251,256;b) = b?
( ’ ’ +b) 17606144 + 4401536 + 35212288
68 b—4 125 b—
+lz cos(%k— 1)7r +iz 0052251109k7r
18k 23k bk 114k
137 Pt (2 sin mﬂ) (2 sin mﬂ) 251 P (2 sin mﬂ') (2 sin Wﬂ')
127 b
+LZ cos(52k — 1) N (—1)®
- Bk 110k :
128 £~ (2sin ﬁ”) (2sin Wﬂ) 1024

It seems nearly impossible to continue this calculation by hand only. For exam-
ple, Mathematica or Maple calculations can show immediately

N(137,251,256;4948) = 0, N (137,251,256; 4949) = 2

and so on. In fact, G(137,251,256) = 4948.
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