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An equivalence between the convergences of
Ishikawa, Mann and Picard iterations

STEFAN M. SoLruz*

Abstract. We will show that the convergence of Picard iteration
s equivalent to the convergence of Mann and Ishikawa iterations, when
the operator is a contraction and aymptotic nonexpansive.
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1. Introduction

Let X be a normed space. Let B be a nonempty, convex subset of X. Let
T : B — B be a contraction with constant L € (0,1). Let x1,u1,v1 € B be three
arbitrary points. We consider the following iteration, see [4]:

Tnt1 = (1 —ap)zn + anTa,, n=1,2,.... (1)

The sequence (o), from (0,1) is convergent such that lim, ..o, = 0, and
oo ay = oo. Iteration (1) is known as Mann iteration. Also, we consider the
Picard iteration

Upy1 = TUp, n=1,2,..... (2)

The following iteration is known as Ishikawa iteration:

Un+1 = (1 - O‘n)vn + apTwy, (3)
wp = (1= Bn)vn + BT, n=1,2,....

The sequences () n, (Bn)n from (0,1), verify lim, o o, = 0,lim, o 3, = 0 and
>0 | ay, = c0. Ishikawa iteration is introduced in [2]. For 3, = 0,Vn € N, Ishikawa
iteration becomes Mann iteration.

The aim of this note is to prove an equivalence between the convergence of the
above three iterations, when 7T is a contraction. When 7T is not a contraction, these
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iterations may have different behaviors. For instance, there exists an example, see
[5], in which Mann iteration is not convergent, while Ishikawa iteration converges.
Let us consider the Mann type iteration:

Tnst = (1= @) + 0T, (1)

The sequence (o, ), C (0, 1), is convergent, lim,, o, o, = 0 and fo:l a, = 0o. We
consider the Ishikawa type iteration:

Unt1 = (1 — an)vy + @ T™wy, (5)
Wn = (1 - ﬁn)vn + BTy, n=1,2,....

The sequences (ap)n, (Bn)n C (0,1), are convergent such that lim, . o, = 0,
lim, o B, =0, and Y7 | o, = 0.

The map T is said to be asymptotically nonexpansive if there exists a nonnegative
sequence (ky, )., we take here k,, € (0,1),Vn € N, with

lim k, =1,
such that
|T"z = T"y|| < knllz—yl, VYz,y€B, VneN. (6)

We prove also the equivalence between the convergence of iterations (4) and (5) for
this kind of asymptotic nonexpansive operators.

The following lemma can be found in [9] as Lemma 4. Also, it can be found in
[10] as Lemma 1.2, with another proof. A more general case is in Lemma 2 from
[3]. In [1] it can be found as Lemma 2.

Lemma 1 [[1], [9], [10]]. Let (pn)n be a nonnegative real sequence satisfying

Pn+1 S (1 - )\n)pn + On, (7)

where (A\y)n C (0,1), Y07 Ay = 00, 0y, > 0,Yn > 1, and 0, = o(\,). Then
lim,, o pr = 0.

The following lemma is from [8].

Lemma 2 [[8]]. Let (Bn)n be a nonnegative sequence such that 8, € (0,1],
VneN. If Y0° B, =00, then [[,—,(1—73,)=0.

2. The case when the map is a contraction

We are able now to give the following result:

Theorem 1. Let X be a normed space, and B a nonempty convex subset of X .
Let T : B — B be a contraction with constant L € (0,1). Suppose that there exists
x* € B such that Tx* = x*, and let uy = x1 € B. If the Picard iteration (uy,), given
by (2) strongly converges to x* and ||unt1 — un|| = o(an); then the Mann sequence
(Tn)n given by (1) strongly converges to x*. Conversely, if the Mann sequence (zy,)n
given by (1) strongly converges to x*, then the Picard iteration (uy)n, given by (2)
strongly converges to x*.
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Proof. From (1) and (2), we have u,y1 = Tupn, Tny1 = (1 — ap)Tpn + anTay,;
thus, we get

Tl — Unt1 = (1 — apn)(@n — Tun) + an(Ta, — Tuy).
Hence, we obtain

|z — Tun|| + an |Tzn — Tug||

Zn+1 — w1l < ( )
< (1 —=an) [on —unll + (1 = an) [[un — Tun || + an L |20 — unl|
<( (

(

L= L)) [[zn = unll + (1 = an) [un — Tu ||
L= L) lzn — unll + (1 — an) [[tns1 — un -

We denote by pr, := |5, — unll, An = an(l—L) € (0,1), 0, := (1—a) ||tnt1 — unll,
for all n € N, and we get (7). The assumptions of Lemma I are fulfilled, and con-
sequently we have

nlL»Holo |xn — unll = 0.

But lim, .o u, = z*, for an € > 0 there exists ny sufficiently large such that for
Vn > ng, we have
€

£
2’ '

|2n — unll < 5

[un — 2™ <
Thus lim,, .~ x, = z*, because

e €
len — || < ||z — unl] + [Jun — || < 3 + 3=6 Yn > ng.

Conversely, we suppose that Mann iteration converges to x*, and we prove that
Picard iteration converges to x*. The following implication is true

lim z, =2 = lim |ju, —z,| = 0. (8)

n—oo

We prove the implication (8). We can see that

[unt1 = znga |l = [(1T = an)(@n — Tun) + an(Tzn — Tuy)||
< (1= ap) ||zn — Tun|l + an |[TTn — Tus||
< apLlzn —unl + (1 = an) [lzn — 2" + [l2% = Tuy ]
< apLllzn —un| + (1= an) lzn — 2%+ (1 —an)L™ [|z* —u].

We denote by
an = on—tall, Boi= (1= an) [l —a*[| + L" lo* —wi], ¥neN.
Thus, we have (a,), a nonnegative sequence which verifies
an+1 < apLay, + By, Yn eN.

We note that L € (0,1) = lim,, . L™ = 0; also, we have lim,_, ||z, — 2*|] = 0,
and consequently lim,_,, 8, = 0. It is easy to see that

lim a, =0, ie. lim |z, —u,| =0.
n—oo n—oo
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We consider now the proof of the converse. For an € > 0, there exists ng € N
such that for all n > ng, we have

g g
un — znll < 9 lzn — 2" < 3

Finally, we get

g . . *
— =g, ie. lim u, =2a".
2 n—oo

ltn = Il < llew = &*) + lun - 2all < 5 +
O

The convergence of (uy,)n is not a consequence of the Picard-Banach theorem.
There the set B is closed. Here B is just a nonempty and convex set.

When T is a contraction, the Mann iteration is convergent if and only if the
Ishikawa iteration is convergent. This is Theorem 3 from [7].

Theorem 2 [[7]]. Let X be a normed space, and B a nonempty convex subset
of X. Let T : B — B be a contraction with constant L € (0,1). Suppose that there
exists ©* € B such that Txz* = x*. Let x1 = vi € B. The following two assertions
are equivalent:

(i) The Mann iteration (xy)n given by (1) strongly converges to x*,
(i) The Ishikawa iteration (vy)y given by (3) strongly converges to x*.

Theorem 1 and Theorem 2 lead us to the following result:

Corollary 1. Let X be a normed space, and B a nonempty convexr subset of X .
Let T : B — B be a contraction with constant L € (0,1). Suppose that there exists
x* € B such that Ta* = x*. Let p1 = x1 = v1 € B. If the Picard iteration (up)n
given by (2) strongly converges to z*, and ||upt1 — un|| = o(aw), then the Mann
sequence (xn)n given by (1) strongly converges to x* and the Ishikawa iteration
(vn)n given by (3) also strongly converges to x*. Conversely, if the Mann sequence
(Tn)n given by (1) strongly converges to x*or the Ishikawa iteration (v, ), given by
(3) strongly converges to x*, then the Picard iteration (u,), given by (2) strongly
converges to x*.

There exists a case in which the assumption ||tu,4+1 — un|| = o(ay,) is fulfilled as
we can see from the following remark:

Remark 1. When a, =1/n,¥n > 1, then we have ||upt1 — un| = o(1/n).

Proof. We know |[uns1 — un| < L™ 1 |juz — uy| . Because lim,, .o, L""'n =
0, we conclude that |[up+1 — unl| = o(1/n). O

3. The asymptotic nonexpansive case

For iteration (4), we are able now to give the following result:

Theorem 3. Let X be a normed space, and B a nonempty conver subset of
X. Let T : B — B be an asymptotic nonexpansive operator with k, € (0,1).
Suppose that there exists x* € B such that Tx* = z*, and let w1 = x1 € B. If the
Picard iteration (uy,)y, strongly converges to x*, and ||un1+1 — un|| = o(an (1 — ky)),
where (o), is the sequence from (2); then the Mann type sequence (2r)n from (4),
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strongly converges to x*. Conversely, if the Mann type sequence (xy,)n from (4)
strongly converges to x*, then the Picard iteration (uy,), strongly converges to x*.

Proof. Suppose that Picard iteration converges, we will prove that Mann iter-
ation converges. From (2) and (4), we have w11 = Tun, Tny1 = (1 — an)xy +
an,T™x,; thus, we get

Tnt1 — Unt1 = (1 — an) (@ — Tup) + an(T"x, — Tuy).

That is

|41 — tnpa|
< (1 —ap) |xn — Tun|| + an [|[T"xn — Tuy||
=(1—an)||lzn — Tun|| + an | T 20 — T unl|| + an [T — Tuy|
< (1= an) [[#n — unll + (1 = an) [[un = Tun|l + ankn |20 — un|
Fap (| Ty — Tug||
< (1= an(l = k) len — unll + (1 = an) [[un — Tupll + o [T un — Tua ||

= (1 —an(l =kn)) lzn = unll + (1 = an) [[tni1 — unll + o [luzn — wniall-
Denoting again by
pn =T —unll, An = an(l1—ky) € (0,1), 0p = (1—ay) [|unt1 —un|, VneN,
we get (4). The assumptions of Lemma I are fulfilled, we have
nango |xn — unll = 0.
Knowing lim,,_, o0 u, = x*, we get lim,, .~ x, = x*, because
|z — 2| < |2 — unll + [lun — 2%, Vn > no.

Conversely, we suppose that Mann iteration converges to =*, and we prove that
Picard iteration converges to *. One can see that

unt1 = Tt = [[(1 = an)(@n — Tupn) + an(T"zn — Tuy)||
< (1 —ap) |en — Tun|| + an |[T"@n — Ty || + an [|T" wn — Tuy||
(1 — ap) ||zn — Tun|| + ankn |20 — wnl| + an | T U — Ty
ankn |20 — unll + (1 — ay) [Hxn =z + |lz* — TUnH]
+an | T un, — Ty
ankn |20 — unll + (1 — ) [|n — 27| + [l2* — Tunl|]
+a [| Ty — Tug|
< anky |70 — un |l + (1 — an) [|[2n — 2% + (1 — an) L™ [[2* — uq|
+a | T  un — T"uq ||
< apkn [|Tn — unl + (1 = an) |2, — 2" + (1 — an) L™ [|2° — w1
+apkn ||un — u1l|
< anky |70 — un |l + (1T — an) [|[2n — 27| + (1 — an) L™ [[2% — uq|

+ankn ([Tunll + [lual])

IAINA

IA
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< ankn [[zn — upll + (1 — o) |z — 27| + (1 — o )L™ [Jz* — wi|
Fanky ([Tl + [ludl])

< ankn [|zn — unll + (1 = an) [|on — 2% + (1 = an) L [l27" — w |
+ankn (kn [Jua]| + [ua]) -

Denoting by

Q= ||Tn — un,

Brn =1 —ap)||lzn — 2|+ (1 —an) L™ ||2* — ur]] + ankn (1 + ky) |lus]|,Vn € N,
we get a nonnegative sequence (ay, ), which verifies
n+1 < apLay, + By, Yn eN.

We have L € (0,1) = lim, o L™ = 0; also, we have lim,,_. ||z, — 2*|| = 0, and
consequently lim, .., 8, = 0. It is easy to see that

lim a, =0, i.e. lim |z, —uy,| =0.
n—oo n—oo

We consider now the proof of the converse. For an € > 0, there exists ng € NV
such that for all n > ng, we have

€ N €
lin = all < 5 llm =27 < 5.
Finally, we get

e € . .
lun, — 2| < ||lzn — || + |lun — 20| < 5t =6 le lim w, = z*.
n—oo

O

Theorem 4. Let X be a normed space, and B a nonempty convexr bounded

subset of X. Let T : B — B be an asymptotic nonexpansive map with k, €

(0,1),Vn € N. Suppose that there exists x* € B such that Tx* = x*. Let v1 = v; €
B. The following two assertions are equivalent:

(i) The Mann iteration (z,,)n given by (4) strongly converges to x*,
(i) The Ishikawa iteration (vy)n given by (5) strongly converges to x*.

Proof. The implication (i) = (¢) is obvious taking 8, = 0,Vn € N in (5). We
prove the other implication. The following observation will be crucial:

Zn+1 — Vol

= ”(1 - O‘n)(xn - Un) + O‘n(Tnxn - ann)”

< (= ap) |zn = vnl| + an [|[T" 20 — T™wy||

( V20 = vnll + an k(|20 — wal|

( ) Hxn — V| + an kn [[(1 = Bn)(@n — vn) + Bn(T" T — vn)||

(1 —an) |[zn — vall + an kn (1= Bn) |20 — vl + an B kn | T" 20 — val|

( ) Hxn - Un” +an ky (1 - ﬁn) ”xn - UnH +an B kn (”Tnxn” + anH)
[ (L —kn (1= Bu))|2n — unll + on B kn M.
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Taking pn, := ||Tn — vnll, An = an (1 =k, (1= Bn)) € (0,1), 0y := an Bn kn M,
Vn € N, we get relation (7) from Lemma 1. Also all assumptions are fulfilled. Thus
we get lim, o, p, = 0. We get the conclusion if we regard the following

0 < flon —a®|| < llan — 2" + [|2n — val| — 0, (n — 00).0

Theorem 3 and Theorem 4 lead us to the following result:

Corollary 2. Let X be a normed space, and B a nonempty convex bounded
subset of X. Let T : B — B be an asymptotic nonexpansive map with k, € (0,1).
Suppose that there exists x* € B such that Tx* = x*. Let p1 = x1 = v € B. If the
Picard iteration (up), given by (2) strongly converges to x*, and ||up+1 — un| =
o(ay,), then the Mann sequence (xy)n given by (4) strongly converges to x* and
the Ishikawa iteration (vy)n given by (5) also strongly converges to x*. Conversely,
if the Mann sequence (xy)n given by (4) strongly converges to =* or the Ishikawa
iteration (vy)n given by (5) strongly converges to x*, then the Picard iteration (un)n
strongly converges to x*.

All our results hold for a set-valued map provided that this map admits appro-
priate selections.
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