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An equivalence between the convergences of

Ishikawa, Mann and Picard iterations

ŞtefanM. Şoltuz∗

Abstract. We will show that the convergence of Picard iteration
is equivalent to the convergence of Mann and Ishikawa iterations, when
the operator is a contraction and aymptotic nonexpansive.
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1. Introduction

Let X be a normed space. Let B be a nonempty, convex subset of X . Let
T : B → B be a contraction with constant L ∈ (0, 1). Let x1, u1, v1 ∈ B be three
arbitrary points. We consider the following iteration, see [4]:

xn+1 = (1− αn)xn + αnTxn, n = 1, 2, ... . (1)

The sequence (αn)n from (0, 1) is convergent such that limn→∞ αn = 0, and∑∞
n=1 αn = ∞. Iteration (1) is known as Mann iteration. Also, we consider the

Picard iteration
un+1 = Tun, n = 1, 2, ... . (2)

The following iteration is known as Ishikawa iteration:

vn+1 = (1− αn)vn + αnTwn, (3)
wn = (1− βn)vn + βnTvn, n = 1, 2, ... .

The sequences (αn)n, (βn)n from (0, 1), verify limn→∞ αn = 0, limn→∞ βn = 0 and∑∞
n=1 αn = ∞. Ishikawa iteration is introduced in [2]. For βn = 0, ∀n ∈ N, Ishikawa

iteration becomes Mann iteration.
The aim of this note is to prove an equivalence between the convergence of the

above three iterations, when T is a contraction. When T is not a contraction, these
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iterations may have different behaviors. For instance, there exists an example, see
[5], in which Mann iteration is not convergent, while Ishikawa iteration converges.

Let us consider the Mann type iteration:

xn+1 = (1− αn)xn + αnT nxn. (4)

The sequence (αn)n ⊂ (0, 1), is convergent, limn→∞ αn = 0 and
∑∞

n=1 αn = ∞. We
consider the Ishikawa type iteration:

vn+1 = (1− αn)vn + αnT nwn, (5)
wn = (1− βn)vn + βnT nvn, n = 1, 2, ... .

The sequences (αn)n, (βn)n ⊂ (0, 1), are convergent such that limn→∞ αn = 0,
limn→∞ βn = 0, and

∑∞
n=1 αn = ∞.

The map T is said to be asymptotically nonexpansive if there exists a nonnegative
sequence (kn)n, we take here kn ∈ (0, 1), ∀n ∈ N, with

lim
n→∞ kn = 1,

such that
‖T nx − T ny‖ ≤ kn ‖x − y‖ , ∀x, y ∈ B, ∀n ∈ N. (6)

We prove also the equivalence between the convergence of iterations (4) and (5) for
this kind of asymptotic nonexpansive operators.

The following lemma can be found in [9] as Lemma 4. Also, it can be found in
[10] as Lemma 1.2, with another proof. A more general case is in Lemma 2 from
[3]. In [1] it can be found as Lemma 2.

Lemma 1 [[1], [9], [10]]. Let (ρn)n be a nonnegative real sequence satisfying

ρn+1 ≤ (1− λn)ρn + σn, (7)

where (λn)n ⊂ (0, 1),
∑∞

n=1 λn = ∞, σn > 0, ∀n ≥ 1, and σn = o(λn). Then
limn→∞ ρn = 0.

The following lemma is from [8].
Lemma 2 [[8]]. Let (βn)n be a nonnegative sequence such that βn ∈ (0, 1],

∀n ∈ N. If
∑∞

n=1 βn = ∞, then
∏∞

n=1(1 − βn) = 0.

2. The case when the map is a contraction

We are able now to give the following result:
Theorem 1. Let X be a normed space, and B a nonempty convex subset of X.

Let T : B → B be a contraction with constant L ∈ (0, 1). Suppose that there exists
x∗ ∈ B such that Tx∗ = x∗, and let u1 = x1 ∈ B. If the Picard iteration (un)n given
by (2) strongly converges to x∗ and ‖un+1 − un‖ = o(αn); then the Mann sequence
(xn)n given by (1) strongly converges to x∗. Conversely, if the Mann sequence (xn)n
given by (1) strongly converges to x∗, then the Picard iteration (un)n given by (2)
strongly converges to x∗.
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Proof. From (1) and (2), we have un+1 = Tun, xn+1 = (1 − αn)xn + αnTxn;
thus, we get

xn+1 − un+1 = (1 − αn)(xn − Tun) + αn(Txn − Tun).

Hence, we obtain

‖xn+1 − un+1‖ ≤ (1− αn) ‖xn − Tun‖+ αn ‖Txn − Tun‖
≤ (1− αn) ‖xn − un‖+ (1− αn) ‖un − Tun‖+ αnL ‖xn − un‖
≤ (1− αn(1− L)) ‖xn − un‖+ (1− αn) ‖un − Tun‖
= (1− αn(1− L)) ‖xn − un‖+ (1− αn) ‖un+1 − un‖ .

We denote by ρn := ‖xn − un‖ , λn := αn(1−L) ∈ (0, 1), σn := (1−αn) ‖un+1 − un‖ ,
for all n ∈ N, and we get (7). The assumptions of Lemma1 are fulfilled, and con-
sequently we have

lim
n→∞ ‖xn − un‖ = 0.

But limn→∞ un = x∗, for an ε > 0 there exists n0 sufficiently large such that for
∀n ≥ n0, we have

‖xn − un‖ <
ε

2
, ‖un − x∗‖ <

ε

2
.

Thus limn→∞ xn = x∗, because

‖xn − x∗‖ ≤ ‖xn − un‖+ ‖un − x∗‖ <
ε

2
+

ε

2
= ε, ∀n ≥ n0.

Conversely, we suppose that Mann iteration converges to x∗, and we prove that
Picard iteration converges to x∗. The following implication is true

lim
n→∞ xn = x∗ ⇒ lim

n→∞ ‖un − xn‖ = 0. (8)

We prove the implication (8). We can see that

‖un+1 − xn+1‖ = ‖(1 − αn)(xn − Tun) + αn(Txn − Tun)‖
≤ (1− αn) ‖xn − Tun‖+ αn ‖Txn − Tun‖
≤ αnL ‖xn − un‖+ (1− αn) [‖xn − x∗‖+ ‖x∗ − Tun‖]
≤ αnL ‖xn − un‖+ (1− αn) ‖xn − x∗‖+ (1− αn)Ln ‖x∗ − u1‖ .

We denote by

an := ‖xn − un‖ , βn := (1− αn) [‖xn − x∗‖+ Ln ‖x∗ − u1‖] , ∀n ∈ N.

Thus, we have (an)n a nonnegative sequence which verifies

an+1 ≤ αnLan + βn, ∀n ∈ N.

We note that L ∈ (0, 1) ⇒ limn→∞ Ln = 0; also, we have limn→∞ ‖xn − x∗‖ = 0,
and consequently limn→∞ βn = 0. It is easy to see that

lim
n→∞ an = 0, i.e. lim

n→∞ ‖xn − un‖ = 0.
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We consider now the proof of the converse. For an ε > 0, there exists n0 ∈ N

such that for all n ≥ n0, we have

‖un − xn‖ <
ε

2
, ‖xn − x∗‖ <

ε

2
.

Finally, we get

‖un − x∗‖ ≤ ‖xn − x∗‖+ ‖un − xn‖ <
ε

2
+

ε

2
= ε, i.e. lim

n→∞un = x∗.

✷

The convergence of (un)n is not a consequence of the Picard-Banach theorem.
There the set B is closed. Here B is just a nonempty and convex set.

When T is a contraction, the Mann iteration is convergent if and only if the
Ishikawa iteration is convergent. This is Theorem3 from [7].

Theorem 2 [[7]]. Let X be a normed space, and B a nonempty convex subset
of X. Let T : B → B be a contraction with constant L ∈ (0, 1). Suppose that there
exists x∗ ∈ B such that Tx∗ = x∗. Let x1 = v1 ∈ B. The following two assertions
are equivalent:

(i) The Mann iteration (xn)n given by (1) strongly converges to x∗,

(ii) The Ishikawa iteration (vn)n given by (3) strongly converges to x∗.

Theorem 1 and Theorem 2 lead us to the following result:
Corollary 1. Let X be a normed space, and B a nonempty convex subset of X.

Let T : B → B be a contraction with constant L ∈ (0, 1). Suppose that there exists
x∗ ∈ B such that Tx∗ = x∗. Let p1 = x1 = v1 ∈ B. If the Picard iteration (un)n
given by (2) strongly converges to x∗, and ‖un+1 − un‖ = o(αn), then the Mann
sequence (xn)n given by (1) strongly converges to x∗ and the Ishikawa iteration
(vn)n given by (3) also strongly converges to x∗. Conversely, if the Mann sequence
(xn)n given by (1) strongly converges to x∗or the Ishikawa iteration (vn)n given by
(3) strongly converges to x∗, then the Picard iteration (un)n given by (2) strongly
converges to x∗.

There exists a case in which the assumption ‖un+1 − un‖ = o(αn) is fulfilled as
we can see from the following remark:

Remark 1. When αn = 1/n, ∀n ≥ 1, then we have ‖un+1 − un‖ = o(1/n).
Proof. We know ‖un+1 − un‖ ≤ Ln−1 ‖u2 − u1‖ . Because limn→∞ Ln−1n =

0, we conclude that ‖un+1 − un‖ = o(1/n). ✷

3. The asymptotic nonexpansive case

For iteration (4), we are able now to give the following result:
Theorem 3. Let X be a normed space, and B a nonempty convex subset of

X. Let T : B → B be an asymptotic nonexpansive operator with kn ∈ (0, 1).
Suppose that there exists x∗ ∈ B such that Tx∗ = x∗, and let u1 = x1 ∈ B. If the
Picard iteration (un)n strongly converges to x∗, and ‖un+1 − un‖ = o(αn (1− kn)),
where (αn)n is the sequence from (2); then the Mann type sequence (xn)n from (4),
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strongly converges to x∗. Conversely, if the Mann type sequence (xn)n from (4)
strongly converges to x∗, then the Picard iteration (un)n strongly converges to x∗.

Proof. Suppose that Picard iteration converges, we will prove that Mann iter-
ation converges. From (2) and (4), we have un+1 = Tun, xn+1 = (1 − αn)xn +
αnT nxn; thus, we get

xn+1 − un+1 = (1− αn)(xn − Tun) + αn(T nxn − Tun).

That is

‖xn+1 − un+1‖
≤ (1− αn) ‖xn − Tun‖+ αn ‖T nxn − Tun‖
= (1− αn) ‖xn − Tun‖+ αn ‖T nxn − T nun‖+ αn ‖T nun − Tun‖
≤ (1− αn) ‖xn − un‖+ (1− αn) ‖un − Tun‖+ αnkn ‖xn − un‖
+αn ‖T nun − Tun‖

≤ (1− αn(1 − kn)) ‖xn − un‖+ (1− αn) ‖un − Tun‖+ αn ‖T nun − Tun‖
= (1− αn(1 − kn)) ‖xn − un‖+ (1− αn) ‖un+1 − un‖+ αn ‖u2n − un+1‖ .

Denoting again by

ρn := ‖xn − un‖ , λn := αn(1−kn) ∈ (0, 1), σn := (1−αn) ‖un+1 − un‖ , ∀n ∈ N,

we get (4). The assumptions of Lemma 1 are fulfilled, we have

lim
n→∞ ‖xn − un‖ = 0.

Knowing limn→∞ un = x∗, we get limn→∞ xn = x∗, because

‖xn − x∗‖ ≤ ‖xn − un‖+ ‖un − x∗‖ , ∀n ≥ n0.

Conversely, we suppose that Mann iteration converges to x∗, and we prove that
Picard iteration converges to x∗. One can see that

‖un+1 − xn+1‖ = ‖(1− αn)(xn − Tun) + αn(T nxn − Tun)‖
≤ (1− αn) ‖xn − Tun‖+ αn ‖T nxn − T nun‖+ αn ‖T nun − Tun‖
≤ (1− αn) ‖xn − Tun‖+ αnkn ‖xn − un‖+ αn ‖T nun − Tun‖
≤ αnkn ‖xn − un‖+ (1− αn) [‖xn − x∗‖+ ‖x∗ − Tun‖]

+αn ‖T nun − Tun‖
≤ αnkn ‖xn − un‖+ (1− αn) [‖xn − x∗‖+ ‖x∗ − Tun‖]

+αn ‖T nun − Tun‖
≤ αnkn ‖xn − un‖+ (1− αn) ‖xn − x∗‖+ (1− αn)Ln ‖x∗ − u1‖

+αn ‖T nun − T nu1‖
≤ αnkn ‖xn − un‖+ (1− αn) ‖xn − x∗‖+ (1− αn)Ln ‖x∗ − u1‖

+αnkn ‖un − u1‖
≤ αnkn ‖xn − un‖+ (1− αn) ‖xn − x∗‖+ (1− αn)Ln ‖x∗ − u1‖

+αnkn (‖Tun‖+ ‖u1‖)
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≤ αnkn ‖xn − un‖+ (1 − αn) ‖xn − x∗‖+ (1− αn)Ln ‖x∗ − u1‖
+αnkn (‖T nu1‖+ ‖u1‖)

≤ αnkn ‖xn − un‖+ (1 − αn) ‖xn − x∗‖+ (1− αn)Ln ‖x∗ − u1‖
+αnkn (kn ‖u1‖+ ‖u1‖) .

Denoting by

an := ‖xn − un‖ ,

βn := (1− αn) ‖xn − x∗‖+ (1 − αn)Ln ‖x∗ − u1‖+ αnkn (1 + kn) ‖u1‖ , ∀n ∈ N,

we get a nonnegative sequence (an)n which verifies

an+1 ≤ αnLan + βn, ∀n ∈ N.

We have L ∈ (0, 1) ⇒ limn→∞ Ln = 0; also, we have limn→∞ ‖xn − x∗‖ = 0, and
consequently limn→∞ βn = 0. It is easy to see that

lim
n→∞ an = 0, i.e. lim

n→∞ ‖xn − un‖ = 0.

We consider now the proof of the converse. For an ε > 0, there exists n0 ∈ N
such that for all n ≥ n0, we have

‖un − xn‖ <
ε

2
, ‖xn − x∗‖ <

ε

2
.

Finally, we get

‖un − x∗‖ ≤ ‖xn − x∗‖+ ‖un − xn‖ <
ε

2
+

ε

2
= ε, i.e. lim

n→∞un = x∗.

✷

Theorem 4. Let X be a normed space, and B a nonempty convex bounded
subset of X. Let T : B → B be an asymptotic nonexpansive map with kn ∈
(0, 1), ∀n ∈ N. Suppose that there exists x∗ ∈ B such that Tx∗ = x∗. Let x1 = v1 ∈
B. The following two assertions are equivalent:

(i) The Mann iteration (xn)n given by (4) strongly converges to x∗,

(ii) The Ishikawa iteration (vn)n given by (5) strongly converges to x∗.

Proof. The implication (ii) ⇒ (i) is obvious taking βn = 0, ∀n ∈ N in (5). We
prove the other implication. The following observation will be crucial:

‖xn+1 − vn+1‖
= ‖(1− αn)(xn − vn) + αn(T nxn − T nwn)‖
≤ (1− αn) ‖xn − vn‖+ αn ‖T nxn − T nwn‖
≤ (1− αn) ‖xn − vn‖+ αn kn ‖xn − wn‖
= (1− αn) ‖xn − vn‖+ αn kn ‖(1− βn)(xn − vn) + βn(T nxn − vn)‖
≤ (1− αn) ‖xn − vn‖+ αn kn (1− βn) ‖xn − vn‖+ αn βn kn ‖T nxn − vn‖
≤ (1− αn) ‖xn − vn‖+ αn kn (1− βn) ‖xn − vn‖+ αn βn kn (‖T nxn‖+ ‖vn‖)
≤ [1− αn (1− kn (1− βn))] ‖xn − un‖+ αn βn kn M.
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Taking ρn := ‖xn − vn‖ , λn := αn (1− kn (1− βn)) ∈ (0, 1), σn := αn βn kn M,
∀n ∈ N, we get relation (7) from Lemma1. Also all assumptions are fulfilled. Thus
we get limn→∞ ρn = 0. We get the conclusion if we regard the following

0 ≤ ‖vn − x∗‖ ≤ ‖xn − x∗‖+ ‖xn − vn‖ → 0, (n → ∞).�

Theorem 3 and Theorem 4 lead us to the following result:
Corollary 2. Let X be a normed space, and B a nonempty convex bounded

subset of X. Let T : B → B be an asymptotic nonexpansive map with kn ∈ (0, 1).
Suppose that there exists x∗ ∈ B such that Tx∗ = x∗. Let p1 = x1 = v1 ∈ B. If the
Picard iteration (un)n given by (2) strongly converges to x∗, and ‖un+1 − un‖ =
o(αn), then the Mann sequence (xn)n given by (4) strongly converges to x∗ and
the Ishikawa iteration (vn)n given by (5) also strongly converges to x∗. Conversely,
if the Mann sequence (xn)n given by (4) strongly converges to x∗ or the Ishikawa
iteration (vn)n given by (5) strongly converges to x∗, then the Picard iteration (un)n
strongly converges to x∗.

All our results hold for a set-valued map provided that this map admits appro-
priate selections.
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