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Ishikawa iterative process for strongly
pseudocontractive operators in arbitrary Banach
spaces

LyuBoMIR CIRIG* AND JEONG S. UME!

Abstract. In this note we give a correction to the main result of
Zhou in [14] on the convergence of the Ishikawa iteration process to a
unique fized point of a strongly pseudocontractive operator in arbitrary
real Banach spaces. Our results extend the recent result of Soltuz [11]
to arbitrary strongly pseudocontractive operators.
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1. Introduction and preliminaries

Let X be a real Banach space and D a nonempty, convex subset of X. Let X* be
the duality space of X and (. , .) be the pairing between X and X*. The mapping
J: X — 2% defined by

J@)={fe X" (a. f) = ll=|% If] = ll=]}, zeX

is said to be a normalized duality mapping. The Hahn-Banach theorem assures
that J(x) # O for each € X. It is easy to see (c.f. [11]) that

(z,5() < ll=llyll (1)

for all x,y € X and each j(y) € J(y).
An operator T': D C X — X is called strongly pseudocontractive if for all
x,y € D there exist j(x —y) € J(z —y) and a constant k € (0,1) such that

(Tx — Ty, j(x —y)) < kllz —yl* (2)
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One of the effective methods for approximating fixed points of an operator T :
D(T) c X — X is the Ishikawa iteration process [5], starting with arbitrary z¢ €
D(T') and for n > 0 defined by

Tn+1 = (1 - an)xn + anTyna
Yn = (1 - 671)51;71 + BT Yn,

where ay,, 3, € [0,1] satisfy suitable conditions (see e.g. [1]-[4], [6]-]9], [11]-[14]). If
Bn = 0 for each n > 0, then Ishikawa iterations reduce to the Krasnoselski-Mann
iterations [6]. In the literature which considers the convergence of the Ishikawa
iteration sequence associated with accretive or pseudocontractive operators, one of
hypotheses for parameters «,, is, in general, that a,, — 0 as n — oo. Recently
Zhou [14] considered the Ishikawa iteration process with parameters a,, > a > 0.
Osilike in [8] have proved that two assumptions of the main theorem in [14] are
contradictory. Recently Soltuz [11] presented a correction for the result of Zhou
[14] for a subclass of strongly pseudocontractive operators, namely for operators T
which satisfy (2) with k < 3.

The purpose of this note is to extend the result of Soltuz [11] to all strongly
pseudocontractive operators which satisfy (2) with & < 1 and the parameters a,
in the Ishikawa iteration process satisfy the condition 0 < a < o, < b < 2(1 — k),
where a,b € (0, 1] are some constants.

For our result we need the following two lemmas:

Lemma 1 [[7], [12], [13]]. Let X be a real Banach space and let J : X — 2%

be a normalized duality mapping. Then

2+ ylI” < llz)* + 2(y, j(z + y)) (3)

for all xz,y € X and each j(z +vy) € J(z + y).
Lemma 2 [[9], [10]]. Let {pn} be a sequence of non-negative real numbers
which satisfy
pnt1 < (1 = w)pn + on, (4)
where w € (0,1) is a fized number and o, > 0 is such that o, — 0 asn — oco. Then
pn — 0 as n — oo.

2. Main results

Now we prove the following theorems on approximation.

Theorem 1. Let X be a real Banach space, D a non-empty, convex subset
of X and T : D — D a continuous and strongly pseudocontractive mapping with a
pseudocontractive parameter k € (0,1). Let xg € D be arbitrary and let the Ishikawa
iteration sequence {x,} be defined by

Tnt1 = (1 — ap)zy + anTyn,

b)
yn:(l_ﬁn)xn+ﬂnTxn7 n=0,1,2,..., ()

where oy, By, € [0,1] and constants a,b € (0,1] are such that

0<a<a, <b<2(1-k). (6)
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If sequences {Txn} and {Ty,} are bounded and
[Txni1 = Tynll =0 as n— oo, (7)

then the sequence {x,} converges strongly to a unique fized point of T in D.
Proof. The existence of a fixed point follows from the result of Deimling [3],
and the uniqueness from the strongly pseudocontractivity of T. Let x* be such that
Tx* =x*.
Put
M =1+ ||xzo — z*| + sup{||Tzn — 2| : 2, € D}
+sup {[|Tyn — ™| : y € D}.

Since {Tx,} and {Ty,} are bounded, we have that M < +o0.
We show that the sequence {z,} is bounded. We shall use the mathematical in-
duction to prove that

(8)

|xn — 2| <M forall n>0. 9)

For n = 0, (9) follows from the definition of M. Suppose now that (9) holds for
some n > 0. From (5), (8) and (9) we get

[Zn+1 — 2| = [|(1 — an)(@n — 27) + an(Tyn — 27)||
< (1 —ap)||zn — 2| + anM.

Now, by the induction hypothesis we obtain ||z,+1 —2*|| < (1—ap)M +a, M = M.
Thus, by induction, we conclude that (9) holds for all n > 0.
From Lemma 1 and (5) we have

(1= an)(zn —2%) + an(Tyn — x*)HQ
(
(

F2a, (Txpt1 — xx, j(Tpe1 — ).

1 — "2

1—an)?zn — 2% + 200 (Tyn — 2%, j(Tps1 — 7))

IAIA

1- a’ﬂ)szn - x*HQ + 2an<Tyn - Txn+laj(xn+l - .’IJ*)>

Hence, by strongly pseudocontractivity of T', we get

|Zns1 — $*||2 <(1- an)QHxn - $*||2 + 20kl 2n 11 — x*HQ

10
+ 2an<Tyn - Tmn+17j(xn+1 - {L‘*)> ( )

for each j(xn4+1 — ) € J(@p41 — ). From (10), (1) and (9) we obtain
(1= 200k |znss — 2 < (1 — an)lznss — &I + 200)|Tyn — Toppa[M. (1)
From (6) it follows that
1 —2a,k >1—2kb> (2k — 1) > 0.
Thus, from (11) we have

200, M

(1—ay)?
1— 20,k

lns1 = 2712 < T flon — o712 + IT2nes = Tyall. (12)
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Since (1 —a,)? <1 —2ayk for 0 <a < a, <b<2(1-k), we get

% <(1- an)2 + 2a,k
<1-20,+ anb+2ank
=1-[2(1—-k)—bla,
<1-[2(1—k) - ba;

200, 2
1 - 2kay, 1—2kb

Thus, from (12) we have

IN

[2ns1 — 2 [* < (1= w)lzn — ¥ + om, (13)
where

w=[21-k)—=1] a,

2M
n= | TZns1 — Tyl
o = o T~ Ty
From (7) we have that
lim o, =0.

Taking p,, = ||z, — 2*||?, from (13) and Lemma 2 we get
lim ||z, —2*|| = 0.

Thus we proved that the sequence {z,,} converges strongly to a unique fixed point
of Tin D. O
Remark 1. For k < % condition (6) in Theorem 1 becomes 0 < a < a,, since
in this case 2(1 — k) > 1. Thus, Theorem 1 contains Theorem 1 of Soltuz [11] as a
corollary.
Let X be a real Banach space and S : X — X a mapping on X. If for any
x,y € X there exist j(z —y) € J(x — y) and a constant k € (0,1) such that

(Sz — Sy, j(z —y)) < kllz —y|*,

then S is called a strongly accretive operator.

Lemma 3 [[1]]. If T : X — X is a strongly accretive operator, then, for
any f € X, mapping S : X — X, defined by Sx = f —Tx 4+ x is a strongly
pseudocontractive operator, i.e. for any xr,y € X:

(S — Sy, j(z —y)) < (1 = k)llz -y,

where k € (0,1) is the strongly accretive constant of T'.

Theorem 2. Let X be a real Banach space and S : X — X a continuous
strongly accretive operator with a strongly accretive constant k € (0,1). For any
gwen f € X, define a mapping T : X — X by

Te=f—-Szx+z
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for all x € X. Let {an}, {Bn} be two real sequences in [0,1] and a,b € (0,1] be
such that
O<a<a, <b<2k

If the range of (I — S) is bounded, then for arbitrary xo € X the sequence {x,}, de-
fined by (5) and satisfying (7) in Theorem 1, converges strongly to a unique solution
of the equation Sz = f.

Proof. Obviously, if z* € X is a solution of the equation Sx = f, then z*
is a fixed point of T'. Also it is easy to prove that T is continuous and strongly
pseudocontractive with the strongly pseudocontractivity constant (1 — k). Clearly,
since the range of (I —5) is bounded, it follows that {Tx,} and {T'y,} are bounded.
Thus, Theorem 2 follows from Theorem 1. O
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