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Weakly Picard pairs of some multivalued operators

ALINA SINTAMARIAN*

Abstract. The purpose of this paper is to present a partial answer
to the following problem:

Let (X,d) be a metric space and T, T : X — P(X) two multivalued
operators. Determine the metric conditions which imply that (Ty,T5)
is a weakly Picard pair of multivalued operators and Ty, T are weakly
Picard multivalued operators.
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1. Introduction

Let X be a nonempty set. We denote by P(X) the set of all nonempty subsets of
X,iie. PX)={Y |0#AY CX }.

Let Th,T5 : X — P(X) be two multivalued operators. We denote by Gr, the
graph of T1, 1. e. Gp, :={ (z,y) | * € X, y € Th(x) }, by Fp, the fixed points
set of T, 1. e. Fp, :={ 2 € X |z € Ti(x) } and by (CF)r, 1, the common fixed
points set of 77 and T5.

Let (X, d) be a metric space. Further on we shall need the following notation

Pu(X):={Y |Y eP(X)andY is a closed set }
and the following functionals

D:P(X)x P(X) >Ry, D(A,B) =inf { d(a,b) |a€ A, be B},

H:P(X)xP(X)— RyU{+o0}, H(A, B) = max { sup D(a, B), sup D(b, A) } .
acA beB
Definition 1 [[6], [7]]. Let (X,d) be a metric space and T : X — P(X) a
multivalued operator. We say that T is a weakly Picard multivalued operator (briefly
w. P.m. o.) iff for each x € X and for every y € T(x), there exists a sequence
(Tn)nen such that:
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(i) zo =, 21 = y;
(i) zpy1 € T(xy), for each n € N*;
(iii) sequence (xn)nen 18 convergent and its limit is a fixved point of T.

Remark 1. A sequence (x,)nen which satisfies conditions (i) and (i) from
Definition 1 is, by definition, a sequence of successive approximations of T, starting
from (z,y).

For examples of w. P. m. o. see for instance [6], [7].

Definition 2 [[7]]. Let (X,d) be a metric space and T : X — P(X) a w. P.
m. o.. Then we define the multivalued operator T : Gy — P(Fr) by the formula
T(x,y) ={ z € Fr | there exists a sequence of successive approzimations of T,
starting from (z,y), that converges to z }, for each (z,y) € Gr.

Definition 3 [[7]]. Let (X,d) be a metric space and T : X — P(X) a w. P.
m. o.. Then T is a c-weakly Picard multivalued operator (c € [0, 4+o00[) (briefly c-w.
P. m. o.) iff there exists a selection t>° of T such that

d(z,t>(z,y)) < c d(z,y),

for each (z,y) € Gr.

Examples of c-w. P. m. o. are given in [7].

Definition 4 [[10]]. Let (X,d) be a metric space and Ty, Ts : X — P(X) two
multivalued operators. By definition, we say that the pair of multivalued operators
(Th,T>) is a weakly Picard pair of multivalued operators (briefly w. P. p. m. o.) iff
for each x € X and for every y € Ti(x) UTa(x), there exists a sequence (T )neN
such that:

(i) zo =z, 21 =y;
(it) xon—1 € Ti(x2n—2) and xap € Tj(x2n—1), for each n € N*, where i,j € {1,2},
i # J;
(iit) sequence (xn)nen is convergent and its limit is a common fized point of Ty
and Ts.

Remark 2. A sequence (x,)nen which satisfies conditions (i) and (i1) from
Definition 4 is a sequence of successive approximations for the pair (Th,Ts), starting
from (z,y).

For examples of w. P. p. m. o. see [10].

Definition 5 [[10]]. Let (X,d) be a metric space and Ty, Ts : X — P(X) two
multivalued operators which form a w. P. p. m. o.. Then we define the multivalued
operator (I1,T5)*° : Gp, UGr, — P((CF)r, 1,) by the formula (Th,T2)™(z,y) =
{z2€(CF)r, 1, | there exists a sequence of successive approximations for the pair
(T1,Tz), starting from (x,y), that converges to z }, for each (z,y) € Gp, UGr,.

Definition 6 [[10]]. Let (X,d) be a metric space and Ty, To : X — P(X) two
multivalued operators which form a w. P. p. m. o.. Then (T1,Ts) is a c-weakly
Picard pair of multivalued operators (c € [0, 4+00]) (briefly c-w. P. p. m. o.) iff there
exists a selection (t1,t2)*° of (T1,T2)™ such that

d(, (t1,t2)* (2, y)) < ¢ d(z,y),
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for each (z,y) € G, UGr,.

Examples of c-w. P. p. m. o. are given in [10].

The purpose of this paper is to study the following problem.

Problem 1. Let (X,d) be a metric space and T1,T> : X — P(X) two mul-
tivalued operators. Determine the metric conditions which imply that (T1,T») is a
weakly Picard pair of multivalued operators and Ty, Ty are weakly Picard multivalued
operators.

2. Weakly Picard pairs of some multivalued operators

The following theorem was established by Sintdmé&rian in [10] and it is a partial
answer to Problem 1.

Theorem 1 [[10]]. Let (X,d) be a complete metric space and Ty, Ts : X —
P (X) two multivalued operators for which there exists a € [0,1/2[ such that

H(Ty(z), To(y)) < a [D(z, Ti(x)) + D(y, Ta(y))];

for each z,y € X.

Then Fr, = Fr, € Py(X), (Th,Ts) is c-w. P. p. m. o. and Ty and Ty are c-w.
P.m. o., withc=(1—a)/(1 - 2a).

Another partial answer to Problem 1 is the following result.

Theorem 2. Let (X,d) be a complete metric space and Ty, T5 : X — Py(X)
two multivalued operators. We suppose that:

(@) there exists a1 € [0,1/2[ such that for each x € X, any u, € T1(x) and for all
y € X, there exists u, € To(y) so that

d(uz, uy) < ay [d(z,uy) +d(y, uy)l;

(i) there exists ag € [0,1/2[ such that for each v € X, any u, € Ta(x) and for all
y € X, there exists u, € T1(y) so that

d(uz, uy) < az [d(z, uz) + d(y, uy)]-

Then Fr, = Fr, € Py(X) and (T1,T3) is c-w. P. p. m. o., withec = (1—a)/(1—2a),
where a = max {ay,az2}.

If in addition we have that 2max {ay, a2} + min {a1,a2} < 1, then T; is ¢;-w.
P.m. o., withc; = (1 —a1)(1 —a2)/(1 —2a; —a;), i,j € {1,2}, i # j.

Proof. First of all, we notice that from Theorem 4.2 given by Latif-Beg in [1] it
follows that (CF)p, 1, # 0.

From Theorem 2.2 given by Sintdmarian in [8] we have that Fr, = Fr, € Py (X)
and the fact that (T1,7%) is ¢-w. P. p. m. o. follows from Theorem 2.7 given by
Sintamarian in [10].

Furthermore, we suppose that 2max {a1, a2} + min {a1,a2} < 1 and we shall
prove that T} is ¢;-w. P. m. o., i € {1,2}.

Let i,5 € {1,2}, i # j. Let o € X and z1 € T;(zg). It follows that there exists
Y1 € Tj (331) such that

d(z1,y1) < a; [d(zo, 1) + d(21,y1)]
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and there exists xo € T;(x1) such that
d(y1, x2) < aj [d(z1,y1) + d(z1, 22)].
From these, using the triangle inequality, we obtain
d(xy,22) < d(zi,y1) +d(y1, v2)
< d(zi,y1) + aj [dz1, 1) + d(z1, 22)]
(1 + aj) d(Jil, yl) + aj d(l‘l, 332)
< (Q+aj)ai/(1 —a;) d(zo, z1) + a; d(z1,z2).

N

> d(z1,22) < a;(14a;)/[(1 — a;)(1 — ay)] d(zo, z1).
Now, there exists yo € Tj(z2) such that
d(22,y2) < a; [d(21,22) + d(22,y2)]
and there exists x3 € T;(z2) such that
d(y2,x3) < aj [d(x2,y2) + d(z2,23)].
From these we have that
d(z2,23) < a;(14a;)/[(1 — a;)(1 — ay)] d(z1,z2).

By induction, we obtain that there exists a sequence (x, )nen of successive approx-
imations of Tj, starting from (z,x1), with the property that

d(wn, Tni1) < ai(1+a;)/[(1 = a;)(1 = aj)] d(xp-1,70),

for each n € N*,

It follows that (x,)nen is a convergent sequence, because (X, d) is a complete
metric space and a;(1+ a;)/[(1 —a;)(1 —a;)] < 1. Let o* = limy, 00 @n.

From z,, € T;(x,,—1) we have that there exists u,, € T;(z*) such that

d(x'ru un) S @ [d(xnfh xn) + d(.’IJ*, un)]a

for all n € N*.
Using the triangle inequality we obtain

d(z*,uy) < (1—a;)™ ! [dz*,2,) + a; d(@p_1,2)],

for all n € N*.

This implies that d(z*,u,) — 0, as n — oo. Since u,, € Tj(z*), for all n € N*
and Tj(z*) is a closed set, it follows that z* € Tj(x*). So * € Fr, = Fr,.

It is not difficult to verify that

d(n,a*) < a1+ a;)(1—a) ™ (1—a) " (1 - a)(1 - a;)/(1 - 20, - a) d(zp, 21),

for each n € N.
For n = 0 we have

d(zo,z*) < (1 —a;)(1 —a;)/(1 —2a; — a;) d(zo, 1),

which means that T; is ¢;-w. P. m. o., with ¢; = (1 —a;)(1 —a;)/(1 — 2a; — a;). O
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