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Metrical relations in barycentric coordinates

VLADIMIR VOLENEC*

Abstract. Let A be the area of the fundamental triangle ABC of
barycentric coordinates and let « = cot A, f = cot B, v = cot C. The
vectors v; = [xi,yi,2i] (¢ = 1,2) have the scalar product 2A(axyz9 +
By1y2 +vz122). This fact implies all important formulas about metrical

relations of points and lines. The main and probably new results are
Theorems 1 and 8.
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Let ABC be a given triangle with the sidelengths a = |[BC|, b = |CA|, ¢ = |AB|,
the measures A, B, C of the opposite angles and the area A. For any point P let P be
the radiusvector of this point with respect to any origin. Then we have F@ =Q-P.
There are uniquely determined numbers y, z € R so that AP = Y- AB+z-AC , L.e.
P-A=yB-A)+2(C—-—A). fweputz=1—y—z, ie.

r+y+z=1, (1)

then we have
P=xA+yB+ zC. (2)

Numbers z,y, z, such that (1) and (2) are valid, are uniquely determined by point
P and triangle ABC, i.e. these numbers do not depend on the choice of the origin.
We say that x,y, z, are the absolute barycentric coordinates of point P with respect
to triangle ABC and write P = (z,y,2). Obviously A = (1,0,0), B = (0,1,0),
C = (0,0,1). Actually, point P is the barycenter of the mass point system of points
A, B,C with masses x,y, z, respectively. The centroid of triangle ABC' is point
G=1(1/3,1/3,1/3).

Any three numbers = ,y z proportional to the coordinates z, y, z are said to
be relative barycentric coordinates of point P with respect to triangle ABC and we
write P = (xl cy z/). Here we have ' + 3y + 2z # 0. Point P is uniquely
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. . . . . ’ ! ! .
determined by its relative barycentric coordinates x , y , z because its absolute
barycentric coordinates are

x/ yl Z/
T=—F—7 75 Y= =7 7 Ty &= 3 7 7.
r+y +=z r+y +=z r+y +=z

If point P divides two different points P = (z1,y1,21) and P> = (22, y2, 22) in
the ratio (PLP,P) = A, i.e. if PP = A~ P, P, then from P — Py = \(P — P,) with
P,=2;A+y;B+ z,C (i =1,2) we obtain

(1 — /\)P = (l‘l — )\JZQ)A + (y1 - /\yQ)B + (21 — )\ZQ)C

Because of z; + y; + z; = 1 (¢ = 1,2) we have

1_/\(951—)\$2+y1—)\y2+21—)\2‘2)=1

and therefore

(1= A y1— Aya 21 — Az
P_<1—/\’ 1—-X 7 1—/\)’ ®)

P = ((!L‘l — )\LCQ) : (yl — )\yg) : (Zl — )\22)) (4)
Specially, with A = —1, point P is the midpoint of the points P; and Py with

p_ x1+T2 Y1 +y2 21+ 22
2 ’ 2 2 ’

ie. P= %Pl + %Pz. Sides BC, C'A, AB have the midpoints

(o%%) —(0:1:1), (%o%) —(1:0:1), (%%0) —(1:1:0).

If A =1, then equality (3) has no sense, but equality (4) obtains the form

P=((z1—22): (1 —y2) : (21 — 22)) (5)

and represents the point at infinity of the straight line P, P>. For this point P we
have equality (P;P»P) = 1 and the relative coordinates in (5) have the zero sum.
Therefore, this point does not have the absolute coordinates. Because of P; # P,
point P at infinity cannot be of the form (0 : 0 : 0). Specially, straight lines BC, C'A,
AB have the points at infinity (0:1: —1), (=1:0:1), (1: —1:0), respectively.
For any vector v numbers y and z are uniquely determined such that v =
y-AB+z- AC, i.. v=y(B—-A)+ z(C — A). If we put x = —(y + 2), then we
have
v=cxA+yB+:2C, x+y+2z=0. (6)

Numbers z,y, z are uniquely determined and are said to be the barycentric coordi-
nates of vector v with respect to triangle ABC. We write v = [z,y, 2]. For two
points P; = (x;,y:,2i) (i =1,2) we have P; = 2;A + y; B + z;C and therefore

PPy = Py— Py = (va—21)A+(y2—y1)B+ (22— 21)C = [12— 21,92 — Y1, 22— 21].
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Specially, BC = [0,-1,1], CA = [1,0, 1], AB = [-1,1,0]. We conclude that the
(relative) barycentric coordinates of the point at infinity of a straight line are pro-
portional to the barycentric coordinates of any vector parallel to this line. Therefore,
parallel lines have the same point at infinity.
The formulas for metrical relations can be written in a more compact form if we
use numbers
a=cotA, B=cotB, v=cotC (7)

We have e.g.
b2+ % — a? = 2bccos A = 2besin Acot A = 4Aa

and therefore
4+ —a®=4Aa, +a®> -2 =478, a®>+b* — 2 = 4Ay.
Adding, we obtain
a? =2A(B+7), V¥ =2A(v+a), & =2A(a+ ). (8)

Now, let us prove the most important theorem about metrical relations in
barycentric coordinates.

Theorem 1. The scalar product of two vectors v; = [x;,y;, 2] (i = 1,2) is
given by

vy - v2 = 2A(ax122 + BYr1y2 + Y2122),
where A is the area of the fundamental triangle ABC and numbers o, (3, v are
given by (7).

Proof. Squaring the equality AB = B — A we obtain ¢> = A2+ B> - 24 B,
ie. 2A-B = A% + B% — ¢2 and analogously 24-C = A> + C?> —b? and 2B - C =
B? + C? — 2. Owing to the equalities z; +y; + 2 = 0 (i = 1,2) and (8) we obtain
successively

201 - vy = 2(r1 A+ 1B+ 21C)(22A 4 y2 B + 22C)
= 20120 A% + 2y ys B® + 2212,C? + (z1y2 + ylxg)(A2 +B? - c?)
+(z129 + 2129) (A% + C% — V%) + (y122 + 2192)(B* + C* — a?)
= (x1 + 11 + 21)(22A% + 12 B? + 2,C?)
+(x2 4 y2 + 22) (21 A% + 91 B® 4+ 2,.C?)
—a®(y122 + 21y2) — b (2122 + 3122) — (212 + Y172)
= —2A[(B+7) (122 + z192) + (v + o) (2122 + T122)
+(a+ B)(x1y2 + y122)]
= —2A{a[z1(y2 + 22) + (y1 + z1)@2] + B [y1 (22 + 22) + (21 + 21)y2]
+ylz1(z2 +y2) + (21 + y1)22]}
—2A[a(—2z122) + B(—2y1y2) + v(—22122)]
AA (ax129 4 BYy1ys + v2122)-
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Corollary 1. The length of the vector v = [x,y, 2] is given by

[v|? = 2A(ax? + By? + v22).

Corollary 2. The angle between two vectors v; = [x;,y:, 2] (i = 1,2) is given
by

1
cos Z(v1,v9) = W(aazlm + By1y2 + vz122),
1822

where
OF = aa? + By} + 727 (i =1,2).

Corollary 3. Two points P; = (x;,y;:,2;) (i = 1,2) have the distance | Py Py|
given by
|PLPy|* = 2A[a(zy — 22)” + B(yr — y2)® + (21 — 22)°).

Specially, with P, = P = (z,y,2) and P» = A = (1,0,0) or P, = B = (0,1,0)
or P, =C =(0,0,1) we obtain further:
Corollary 4. For any point P = (z,y,z) we have equalities

|AP| = 2Aa(l — 2)* + By® + 727,
|BP| = 2A[a:1:2 +6(1 - y)2 + ’72’2]7
|CP| = 2A[ax? + By* + (1 — 2)?].

Theorem 2. For the point P = (x,y, z) and any point S we have

|SP|>? =2 |SA? +y-|SB]* + 2 |SC|* — a*yz — b*zz — Pay.

Proof. Let S be the origin. Squaring the equality P = xA + yB + zC and
using the equalities from the proof of Theorem I we get

|SP|? = P2 =22 A% 4y’ B? + 22C? + yz(B* + C* — d?)
+22(C* + A? — b*) + 2y(A* + B* — &%)
= (z+y+2) (@A +yB* 4 2C?) — a’yz — b’zy — ay

and because of x + y + z = 1 the statement of Theorem 2 follows. O
With P =G = (%, 4, %) we obtain:

Corollary 5 [Leibniz]. For centroid G of triangle ABC and for any point P
we have

1
3-1SGI” = |SAP + |SBI” + ISCI” — 5(a> + 5+ ).

If S is the circumcenter O of triangle ABC, then |OA| =|0OB| = |0OC| = R and
by (8) it follows:
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Corollary 6. For any point P = (x,y,z) and the circumscribed circle (O, R)
of triangle ABC' the equality

|OP]* = R* — a®yz — b?zx — Pay

holds, i.e. |OP|?> = R? — 2AIl, where

D=0 +vyyz+ (y+a)zz+ (a+ pzy = %(azyz + b2z 4 Pay). (9)

With S = P Theorem 2 implies:
Corollary 7. For the point P = (x,y, z) the equality

z-|AP* +y-|BP]* + 2?|CP|? = 2Al0

holds, where the number 11 is given by (9).
The equalities from Corollary 4 can be written in another form because of (9),
(8) and the equality = +y + z = 1. We obtain e.g.

1

A AP = a(l—2)* + By* + 42
=a—-2arx+ax(l—y—2)+By(l—z—x)+vz(1—z—1y)
=a—azx+Py+yz— (B+7)yz— (v +a)zx — (a+ By

~—

S

=aly+2)+Py+rz-I=—[(y+a)zz+ (a+ Py - I

= ~[1— (B +7)ye] T = 2 [MI(1 — ) — (3 +7)y]
= MMy +2) — oyl

Therefore:
Corollary 8. For any point P = (z,y, z) the equalities

x-|AP|? = 2AI(y + 2) — a’yz,
y - |BP|* = 2AI(z + x) — b*2x,
z-|OP]? = 2ATl(z +y) — c*ay

hold, where number II is given by (9).

For any point P = (z,y, z) on the circumcircle (O, R) of triangle ABC we have
|OP| = R and because of Corollary 6 it follows II = 0. Therefore, the equalities of
Corollary 8 have now the form

Yy

IAP? = —a?P2 |BP]? = 0?2, jcP)2= 2T (10)
T Y z

We have:
Corollary 9. The circumcircle of triangle ABC has the equation

B+Yyz+ (y+a)zz+ (a+B)zy=0 or a*yz+b2zx+ oy =0.
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For any point P = (x,y,2) (except A, B, C) on this circle equalities (10) hold.
Point P = (z,y, z) is collinear with two different points P; = (x1,y1,21) and
Py = (22, y2, z2) iff there is a number A € R such that W = )\]TPS, ie. P—Py=
A(P2 — Py)or P =(1-X)P;+ APy. With kK =1 — X we conclude that point P
lies on straight line P; P; iff two numbers x and A exist such that Kk + A =1 and

T = KT+ Ar2, y=kyy+ Ay2, 2= K21+ Aza. (11)
Numbers (11) satisfy the equation
Xe+Yy+Zz=0, (12)
where
X =k(y122 — 21y2), Y =k(z122 — 2122), Z = k(z1y2 — y122). (13)
and k € R\ {0}. Indeed, we obtain an obvious equality
(y122 — 21y2) (kw1 + Axe) + (2122 — w1 22) (Ky1 + Aya) + (T1y2 — y122) (k21 + Aza) = 0.

Conversely, if numbers z, y, z satisfy equation (12), where (13) holds, then this
equation (12) can be written in the form

r Yy z
1 Y1 =21 | = 0. (14)
€2 Y2 22

Therefore, there are the numbers x and A such that equalities (11) are valid. Adding
these equalities it follows Kk + A =1 because of z +y+z=1and z; + y; + 2z = 1
(1 =1,2). We have the following theorem.

Theorem 3. Point P = (z,y,z2) is collinear with points Py = (x1,y1,21) and
Py = (x2,y2, 22) iff equality (12) holds, where numbers X,Y,Z are given by (13),
where k € R\ {0}.

Theorem 3 implies that the coordinates of any point of the given straight line
P satisfy an equation of the form (12), the equation of this line P, where num-
bers X,Y, Z are determined up to proportionality. These numbers are baricentric
coordinates of line P and we write P = (X : Y : Z). As P, # P», so (13) implies
(X:Y:Z)#(0:0:0). The equality (12) is the necessary and sufficient condition
for the incidency of point P = (z:y:z) and line P= (X :Y : Z).

The equality = + y + z = 0 characterizes the points at infinity. Therefore, all
these points lie on a line A/ = (1:1: 1), the line at infinity.

Corollary 10. Three points P; = (x;,y:, i) (1 = 1,2,3) are collinear iff

T1 Y1 21
T2 Y2 22 | = 0.
T3 Y3 z3

Specially, two points P; = (x; : y; : zi) (i = 1,2) are collinear with point A iff y1 :
21 = Y2 @ 22, with point B iff z1 : x1 = 29 : xo and with point C iff x1 : y1 = x2 : Ya.
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Corollary 11. The join of two different points P; = (x; : y; : 2;) 1s the straight

line )

Aswehave A=(1:0:0),B=(0:1:0),C=(0:0:1), soby Corollary 11
it follows BC = (1:0:0), CA=(0:1:0), AB=(0:0:1) and these three
lines have the equations x = 0, y = 0, z = 0 respectively. If P = (z : y : z), then
AP=(0:—-2:y),BP=(2:0:—2), CP=(—y:x:0).

To be honest, we must say that the statement of Corollary 10 in the proof of
Theorem 8 is proved only in the case of finite points P;, P, and P; = P. Three
points Pi, Ps, P at infinity obviously satisfy equation (14) because of z +y+ 2z =0
and x; +y; +2; =0 (i = 1,2). Conversely, from (14) and z; +y; + 2 =0 (i =1,2)
if follows « + y + z = 0. We must prove the statement for the finite points P;, P
and point P at infinity. The point at infinity of line P; P, is the point

Y1 21
Y2 z2

21 1
22 T2

1 Y1

bk = ( T2 Y2

(:y:2)= (21 —22): (y1 —y2) : (21 — 22))

and it obviously satisfies equation (14). Conversely, let point P = (x : y : z) at
infinity satisfy equation (14). Then there are two numbers x and X such that (11)
holds. Adding these equations we obtain 0 = x + A because of x + y + z = 0 and
x; +yi + 2 =1 (i = 1,2). Therefore, A = —« and equalities (11) obtain the form
x=k(x1 —x2), y = k(Y1 — Y2), 2 = k(21 — 22), i.e. P is the point at infinity of line
P Ps.

From Corollary 10 it follows that point P is collinear with two different points
P, and P, iff there are two numbers p and v such that © = pzi +vzs, y = py1 +rys,
z = puz1 + vzo for the coordinates of these points. We shall write P = uP; +vP; in
this case.

Theorem 4. Let points P, = (z; : y; @ z;) (i = 1,2) have the sums s; =
x; + Yi + 2z of coordinates. If point P = (x :y: z) satisfies the equality

P=pP +vh,, (15)

then these three points have the ratio

(PPP) = -2 .2
pos

(16)

Proof. We pass onto absolute coordinates. Then the right-hand side of (15) is
of the form pusy P; + vsa Ps and because of equality of coordinate sums of both sides
we must take (us1 + vs2)P on the left-hand side of (15). The obtained equality has
the vector form (us1 +vse)P = pus1P1+vso Py, ie. pusi(P—Pq) = —vso(P — Psy)
or sy - W = —Vsg - W The last equality is equivalent to (16). O

For the point A = (1,0,0), the midpoint D = (0 : 1 : 1) of side BC and for
centroid G = (1 : 1 : 1) of triangle ABC we have the equality G = A + D and
Theorem 4 implies the equality (ADG) = —2.

Equality (13) is symmetrical in variables x,y, z and X,Y, Z. Therefore, for the
sets of points and lines (finite ones and at infinity) there holds the principle of
duality. The following theorem is dual of Theorem 3.
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Theorem 5. Straight line P = (X :Y : Z) is incident with the intersection of
two different lines Py = (X1 : Y1 : Z1) and Pa = (Xo : Yo : Zs) iff the equality (12)
holds, where numbers x,y, z are given by

v =KWY12Zs — 21Ys), y=K(Z1Xy — X123), z=K(X1Ys —Y1X>),

where K € R\ {0}.
Corollary 12. Three straight lines P; = (X; : Y; : Z;) (i = 1,2,3) are concur-
rent iff
Xa Y1 Zy
Xo Yy Zy| =0.
Xs Vs Zs

Corollary 13. The intersection of two different lines P; = (X; : Y :+ Z;)
(i = 1,2) is the point

If P=(z:y: z), then we have AP = (0 : —z : y), BC = (1:0:0)
and therefore AP N BC = (0 : y : 2). Analogously BPNCA = (z : 0: z) and
CPNAB=(xz:y:0).

The point at infinity of a line is its intersection with the line N'= (1:1:1) at
infinity. Hence, Corollary 13 implies:

Corollary 14. The line P = (X : Y : Z) has the point PNN = (Y — Z) :
(Z - X): (X =Y)) at infinity.

Two lines are parallel iff they have the same intersection with the line at infinity.
Therefore, Corollary 12 implies:

Corollary 15. Lines P; = (X, : Y, : Z;) (i = 1,2) are parallel iff

Yl 74
Yy Zy

X1 n

X, Y,

Plﬂp2=< 7y Xo

,‘Zl X1

1 1 1
X1 Y1 Z1|=0.
X2 Yo Zo

Any line parallel to the line (X :Y : Z) has a form (X +K): Y+ K): (Z+K))
for some K € R.

From Theorem 1 we obtain:

Corollary 16. Two vectors v; = [x;,y;, 2;] (i = 1,2) are ortogonal iff

az1T2 + Byi1y2 + y2122 = 0, (17)

where numbers a, B8, v are given by (7). Equality (17) is the condition for ortogo-
nality of two lines with the points (z; : y; : z;) (i = 1,2) at infinity.

Theorem 6. The lines ortogonal to the line with the point (x : y : z) at infinity
(where © +y + z = 0) have the point at infinity

((By —72) : (vz — ax) : (ax — By))- (18)
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Proof. Point (18) is obviously a point at infinity and the ortogonality follows
by Corollary 16 because of ax(By — vz) + By(yz — azx) + yz(az — By) = 0.

Lines BC,CA, AB have the points (0 : —1:1), (1:0: —1), (-1 :1:0) at
infinity and Theorem 6 implies:

Corollary 17. The lines orthogonal to lines BC,CA, AB, respectively, have
the points at infinity

Ny = (=(B+7):7:8),
Ny=(v:—(v+a):a), (19)
N.=(f:a:—(a+p)).

The line (0 : —f : 7) passes through point A = (1 : 0 : 0) and point N, from (19).
Therefore, this line is the altitude through vertex A. Analogously, the altitudes
through vertices B and C are (o : 0 : —y) and (—a : 8 : 0). All three altitudes
obviously pass through point H = (07 : ya : af3), the orthocenter of triangle ABC.
Line (8 —7) : —=(B+7) : (8 + 7)) passes through midpoint (0: 1: 1) of side BC,
through point N, from (19) and through the point

O = (a(f+7): B(y+a):v(a+ b)) (20)

Indeed, we have without common factor 5 + «y the equalities —( —~v) — v+ 8 =0
and (8 —v) — B(v + a) + y(a + B) = 0. Therefore, this line is the perpendicular
bisector of side BC, and for sides CA and AB we have analogous perpendicular
bisectors. We have the following theorem.

Theorem 7. The fundamental triangle ABC has the altitudes AH = (0: -0 :
v), BH=(a:0:—7), CH = (—a:(:0), the orthocenter H = (0 : yo : af3), the

perpendicular bisectors of the sides are

(B=7):=(B+7):(B+7)),
(v+a):(vy—a): =(v+ ),
(=(@+p8): (a+p): (a—=p))

and the circumcenter O of triangle ABC is given by (20).
According to equalities

cot BeotC'—1 By —1

—a=—cot A =cot(r — A) =cot(B+C) = i BiwiC ~ B

we have the fundamental identity
By +vya+af =1. (21)
Therefore, we have more precise equalities H = (87, v, af) and

0—(3a(8-+2). 550+ ), grta+ ) ) =( 50— ) 50 =) 50— a) )
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Lines P; = (X; : Y; : Z;) (i = 1,2) have points (x; : y; : 2) at infinity, where
v, =Y, —Zi,yi = Z; — X, z = X; — Y;. Vectors [z;,y;, 2;] are parallel with lines
P; for i = 1,2. Therefore, angle ¢ of lines P; and P, is given by Corollary 2 in the
form

1
cost = ——|ax1z2 + By1y2 + Y2122/, (22)
010,
where
07 = aaf + By} +2 (i=1,2). 23)
‘We obtain

Y122 — z21y2 = (Z1 — X1)(X2 — Ya) — (X1 — Y1) (Z2 — X2)
=Y1Zy - Z21Yo+ 21 X0 - XiZo+ X1 Yo - Y1 Xo =k

and analogously z1x2 — x122 = k and x1ys — y122 = k, where

1 1 1
k=X, Y, 71| (24)
Xo Y5 Zs

Further
1

.92 2
sin“9 =1—cos“v =
0303

(303 — (aza + By2 + 7v22)%].
and as we have

Q202 — (w12 + By1ys + Y2122)*
= (ax? + Byi +727) (w3 + B3 +725) — (awr1wa + Byrys + y2122)°
= By(y122 — 2192)% + Ya(z122 — 7122)? + aB(21Y2 — Y122)?
= (By +va+ aB)k® = k7,
so it follows
||
2105

siny =

and (22) implies

cot = ﬁbxlu + Byry2 + yz122]|.

Substitutions X; — —X;, Y1 — —Y1, Z1 — —Z; imply substitutions z; — —x1,
y1 — —y1, 21 — —21 and k — —k, ar1xe + Byrye + vz2122 — —(awixs + By1y2 +
~vz122). Therefore, the number %(amlxg + By1y2 + yz122) does not change the
sign. The same is true for substitutions X9 — —Xs5, Y5 — —Ys, Zo — —Z,.
Substitution 1 < 2 implies substitutions k¥ — —k and azixs + Byi1ys + y2122 —
ar1To + By1y2 + vz122. Therefore, the number %(aacl x2 + By1y2 + y2122) changes
the sign in this case. We conclude that the equalities

k
01057

1
cos = ——(az1x2 + By1y2 + y2122), sind = (25)

Q10
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1
cotd = E(aaclxg + By1y2 + y2122) (26)

give the oriented angle ¥ of the ordered pair of oriented lines P; and Ps. We have:
Theorem 8. The oriented angle ¥ of the oriented lines P; = (X; : Y, : Z;)
(1 =1,2) is given by (25) and (26), where v; =Y, — Z;, yi = Z; — X;, zi = X; = Y;
(i = 1,2) and where numbers Q1,Qs, k are given by (23) and (24).
For P, =BC=(1:0:0),Pa=P(X:Y :Z)wehavex; =0, y; = —1, 21 =1,
Z‘QZY—Z, yQZZ—X, z2:X—Yandthenby (8)

QIZ \/ﬁ—i_'}/:\/%v QQZQ:\/Qx2+6y2+W'Z27

k=Y —Z =, axrizs+ Byiys+y2122 = vz — By.

Analogous equalities we have for P; = CA or P; = AB. Therefore, Theorem 8
implies:

Corollary 18. The oriented angles @, x,v of lines BC, CA, AB with line
P=(X:Y:2Z)withpoint(x:y:2)=(Y—-2):(Z—-X):(X-Y)) at infinity
are given by equalities

V2A : vz — By

acosp = T(wz—ﬁy), asin g = x, cotyp=-——"S|
x

V2A ) V2A ar —yz

becosy = —(ax —yz), bsiny = ——y, coty= ,
Q Q Y
V2A V2A -

ccosy = T(ﬁy—aw), csiny = q > Cot¢:6g127w,

where A is the area of triangle ABC and Q? = ax® + By? + v22.

Every line P, which passes through the point A = (1 : 0 : 0), has a form
P =(0:Y :Z) and has the point (z:y:2)= (Y —Z):Z:-Y) at infinity. By
Corollary 18 we obtain

—Y —BZ Y +BZ
cotp = 1 BZ _ v +ﬁ’

Y -Z Z-Y
_alY =2Z)+9Y Y
cotx—#—('ﬁ—a)z a,
BZ—a(Y -Z) zZ
coty) = % =« (a+ﬁ)y

and analogous statements for the lines through points B and C. Therefore, we have
the following corollary.

Corollary 19. Lines BC,CA, AB make angles p,x, ¥ with a line (0:Y : Z)
through point A resp. a line (X : 0 : Z) through point B resp. a line (X :Y :0)
through point C such that

WY +8Z B Y B z
cot p = 7 v cotx—('y—i—a)z a, coty =« (a—i—ﬁ)Y
resp.
X X +aZ VA
cotga—ﬂ—(6+’y)77 COtX—ﬁ7 cotw—(a—l—ﬁ)f—ﬁ
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resp.

B X B Y _aY 48X
cotp=(B+7)y =7 cotx=7-(r+a)g, cotyp=——7—.

Theorem 9. If ¥ is the oriented angle between line P = (X : Y : Z) and line
P with point (z :y : 2z) at infinity and if T = cot ¥, then

r=B+7)X+(T-7Y - (1+0)Z,
y=—T+VX+O+a)Y +(r—0a)Z, (27)
z=T-B)X—-(T+a)Y +(a+5)Z

Proof. Obviously we have  +y+ 2z = 0 and by (27) a point at infinity is given.
Line P has the point (Y — Z) : (Z — X) : (X —Y)) at infinity and by Theorem 8
we obtain
alY =2z +6(Z - X)y+v(X -Y)z

(Z=X)y—(X V)
X(yz = By) + Y(ax —yz) + Z(By — o)
—(y+2)X +yY +2Z
By —12)X + (vz — aa)Y + (az — By)Z
x X +yY + 272 '

cot Z(P,P') =

However, by (27) and (21) we get e.g.

By —vz = [=B(T+7) — (T = BX +[B(y + @) + (7 + a)]Y
+HB(r—a) —v(a+P))Z=-B+)TX + (v + )Y + (Br - 1)Z

and analogously

vz—ar =T -1)X - (v+a)TY + (a7 +1)Z
and

ar—pPy=PBr+ )X +(ar = 1)Y — (a+ B)7Z.

So we obtain further

—[(By —72)X + (v2 — ax)Y + (az — By)Z]
=[B+NTX = (yr+ 1Y = (B - 1)Z]X
+-(yr D)X+ (y+a)7Y — (ar + 1) Z]Y
+-Br+ D)X — (ar = 1)Y + (a+ B)72]Z
=(B+NTX’+ (v +a)TY? + (a + B)TZ?
—2atYZ —207ZX — 277 XY,
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2 X +yY +2Z =[B+7)X+(r—7)Y - (7+ 6)Z]X
H-(T+NX+(v+ )Y + (1 —-a)Z]Y
H(r=B)X = (1 + )Y + (a+B3)Z]Z
= (B+NX2+(y+a)Y? + (a+5)2°
—2aYZ —20ZX — 2vXY
and finally
cot Z(P,P ) =71 = cot .
Corollary 20. The oriented angle ¥ of the line (X :'Y : Z) and a line with
point (x :y: z) at infinity is given by

By —v2)X + (yz — ax)Y + (ax — ﬂz)Z.

t) = —
€0 zX +yY + 272

If P=BC =(1:0:0), then in Theorem 9 we have X =1,Y = Z =0 and (27)
implies x =3+, y = —(7+7), 2 = 7 — 3. Analogous equalities can be obtained
if P=CA or P = AB. Hence, we have:

Corollary 21. If 9 is the oriented angle between line BC resp. C A resp. AB
and the line P, then line P’ has the point at infinity (6+7) : —(t +7) : ( — 3))
resp. (T—7):(y+a): —(t+a)) resp. (—(7+08):(t—a): (a+3)), where
T = cot¥.

For three collinear points B, C, D and any point A ratio (DCB) is equal to the
ratio of oriented areas of triangles ABD and ABC. Therefore

areaABD = (DCB) - areaABC. (28)

If P = (z,y,%) then point D = AP N BC is given by D = (0 : y : z) and has the
sum y + z of coordinates. We have equalities xtA = P — D and yB = D — z2C.
Therefore, Theorem 4 implies the equalities

z
y+z

(PDA)=y+2, (DCB)=

Using (28) and analogous equality areaABP = (PDA) - areaABD we obtain

areaABD = , areaABP = (y+ z) - arecaABD = Az,

y+z

where A = areaABC. We have analogous results for another vertices of triangle
ABC, i.e. the following theorem holds.

Theorem 10. For any point P = (x,y, z) triangles BCP, CAP, ABP have
the oriented areas Ax, Ay, Az, where A = areaABC.

Corollary 22. For any points A, B,C, P there holds the equality

areaABC = areaBCP + areaCAP + area ABP.
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Theorem 10 justifies the name areal coordinates for barycentric coordinates of a
point.

Now, let P; = (zi,yi,2:) (i = 1,2) be any two points. Then for the points
D; = AP; N BC' we have equalities

Zi

P,D;A) = vy; + Zis areaABD; = 1=1,2).
(PiDiA) = y L (i=12)
Therefore, we obtain successively
areaAD Dy = areaABDy — areaABD, = A ( 2 A )
Y2+2z2 Y1+ 2

Y122 — 21Y2
(y1 + 21)(y2 + 22)’

areaAPng = (PlDlA) . areaAD1P2 = (PlDlA)(PQDQA) . areaAD1D2
= (y1 + 21)(y2 + 22)areaAD Dy = A(y122 — 21y2).

Finally, we can give a probably new proof of a well-known formula for the
oriented area of a triangle.

Theorem 11. Oriented area of any triangle with vertices P; = (x;,Yi, 2i)
(1 =1,2,3) is given by the formula

T1 Y1 21
areaP | PoPy = A |22 Y2 22| . (29)
T3 Y3 23

Proof. The proven formula for areaA P; P, and analogous formulas for areaA P, Ps
and areaAPsP; and Corollary 22 imply

arealP) Po Py = areaAPy P3 + arecaAP3 Py + arcaAP| Py
A(y2z3 — 22y3 + Y321 — 23Y1 + Y122 — Z1Y2)

1y =1
=A|1lys 22|,
1ys 23

wherefrom (29) follows because of the equalities 1 —y; — z; = 2; (i =1,2,3).
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