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Abstract. The main object of this paper is to give sufficient conditions for integral oper-
ators Ha, g,y and Gy ,, which are defined here by means of the meromorphic functions, to
be univalent in the open unit disk. In particular cases, we find the corresponding simpler
conditions for these integral operators.

AMS subject classifications: Primary 30C45; Secondary 30C75

Key words: analytic functions, punctured unit disk, meromorphic functions, univalence
conditions, integral operators

1. Introduction and preliminaries
Let A be the class the functions f(z) which are analytic in the open unit disk
U={z:|z] <1} and f(0) = f'(0) —1=0.

We show by & the subclass of A consisting of functions f € A which are univalent
in U. Let > denote the class of functions F(z) of the form

F(Z)Z%—l—ibnz" (1)
n=0

which are analytic and univalent in the punctured unit disk
Uy ={z: 0<|z| <1} =U - {0}.

We denote by io the class of functions G in i such that G(z) # 0 for all z in Up.
Let o, 8 and v be any complex numbers. Let us denote by H. g, the analytic
function in U defined by the formula:

1/~

Ho(2) = (7 / ) wl(f'(t))“(tlg(t»ﬁdt) , @
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where f and g are functions of the class S or one of its subclasses. The problem of
univalence of the function H, 5, in U for special cases of parameters «, 3, v and
functions f and g were discussed by many authors, such as [2, 6, 7, 10, 12, 15, 17, 18,
20]. Furthermore, many authors recently (see [1, 3, 8, 9, 14, 16, 19]) have obtained
various sufficient conditions for the univalence of generalized integral operators of
type (2) for f,g € A.

In the present investigation, we introduce integral operators F, 3., and Gy, as

follows;
1/

Fanal) = (3 [ 07 CEP @) G0 ) 3)

and
1/ p

Go(2) = (M /O s (eﬁc:(t))kdt) , (@)

where F' € i and G € io and «, B3, v, A and p are complex numbers such that
integrals (3) and (4) exist.

Remark 1. In its special cases when v = 1, the integral operator in (8) would
obviously reduce to the integral operator Fo g which is defined in [20] as follows

Fapl2) = / (CPF(1) (16(0) . (5)

wheremﬁéC,Fei andGGio.

In our paper, we are mainly interested in some integral operators of types (3)
and (4) which involve meromorphic functions. More precisely, we would like to
show that by using some inequalities for the functions belonging to the class S,
the univalence of some integral operators which involve meromorphic functions can
be derived easily via a well-known univalence criterion. In particular, we obtain
simple sufficient conditions for some integral operators which involve special cases
of parameters o, 3, v, A and p. We also extend and improve the aforementioned
result of Wesolowski [20]. At least in some cases, our main results are stronger than
the result obtained in [20].

In the proofs of our main results we need the following interesting univalence
criteria.

Lemma 1 (See [13]). Let h €A and v € C. If R(vy) > 0 and
1_ |Z|2§R(’Y)
R()

then the function H(z) given by

zh"(z)
h'(2)

<1, =z€el,

is in the class S.
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Lemma 2 (See [4]). Let v and ¢ be complex numbers such that

[v—1<1and |c| <1 (¢# —1).
If the function h € A satisfies the following inequality:

zh" (z)
W)

then the function "~ defined by (6) is in the class S.

clzl® + (1= [(y = 1) +

Hgl, z€eU,

We note that Hi0.~(2) = Hy(2).
The following lemma is of fundamental importance to our investigation.

Lemma 3 (See [11]). For each function f €S and a fized z, z € U; the inequality

z 2
—— =1 <2|z| 4+ |2
FERREELRE

holds.

2. Univalence condition associated with the integral operator
(3)

Our first main result is an application of Lemma 1 and it contains sufficient condi-
tions for a general integral operator F, g of type (3).

Theorem 1. Let o, 8 and v with R(y) > 0 be any complex numbers. Also let
F e and G €),. Moreover, suppose that the following inequalities

10]al +4[8|<1, for R(y)>1 (7)
10 |oo| + 48]
R(v)

are satisfied. Then the function F, (%) defined by (3) is in the class S.

<1, for 0<R(y)<1

Proof. From (3) we begin by setting

v = [ (CRF () (G (0) . ®)
so that, obviously,
W(2) = (—22F(2)*(:G(2))° ©)

and from the logarithmic differential of equality (9), we obtain

a2 ) va (14 2. (10)
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It is known that ¢ € S and 0 < |z| < 1, then ¢*(z) = ﬁ isin i . Hence expression
(10) can be rewritten as
zh"(z) ( 2f"(2) Zf’(Z)) ( Zg’(2)>
—af2+ —9 51— , 11
W) ENTE o) .
where f, g € S.

From a well-known transformation of Bieberbach preserving the class of univalent
functions f € S (see [5])

i - M) e
z) = ,

K (20)(1 = |20]*)
zp is a fixed point of the unit disk U, we obtain the value of the functional at the
point z = —zy

z€U, keSS,

—z0f" (—20) _2 |Zo|2 — 2a22 (12)
f'(=20) 1— |z

and ,
—20f"(—%0) _ 20 —, (13)
f(=20) k(z0)(1 = |20]")
where as is the second coefficient in Maclaurin expansion of the function k.
From (11), (12) and (13) by putting zp = —z we have

(
ZZ’;S) - - _1|z|2 {2aa2z — Bz’ + 2a [1 - k(zz)] +8 {1 - l("’z)} } (14)

and

1_ |Z‘2§R(7) zh”(z) 1— ‘Z|2§R(7) ) |: . :|
= 2ccanz — Bz + 20 |1 — —
R e | T I ) e A H—2)
z
+0 [1 — —l(—z):| , (15)
where k,l € S.

Now, we investigate the following cases:

2z
1. It is easy to observe that the function ¢ : (0,00) = R, ¢(z) = 1=2— (0 <a < 1)
is a decreasing function. If © = R(y) with R(y) > 1, z € U, a = |z|, then

1— ‘Z|2§R(’Y)
FYRYZREECINE
R(v)(1 = [2]7)

In equation (15), putting inequality (16) and using the Lemma 3
(—k(—==2),—l(—2) € S), we obtain

zelU. (16)

1 PR | n(e) 2 ) :
R | e | < |20~ Blef + 20 [1—_M_Z>] W[l‘—z(—z)”
< 2|allaz| |2 +18] |2 +2 o] 1‘@’*'5"1_{@‘

< 10]al +4|5]
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which, in the light of hypothesis (7), yields
1—| Z|2§R(’Y)
R()

2. Now we consider the function 9 : (0,00) = R, ¥(x) =1 —a?* (0 < a < 1) which
is an increasing function. Then, for 0 < R(y) < 1 we have

1— ‘Z|2§R(“/)

1|z

zh" (z)
W)

<1, zel.

<1, zel. (17)

Hence, using inequality (17) and Lemma 3, we obtain

1— |22 | 2h(2)
R(v) h'(z)
1 2 z z
<—— [2aasz — B2 +2a[1—]+ﬁ{1—”
Ry 22022~ 1 k() ()
1 2 z z
<——1<2|allas| |z| + |B] |z]” +2|a| |1 — ‘4—6‘1—’}
s {2l leal 21181 BE + 210l |1 = =2+ 1811 - =7
_10]a] + 413
R()
which, in the light of hypothesis (7), yields
o 12R() "
L )|y
R(7) h'(z)

Finally, by applying Lemma 1 we conclude that the function F, g (z) defined by (3)
is in the univalent function class S. This evidently completes the proof of Theorem
1. O

Putting v = 1 in Theorem 1, we immediately arrive at the following application
of Theorem 1.

Corollary 1. Let F € i and G € AZ/O. Also let o and B be any complex numbers.
Moreover, suppose that these numbers satisfy the following inequality

10]a + 4|5 < 1.
Then the function Fo g(z) defined by (5) is in the univalent function class S.

Choosing a = 0 in Theorem 1, we obtain the following interesting consequence
of Theorem 1.

Corollary 2. Let 8 and v with R(vy) > 0 be any complex numbers. Moreover,
suppose that the function G € ), and the following inequalities

1
Bl< 7 for Ry =1

81< M0 o o<y <1
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are valid. Then the function Fg . defined by

z 1/
Fonlz) = (V / ﬂ—1<tG(t))f3dt>
0
is in the univalent function class S.

Theorem 2. Let F € i and G € io. Suppose also that «, B and v are any
complex numbers and that these numbers satisfy the following inequality

= 1]+ 10]a] +3|5I< 1. (18)
Then the function Fo g~(2) defined by (8) is in the class S.
Proof. We consider the function h defined by (8). Then from (9)-(13) we have

W= o e o1 e 2a [ s L [

and

zh''(z)
e

|2+ (1) [w- b+ } (et 1B + 20z + (v~ 1)

z

+20 [1 —k(—z)]+ﬁ {1—_1(;)], (19)

where k,l € S. Putting ¢ = v — 1+ f in (19) and using Lemma 3 we obtain

el

< by~ 1142lal Jal a1+ 1 - =] |+ 811 - 55

< |y~ 1]+ 10]a] + 33|

\w- L B + (- |2P) [w— )+

Finally, by applying Lemma 2, we conclude that the function F, g (z) defined
by (3) is in the univalent function class S. This evidently completes the proof of
Theorem 2. O

Remark 2. For v =1, from Theorem 2, we see that our result is stronger than the
Wesolowski’s result (12 |a| 4+ 4|8] < 1) for the same integral operator (for details,

see [20]).
3. Univalence condition associated with the integral operator
(4)

Finally, the following result contains another sufficient conditions for a general inte-
gral operator Gy , of type (4) to be univalent in the unit disk ¢/.
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Theorem 3. Let G € io and p, A € C. Moreover, suppose that these numbers
satisfy the following inequalities

16|A| <1, for R(pu)>1, (20)

16 |A|
—— <1, for 0<R(p <1
) (1)

Then the function G ,(z) defined by (4) is in the univalent function class S.

Proof. Let us consider the function Gy : Y — C, defined by

Gr(2) = /O (e"e0)

First observe that, since G € iov clearly Gy € A, i.e. GA(0) = G4(0) —1 =0. On
the other hand, it can be seen easily that

G4(2) = (6

and
SG2) _ ag ) (4. 2C2)
S = Al )<2+ e > (21)

Hence expression (21) can be rewritten as

G4 | 2 (2_ zg’(z)),

G\(z)  Tg(2) 9(2)
where g € S.
Now, by using equality (13) and Lemma 3 and by putting zp = —z in (13) , we
obtain
2G5 (2) 22 -z
7 =|A 2 - 2
Gi(2) 9(z) k(=2)(1— |2%)
A 22 ( 9 z )
— 2 (o =
(1—1z2*) 9(2) =) —k(=2)

A2 :
= T EP)le)] {r-zeels ’1_ —k<—z>’}
_ AR 1

T 1=z lg()]

In the last inequality if we again apply Lemma 3 for g € S, we have

2GY () 16 ||
Gi(2) | = 12>

for all z e U.
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Now, by using Lemma 1 and the hypothesis, we obtain

1— 20 1267 (2) | 1— 2" 16 A
R () gi\(2) 11—z R(pw) ~— 7
which in Lemma 1 implies that G ,, € S. This completes the proof. O

Now, by choosing i = 1 in Theorem 3, we have the following result.

Corollary 3. Let G € io and \ € C. Moreover, suppose that this number satisfies
the inequality |A| < 1—16. Then, the function Gx(z), defined by

Ga(2) = /OZ (etzc(t))/\ dt,

is in S, i.e. it is univalent in U.
Example 1. Let us consider the function G(z) = —1“(177) € io. If we choose for
some A, |A| > 1, then

is not a univalent function in U.

Proof. From the property of the function e* and from the fact that |arg(1 — 2)| < &
it follows that the function fy(z) = (1 — 2)!=* is not univalent in I if there exists
A such that [I — Al § > 7 or [A| > 1. This proves that there exists a function G in

> o such that for some A, [A] > 1 the function Gy given by (22) is not univalent in
U. O
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