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Classification of quadrics in a double isotropic
space

JELENA BEBAN-BRKIC*

Abstract. This paper gives the classification of second order sur-
faces in a double isotropic space Iéz). Although quadrics in I§2) have
been investigated earlier [e.qg. 8 or 9], this paper offers a mew method
based on linear algebra. The definition of invariants of a quadric with
respect to the group of motions in I§2) makes it possible to determine the
type of a quadric without reducing its equation to a canonical form. For
that purpose isometric properties of conics in the isotropic plane and

affine properties of quadrics are used.
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1. Double isotropic space

Let P3(R) be a three-dimensional real projective space, quadruples (zg : 21 : 2 : x3)
# (0:0:0:0) the projective coordinates, w a plane in P3, and A3 = Ps\w the
derived affine space. An affine space A3 is called a double isotropic space I?()Q) if
in Az a metric is induced by an absolute {w, f, F'}, consisting of the line f in the
plane of infinity w and the point F' € f. The geometry of I§2) could be seen in e.g.
Brauner [5]. In the affine model, where

Z1 Z2 Zs3
r=— Yy=— 2= (.’11'0750) (1)
i) Zo Zo
the absolute figure is determined by w = 20 =0, f =290 =21 =0,and F (0: 0: 0: 1).
All regular projective transformations that keep the absolute figure fixed form
a 9-parametric group
Ty = Xo
T1 = €10 + C2T
Gy _1 Lo e ,Cly .., Coya,b,c € R, and cacycs 0. (2)
To = 39 + ax1 + c4x2

T3 = csxo + bx1 + cxa + cgx3
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We call it the group of similarities of the double isotropic space I§2).

The unimodular transformations in Gy form a 6-parametric motion group of
19 ie.,

Lo

=170 + 71

| = &l

G (3)

T9 = C3%0 + ax1 + T2
T3 = c5x9 + bxy + cro + T3

In the plane of infinity w, Gg induces a 3-parametric group

T =T
G3{ T3 = azq + 22 (4)
T3 = bx1 + cxo + x3

G35 is the motion group of an isotropic plane, see [7].

2. Quadric equation

A quadric equation is a second-degree equation in three variables that can be written
in the form
Q(z,y,2) = an12® + asey® + assz® + 2a122y + 201332 + 2a23y2

5
+ 2a01T + 2a02y + 2ap3z + ago = 0, ( )

where a11,... ,a00 € R and at least one of the coefficients ai1, ... ,a23 # 0 [1].
Using the matrix notation,

apo ap1 ap2 o3 1
_ ap1 a1 ai2 ais X
Qo2 @12 Q22 @23 Yy
ap3 a13 G23 a33 z
We will need
apo ap1 o2 @03
ail a1z a13
A= apl a11 12 @13 An —
= , 0 = | A12 G22 G23 |,
ap2 A12 22 G23
ai3 a23 ass
ap3 a13 a23 a33
a2 a23
A= . Ao = |asz| = ass, (7)
a23 a33

the 3x3- minors D; ; (4,5 =1,2,3) of A, the 2x2- minors A;; (¢,7 = 1,2,3) of Ay,
as well as

aoo ao1 apo o2 ago o3
To = Yo1 + Yoz + Y03 = :
0= 0L T2 T3 = G0 any | T a0z ags | | aos ass .
I =An+Ax+Ass, (Aun=24), I'=Ty+T4, and ®

Qp = a11 + ag2 + asz, @1 = &g+ ago-
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As it is known, see [4], the sign of the determinant A as well as that of Ay is
invariant with respect to the affine (linear, regular) transformations. The goal is
to determine the invariants of quadrics with respect to the group Gg of motions in
I§2). For that purpose let us apply on the quadric equation (5) the mapping from
Gg given by

y=aT+7 , a,b,c € R. (9)
z=bT+cy+7z
‘We obtain
Qoo Qo1 Go2 @03 1
— — — | Go1 G11 G12 G13 z
Ty, z) =1lxyz |2 7 _°_ —_ |1 =0, 10
Qr,y,2) = y]a02a12a22a23 7 (10)
Qo3 @13 G23 a33 z
where,

Qpo = Goo,

Qo1 = ao1 + aao2 + baos,

Qp2 = ag2 + caps,

Qo3 = Go3,

a11 = a11 + 2aa12 + 2bais + 2abass + a2a22 + angg7
@12 = a1z + aags + bass + cayz + acass + beass,

a13 = a13 + aazs + bass,

a2 = a2o + 2cass + c*ass,

Q23 = ag3 + cags,

a3z = a33.

These yleld K = A, ZO = Ao, Kl = Al, ZQ = AQ,
For example,

aso + 2cass + c?ass ass + cass |
az3 + cass ass3

Qg Q23
Q93 33

N 2
Ay = S0 = aggazz —ajzy = Ag.

3. Diagonalization of the quadratic form

The quadratic form within equation (5) is a homogenous polynomial of the second
degree:

K(z,y,2) = anz? + a22y2 +asg3z® + 2a10xy + 2a1302 + 2023y 2

a1l a1z 413 x (12)
=[xy 2] | a12 a2 as3 y| =0.
ais a23 ass z

The question is whether and when it is possible to obtain the canonical form (see
[6]) of the quadratic form (12), i. e., a1z = a13 = a3 = 0, using transformations of
the group Gs. From (11) we derive that
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Gyy = Gys = Tg3 = 0 = ¢ = _aﬁ, b— 12023 — 0132@22 a= 13023 — a122a33’ (13)
ass 22033 — A53 22033 — A53
that is,
as3 Aqg AN
‘T TAY A YA (14)
In such a way we obtain
a1 0 O T
K(z,y,2)=[T ¥ z| 0 @2 0 y (15)
0 0 as3 z
where,
Ay Aq
11 = —, G =—, az3=Ao. 16
=30 G2 =x G =LA (16)

4. Isotropic values of the matrix

Using the analogies with the results given in Beban-Brkic [2] obtained for the
isotropic plane, we have the following;:
a1y ai2 @13

Definition 1. Let A = | a12 a2 ass | be any real symmetric matriz, and let
@13 a23 a33
aii 12 413 o
us denote Ag = | ayo aosg ao3 |, Ay = a22 azﬂ , Ao = |ass| = ass. Then the values
a13 a3 ass 23 788
A
I, = A_O’ I, = A—l, Is = As, (A1,Ay #0), are called isotropic values of the matriz
1 2
A.
Definition 2. We say that the real symmetric 3x 3-matriz A allows the isotropic
100
diagonalization if there exists a matric G = | a 1 0 | such that GT AG is a diagonal
bcl
I 00
matriz, i.e., GTAG = | 0 Iy 0 | where I, 15,13 are the isotropic values of the
0 0 I3

matriz A. We say that matriz G isotropically diagonalizes A.

It can be seen from what has been shown earlier that the following propositions
hold:

Proposition 1. The isotropic values Iy, Is, Is as well as their products I1IsIs =

Ag, I;I3 = Ay are invariant with respect to the group of motions of the double

isotropic space I§2).

Proposition 2. Let A be a matriz from Definition 1. Then there is a matriz

100 A A “
G=|al0| witha = j, b = i, c = —ﬁ, which under the condition
bcel A1 A1 Bz

A1, Ay # 0 isotropically diagonalizes A.
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Proposition 3. 1t is always possible to reduce the quadratic form (12) by an
isotropic motion to the canonical form (15) except for

a) AQZO, A17é0;
b) AQZO, Al :0, Ao?éo,'
C) A2:A1:A0:0.

5. The absolute plane w

The quadric equation (5) written in homogenous coordinates (xg : 1 : @2 : x3) has
the form

2 2 2
a11x7 + ag2x; + agzxsz + 2a12T1T2 + 2a13T123 + 200323 + 2001210 (17)
2
+ 2agoT2T0 + 2a03x3%0 + apoTy = 0.

With z¢p = 0 we obtain the cross-section of the quadric with the plane of infinity w,
i.e.,

k, = allx% + CLQQJ?% + a33$£2)) + 2a12x129 + 20132173 + 209032213 = 0, (18)

where, (1 : o : x3) are plane projective coordinates. The affine coordinates &, 7
in w are given by

e=2, n=2, (19)
I I
and the absolute figure is determined by
F0:0:1), f=z1=0. (20)

Equation (18) obtains the form

kuw = ag2€® + azan? + 2a12€ + 2a13m + 2a23€n + an

ajl; a2 a3 1 (21)
=[1&n] | a2 az as &l =0.
a13 a23 33 n

As it has been shown in [2], the basic conic invariants with respect to the group
of motions of the isotropic plane w, in terms of the quadrics invariants, are Ag, Aq,
and Ag, given in relation (7).

6. Isotropic classification of quadrics

It is known that in the isotropic plane there are 20 different types of conics, see [3],
[7]. We will use the classification given in [3], made with respect to the conics iso-
metric invariants in the isotropic plane, as well as the results related to k., obtained
in the same paper:
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ApglAg >0 imaginary ellipse
Ay >0 | BoF0 FRIR;SO I real ollipse
Ag =0 imaginary pair of straight lines
. Ag #£0 AoAg >0 | Stzmi type hyperbola 15 family
Ao #0 1<0 AgApg <0 | _ ] 1°7 type hyperbola
Rg=0 pair of intersecting straight lines
ANg Z0 parabola
Agg < 0 pair of parallel lines
A1 =0 Ag =0 Aoy > 0 Tmaginary pair of parallel lines
Agg =0 two coinciding lines
A1 <0 Ag #0 special hyperbola ond gamil
A1 <0 o =0 pair of lines, one being an isotropic line
g Z0 parabolic circle
N33 < 0 pair of isotropic lines
A33 > 0 Imaginary pair of Isotropic lines 374 family
Ag =0 A33 =0 oo Z 0 two coinciding isotropic
A1 =0 Ag =0 lines
Agy <0 straight Tine + f
A33 <0 isotropic line + f
A =0 ago= (0 a # 0 double f th .
22 Agz=0 2 a1111=0 all points 4 family
in plane

So, for quadrics classification we will use the conics division in four families de-
pending on their relation towards the absolute figure given by relation (20). We
will distinguish the following:

k., belongs to the 1% family = it does not have an isotropic direction = 15
family of quadrics; consisting of two subfamilies defined by

ko,Nf=0; a subfamily
koD f#£0; B subfamily
k., belongs to the 2"¢ family = it has one isotropic direction = 2"¢ family of

quadrics;

k., belongs to the 37¢ family = it has a double isotropic direction = 3"¢ family
of quadrics;

k., belongs to the 4" family = it contains an absolute line f = 4" family
of quadrics.

7@

On the other hand, according to Brauner [5], in I3~ we distinguish six classes

of straight lines. Those are:
- Nonisotropic lines = lines [ with the property I N f = 0;
- Isotropic lines = lines [ with the property [N f # 0, IN f # F;
- Double isotropic lines = lines [ with the property I[N f = F;
- Nonisotropic lines in the plane of infinity w = lines for which I N f = {);
- Isotropic lines in the plane of infinity w = lines for which I N f = F, [ # f;
- Absolute line f.

Hence, quadrics in I§2) will also be classified according to the direction of the
longitudinal axes, i.e., according to the straight line class the axes belong to. We
will distinguish:

- Nonisotropic surfaces;
- Isotropic surfaces;

- Double isotropic surfaces.
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6.1. k, belongs to the 1% family

If k., belongs to the 1%¢ family, then according to the conics isometric invariants,
there are two possibilities:

(i) Ay #0, Ay #0;
(i) Ay #£0, Ay =0.

Ad (i) Under such conditions it is always possible to reduce the conic equation
(21) by isotropic motions into the form

Ay o 5  Ag )
= — A — =0, ie,, 22
k A2£ + Aan +A1 0, i.e (22)
ko= LE + > +1, =0. (23)

In the homogenous coordinates,

ky, = Lai + I323 + Lzt =0, (24)
and finally, in the affine space coordinates,

ko = Ly? + 322 + L1z2 = 0. (25)

All quadrics having (25) as the cross-section with the plane of infinity w could
be written in the form, see [8]:

Il.’IJQ + Igy2 + .[322 + 2a01T + 2ap2y + 2ap3z + ago = 0, i.e.,

A A
A—0x2 + A—1y2 + A92? + 2a012 + 2a02y + 2a032 + ago = 0. (26)
1 2

The possibilities are the following:

Ad 1) k, is an imaginary ellipse. Choosing
A2 7é 07 Al > 07 A0 # 07 AOAQ > 07 (27)

it follows that (21) represents an equation of an imaginary ellipse. By means of
three translations of the coordinate system, in the direction of z, y, and z-axes, the
quadric equation (26) obtains the form

Ao 5 A1 o 2,
Alx +A2y +Agz"4+t=0, (28)

A
where t = A is invariant. Surface (28) defined by:
0

1.1. As #£0, A1 >0, Ag # 0, AgAs > 0, and A > 0, will be called an imaginary
ellipsoid of the o subfamily;

1.2. As #0, Ay >0, Ap #0, AgAs > 0, and A < 0, will be called an ellipsoid
of the o subfamily;
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1.3. Ay #£0, A1 >0, Ag #0, AgAg > 0, and A = 0, will be called an imaginary
cone of the a subfamily.

Ad 2) k, is a real ellipse. With
Ay 75 0,A1 > 0,4 75 0, AgAs <0, (29)

an equation of an ellipse is obtained. The quadric equation (26) can be transformed
into

_A
-5

A
2, |28
JZ—F‘AQ

|20

X (30)

Y 4| A2+t =0, t

wherefrom three types of surfaces can be distinguished:

2.1. Ao 75 0, A1 >0, Ap 7é 0, AgAs <0, (Fl <0V Agag < O) and A > 0, will
be called a nonisotropic one-sheet hyperboloid of the o subfamily;

2.2. Aq 75 0, A1 >0, Ap 7é 0, AgAs < 0, (Fl <0V Agag < O) and A < 0, will
be called a nonisotropic two-sheet hyperboloid of the o subfamily;

2.3. Ay 75 0, A1 >0, Ap 7é 0, AgAs <0, (Fl <0V Agag < O) and A = 0, will
be called a nonisotropic cone of the a subfamily.

Figure 1. Nonisotropic one-sheet hyperboloid of the a subfamily

Ad 3) k, is an imaginary pair of straight lines. Choosing
Ay #£0,A1 >0,A¢ =0, (31)

(21) represents an imaginary pair of straight lines. It is easy to verify that the
quadric quation (26) under such conditions can be transformed into

A
A—1y2 + A222 + 2ap1x + agp = 0, (32)
2

wherefrom we derive two possibilities:
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3.1. ag1 # 0; After a translation of the coordinate system in the direction of the
x-axis, equation (32) becomes of the form

A
—1y2 + Agz? + 20017 = 0, (33)
A

[ A
where the remaining coeflicient ag; = A is invariant as well. A surface
1
defined by:

3.1.1. Ay # 0,A1 > 0,Ag = 0, and A < 0, will be called a nonisotropic
elliptical paraboloid of the a subfamily.

3.2.
A
ap1 = 0= A—ly2 + A92? + agy = 0, (34)
2

D
wherefrom it follows that A = 0, and agg = A—ll, where D11 is invariant with
1

respect to the group of motions of I §2), and is therefore agg. A surface defined
by:

3.2.1. Ay # 0,A1 > 0,A0 = 0, and A = 0, D;;Ay > 0, will be called a
nonisotropic imaginary cylinder of the a subfamily;

3.22. Ay #£0,A1 >0,A0=0,and A =0, (I' <0V Dy101 <0), will be called
a nonisotropic elliptical cylinder of the o subfamily;

3.2.3. Ay £0,A1 > 0,70 =0, and A =0, D11A; = 0, will be called a pair
of imaginary planes with a nonisotropic cross-section of the «
subfamily.
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Figure 2. Nonisotropic elliptical paraboloid of the o subfamily

Here follows the proof for Dq; being invariant under isotropic motions: From (11)
and (34) we derive that

o Qoo Go2 Qo3 ago ap2 + cag3 ap3
D11 = |Go2 @22 @23 | = | ao2 + caps aze + 2cass + c2ass ass + cass
Qo3 G23 a33 ao3 a23 + cazs ass
apo 0 0
=| 0 ag2 + c*ass cass | = agoazzass = Di1.
0 Ccass ass

Ad 4) k, is a 1°¢ type hyperbola. Choosing
Ag 75 0,A1 < 0,A¢ 7é 0, AgAs <0, (35)

(21) represents an equation of the 1% type hyperbola. The quadric equation given
in (26) can be transformed into
Ay
Ay

A
2 |21
x+A2

A
v —|Ag| 22+t =0, t=-—, (36)
Ao

wherefrom three surfaces can be distinguished:

4.1. Ay #£0, A1 <0, Ag #0, AgAs <0, (Fl <0V Agag < O), and A > 0, will
be called an isotropic one-sheet hyperboloid of the 3 subfamily;

4.2. Ao #£0, A1 <0, Ag #0, AgAs <0, (Fl <0V Agag < 0)7 and A < 0, will
be called an isotropic two-sheet hyperboloid of the (§ subfamily;

4.21. Ay #0, A1 <0, Ag #0, AgAs <0, (Fl <0V Apag < 0), and A =0,
will be called an i¢sotropic cone of the 3 subfamily.
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LI
e

B
7

Figure 3. Isotropic cone of the 3 subfamily

Ad 5) k, is a 2"¢ type hyperbola. With
A2 7é 07 Al < 07 A0 # 07 AOAQ > 07 (37)

(21) is an equation of the 2"¢ type hyperbola. The quadric equation (26) can be
written in the form:
Ag
—|—|=z
Ay

A
YA 24t =0, t=-—. (38)
Ag

2 |A1

Ay

The possibilities are:

51. Ay #0, A1 <0, Ag # 0, AgAg > 0, (Fl <0V Agag < O), and A > 0, will
be called a double isotropic one-sheet hyperboloid of the 3 subfamily;

5.2. Ay 7é 0, A1 <0, Ag 7é 0, ApgAs > 0, (Fl <0V Agag < O), and A < 0, will
be called a double isotropic two-sheet hyperboloid of the 3 subfamily;

5.3. Ay 7é 0, A1 <0, Ag 7é 0, ApgAs >0, (Fl <0V Agag < O), and A =0, will
be called a double isotropic cone of the § subfamily.

Figure 4. Double isotropic cone of the 3 subfamily
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Ad 6) k, is a pair of intersecting straight lines. With
Ag #£0,A1 < 0,40 =0, (39)

(21) represents a pair of intersecting straight lines. It is easy to verify that the
quadrics equation (26) under such conditions can be transformed into

Ay

A_ y2 — |A2‘ 22 + 2ap1x + ago = 0, (40)
2

wherefrom we derive two possibilities:

[ A
y2 — |A2‘ 22 + 2a012 =0, ag1 = —A—. (41)
1

6.1.1. Ay # 0,A1 < 0,A¢p = 0, and A > 0, will be called a nonisotropic
hyperbolical paraboloid of the 8 subfamily.

6.1.
Ay
apr # 0 = ‘A_Q

A surface defined by:

6.2.

A
a01:O:>‘A—1 y2—|A2‘Z2+a00:O, (42)
2

D
wherefrom it follows that A = 0, and agg = A—H A surface defined by:
1

6.2.1. Ay # 0, Ay <0, Ag =0, and A = 0, Dy; # 0, will be called a
nonisotropic hyperbolical cylinder of the § subfamily;

6.2.2. Ay #£0, A1 <0, Ag =0, and A =0, D;; =0, will be called a pair of
planes with a nonisotropic cross-section of the § subfamily.

Ad (ii) Under the conditions As # 0, and Ay = 0, it is always possible to reduce
the conic equation (21) by isotropic motions into the form

kw = A27]2 + 2&125 = O, or (43)
k., = AQ’!}Q + a1 =0, (44)
depending on Ag being different from or equal to zero. The remaining coefficients
A A
ajps = —A—O, and a;; = A_zz Following the earlier described procedure, all
2 2

quadrics in I?()Q) related to k, given by equation (43) or (44) in the affine space
coordinates, are of the form

[ A
Aoz? +2 —A—Oxy + 2a012 + 2a02y + 2a93z + agg =0, or (45)
2
Agp 4 2 _
—x" + A2Z + 2&01$ + 2a02y + 2@032 + agp = 0. (46)

Ay
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Ad 7) k, is a parabola. With
AQ 3& 07 Al = 07 A0 7é 07 (47)

(43) represents an equation of the parabola. The quadric equation (45), using
translations of the coordinate system in the direction of the z, y, and z—axes, is

reduced to
[ Ag A
A 2 2 —_ 2 = —_ 4
22° + A2 acy+ ano 0, ano Ao ( 8)

wherefrom three surfaces can be distinguished:

7.1. Ay #£0, A1 =0, Ag # 0, and AgAs <0, (Fl <0V Ajag < 0), and A >0
will be called a nonisotropic one sheet hyperboloid of the 3 subfamily;

7.2. Aq 75 0, Ay = 0, Ag 75 0, and AgAs < 0, (Fl <0V Agag < O), and A <0
will be called a nonisotropic two-sheet hyperboloid of the 3 subfamily;

7.3. Ay #£0, A1 =0, Ag # 0, and AgAs <0, (Fl <0V Ajag < 0), and A =0
will be called a nonisotropic real cone of the 5 subfamily.

Ad 8) k, is a pair of parallel lines. From
Ay #0,A1 =0,A0 =0,As <0, (49)

it follows that (44) represents an equation of a pair of parallel lines. The equation
of the associated quadrics can be reduced to

A22

z? — |A2‘Z + 2a02y + ago = 0, (50)
Ag

wherefrom we derive two possibilities:

8.1.

A22

A
a02#0:>‘—

5 6D

x2 —\A2|z + 2ap2y =0, ag2 =

Surface (51) defined by:

8.1.1. Ay # 0, A1 =0, Ag = 0, Ags < 0, and A > 0, will be called an
isotropic hyperbolical paraboloid of the 3 subfamily.

8.2. A
apz = 0= ’ﬁ

22 — |Ag| 2% + agoy = 0. (52)

D
ﬁ, with D9 being invariant
Ay

under isotropic motions (see case 3.2.). A surface defined by:

It is easy to be seen that A = 0, and that agg =

8.2.1. Ay 75 0, A = 0, Ay = 0, Aoy < 0, and A= 0, Doo 75 0, will be called
an isotropic hyperbolical cylinder of the § subfamily;
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8.2.2. Ay 7é 0, Ay =0, Ag =0, Agy < 0, and A = 0, Dy = 0, will be
called a pair of planes with an isotropic cross-section of the (3
subfamily.

&
/Z’;','ﬁ'///fff?' 7
%

e i)
Vree ’”llﬂ,,’{{;
sz,

£
s
i

LAY

Figure 5. Isotropic hyperbolical cylinder of the O subfamily

Ad 9) k, is an imaginary pair of parallel lines

From
AQ 7é 07 Al = Oa A0 = Oa A22 > 07 (53)

it follows that (44) represents an equation of a conic from the title. The associated
quadric equation can be reduced to

A
A—22$2 + A222 + 2ap2y 4+ agp = 0, (54)
2

wherefrom similarly to the previous case we derive two possibilities:

A [ A
a2 75 0= £$2 + AQZ2 + 2a02y =0, ag2 =4/———. (55)
AQ A22
Surface (55) defined by:

9.1.

9.1.1. Ay # 0, A1 =0, Ag =0, Ags > 0, and A < 0, will be called an
isotropic elliptical paraboloid of the 3 subfamily.

9.2.
A
age =0= A—me + Ao2® +ago =0, (56)
2

D
with A = 0, and agy = A—”. Surface (56) defined by:
22
9.2.1. AQ#O, A1 =0, Ag =0, Ay >0, and A =0, (F<0\/ Doscry <0)7
will be called an isotropic elliptical cylinder of the 5 subfamily;
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9.2.2. Ay #0, A1 =0,Ay =0, Ags >0, and A =0, Doz Ay > 0, will be called
an tsotropic imaginary cylinder of the 0 subfamily;

9.2.3. AQ 7é O, Al = O, AO = O, AQQ > O, and A = O, D22A2 = O, will be called
an imaginary pair of planes with an isotropic cross-section of
the 3 subfamily.

Ad 10) k, consists of two coinciding lines. Choosing
Ay #0,A1 =0,A0 =0,As =0, (57)

(44) represents an equation of a conic from the title. The equation of the joined
quadrics can be reduced to

D D
Aoz? + 2a017 + 2a02y + ago = 0, o1 = |/ — —=, agy = \/ - (58)
AL Ay

On the other hand, on the assumption that in this case the surface equation disjoints
in two linear factors, compared with (58), ag1 = ag2 = 0 is derived. Therefore, the
surface equation is of the form

ger 203

00 A2 s

where the sign of 73 is invariant. Three surfaces can be distinguished:

10.1 Ao 75 0, Al = 0, AO =0, Aoy = 0, and A = 0, D11 = Dy =0, Yoz < 0, will
be called a pair of nonisotropic parallel planes of the 3 subfamily;

10.2. Ao 75 0, Ay = 0, Ay = 0, Aoy = 0, and A= 0, D11 = Dy =0, Yoz > 0, will
be called an tmaginary pair of nonisotropic parallel planes of the (3
subfamily;

10.3. Ag 7é O, Al = O, AO = O, AQQ = O, and A= O, D11 = D22 = O, Y03 = O, will
be called two coinciding nonisotropic planes of the (5 subfamily.

A222 4+ agp = 0, (59)

Here follows the proof that the sign of ~yy3 is invariant under isotropic motions.
From (8) and (59) it follows that

apo Go1 apo @02 aoo a3
Ty =701 + Y02 + Y03 =
ap1 ai11 ap2 a22 ap3 @33
_ | aoo 0 + apo 0 apo 0
00 00 0 ass
= 703-
On the other hand, according to (11), we obtain
= _ - — — apo Go1 apo Go2 Qapo Go3
Fo=%01+%02 703 = |~ -~ — —
ao1 a11 Qo2 G22 Qo3 ass
| @oo 0 apo 0 apo 0
0 b2a33 0 62a33 0 ass

=D + 2+ 1) =030 + 2 + 1),
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6.2. k, belongs to the 2" family

Since k,, belongs to the 2"? family, with respect to the conics isometric invariants,
the following conditions are fulfilled:

Ay =0,A; <0. (60)

Under such conditions, using isotropic motions it is always possible to reduce the
conic equation (20) into
ko = 2a238n + ann =0, (61)

A
where a1 = A—O and as3 = v/—A1. In the affine space coordinates:
1

k. = annz? + 2as3yz = 0. (62)

All quadrics having (62) as the cross-section with the plane of infinity w could be
written in the form

a112? + 2a23yz + 24017 + 2a02y + aozz + ago = 0. (63)

The possibilities are the following:

Ad 11) k, is a special hyperbola. With
Ay =0,A1 <0,A¢ #0, (64)

(61) is an equation of a special hyperbola. Using translations in the direction of the
x,y, and z—axes, the quadric equation given in (63) can be reduced to

A A
—0x2 +2v/—A1yz+apo =0, agp=-—. (65)
Al A0

The surface defined by:

11.1. Ay =0, A1 <0, Ag # 0, and (T'1 <0V Agap < 0), A > 0, will be called an
one-sheet hyperboloid of the second family (isotropic and nonisotropic);

11.2. Ay =0, A1 <0, Ag # 0, and (T'1 <0V Agap < 0), A < 0, will be called an
two-sheet hyperboloid of the second family (isotropic and nonisotropic);

11.3. Ay =0, A1 <0, Ag # 0, and (I'1 <0V Apap < 0), A =0, will be called a
real cone of the second family (isotropic and nonisotropic).
Ad 12) k,, is a pair of lines, one being an isotropic line. Choosing
AQ = O, Al < O, AO = O, (66)

it follows that (61) represents an equation of a conic from the title. The quadric
equation (63) is reduced to

2v/—A1yz + 2ap1x + ago = 0, (67)

wherefrom we derive two possibilities:
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12.1.
[ A
aop1 75 0= 2+ —Alyz + 2ap912 =0, agy = —A—. (68)
1
Surface (68) defined by:

12.1.1. Ao =0, A1 < 0, Ag =0, and A > 0, will be called a nonisotropic
hyperbolical paraboloid of the second family.

12.2.

D
ao1 0= 2v/—A1yz+2a90 =0, agy = A—ll (69)
1

The surface defined by:

12.2.1. A = 0, A; <0, Ag =0, and A = 0, D11 # 0, will be called a
nonisotropic hyperbolical cylinder of the second family;

12.2.2. Ao =0, A1 <0, Ap =0, and A =0, D;; =0, will be called a pair of
planes with a nonisotropic cross-section of the second family.

6.3. k. belongs to the 37 family
If k., belongs to the 37¢ family, the following conditions are fulfilled:
Ay =0,A1 =0. (70)

In addition, on the assumption that age # 0, using isotropic motions, it is always
possible to reduce the conic equation (21) into the form

ko = a226% 4 2a13n = 0, or (71)

k, = a22§2 + a1 =0, (72)

depending on Ag being different from or equal to zero. Following the earlier de-
scribed procedure, all quadrics in I?E?) related to k,, given by equation (71) or (72)
in the affine space coordinates, are of the form

a22y2 + 2a1322 + 20017 + 2a02y + 2a032 4+ agp = 0, or (73)

a112? + azy® + 2a017 + 2a02y + 2a032 + ago = 0. (74)

Ad 13) k, is a parabolic circle. With
Az =0,A1=0,A0 #0, (75)

(71) is an equation of a parabolic circle. Using translations of the coordinate system
in the direction of the z,y, and z—axes, the quadric equation (73) can be reduced
to

azy® + 2a132z + agy = 0, (76)
Ag A
where agg = —————, a13 = vV—AQ99, and agg = —. The surface defined by:
22 VDo 13 22 00 Ao Yy
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13.1. Ay =0, Ay =0, Ag # 0, and Ags <0, (Fl <0V Apag < O), A > 0, will be
called a nonisotropic one-sheet hyperboloid of the third family;

13.2. Ay =0, A1 =0, Ap 75 0, and Ags < 0, (Fl <0V Agag < O), A < 0, will be
called a textbfnonisotropic two-sheet hyperboloid of the third family;

13.3. Ay =0, A1 =0, Ag # 0, and Ass < 0, (Fl <0V Agag < 0), A =0, will be
called a real nonisotropic cone of the third family.

Ad 14) k, is a pair of isotropic lines. With
Ay = 0, A = 0, Ag = 0, As3 < 0, (77)

it follows that (72) represents an equation of the conic from the title. Under the
above conditions the quadric equation (75) can be reduced to

|a11]2* — |agz|y® 4 2a03z + ago = 0, (78)
wherefrom we derive two possibilities:
14.1.

A
a3 # 0 = |a11|z®—|aza|y*+2a032 = 0, ags = Ay Aszz = ajaze. (79)

Surface (80) defined by:

14.1.1. A =0, A1 =0, Ag =0, Azz <0, and A > 0, will be called a double
isotropic hyperbolical paraboloid of the third family.

14.2.

D
ap3 = 0 = |a11|7? — |agz|y® + ago = 0, a0 = A_337 Asz3 = ai1a22. (80)
33

The possibilities are:

14.2.1 Ay = 0, A = 0, Ay = 0, Asz < 0, and A= 0, D33 75 0, will be called a
double isotropic hyperbolical cylinder of the third family;

14.2.2. Ao =0, A1 =0, Ag =0, Az3 <0, and A =0, D33 = 0, will be called a
pair of planes with a double isotropic cross-section of the third
family.
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Figure 6. Double isotropic hyperbolical cylinder of the third family

Ad 15) k, is an imaginary pair of isotropic lines With
Ao :O,Al :O,AQ ZO,A33 > 0, (81)

it follows that (72) represents an equation of the conic from the title. Similarly to
the above case, the quadric equation (75) can be reduced to

a112? + azey® + 2a3z + ago = 0, (82)
and the possibilities are:

15.1.

A
aos # 0 = a112? + agey® + 2a03z = 0, ap3 = \/ AL Aszz = anaz. (83)
33

A surface defined by:

15.1.1. A =0, A1 =0, Ag =0, Azz > 0, and A < 0, will be called a double
isotropic elliptical paraboloid of the third family.

15.2.
D
aos = 0 = a112? + agoy® + ago = 0, agy = A_?,g, Asz3 = ai1a92. (84)
33

On the assumption of (81) D33 is invariant.
15.2.1. Ay =0,A1 =0,A9=0,A33 >0,and A =0, (F <0V ayDs3 < 0), will
be called a double isotropic elliptical cylinder of the third family;

15.2.2. Ay = 0, A = 0, Ag = 0, Asz > 0, and A= 0, ags D33 > 0, will be called
a double isotropic imaginary cylinder of the third family;
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15.2.3. Ao =0,A;1 =0, Ag =0, Azs > 0, and A =0, ags D33 = 0, will be called
a pair of tmaginary planes with a double isotropic cross-section
of the third family.

On case 15.2.2 we are going to demonstrate that the conditions on the invariants
characterize the types unequally. - - -
First, let us prove that D33 = D11 + Dos + D33 = D11 + Doo + Da3s:

. Qoo Qo2 o3 ago 0 0
Dy = |Go2 G2 @23 | =| 0 a2 0| =D =0,
Qo3 @23 U33 0 00
Qoo @o1 To3 ago 0 0 ago 0 0
- T 2
Doy = |Gor @11 @13 | =| 0 a1 +a“aze 0| =0,D2=| 0 a1 0| =0,
Qo3 13 ass 0 0 0 0 00
Qoo @o1 To2 ago 0 0
- T 2
D33 = |Go1 @11 Gi2 | = | 0 a11 + a®age aage | = agoai1ass,
Qo2 Q12 G22 0 aas a2
apo 0 0
D33 =] 0 a;1 0 | =agoairaos.
0 0 ass

We will also need A33 >0= All + AQQ + A33 > O, i.e. le + ZQQ —|—K33 > 0:

-~ Q22 23 az 0

Ap=|_"7"_"|= =A;1 =0,
@23 T33 00
N 2

A, — |d11 413 _Cl11—|-aa220_0A _|ann 0 0

2 = | 505 Tss 0 0 ALY 00 )

— 2

Z33 L I L e aiagz, Azz = o1 0 = a11a22
Q12 22 aazz a2 ’ 0 ag

Finally, Ay = 0&A33 > 0&aze D33 > 0 = (D11+ D2+ D3sz)(a11 +azz2+ago) > 0,
i.e. (D114 Da2 + D33)(@11 + G2 + @oo) > 0:
a11, a2 > O, or

With Asz = ajiase > 0 = s Ay = a3z = 0, age D33 > 0, we
ai,az <0

obtain

(D11 + Dag + D3s)(a11 + a2z + ass) = Dss(ai1 + age + ago) > 0, and
(Ell +E22 + 533)(611 +622 +633) = D33(CL11 + a22(a2 + 1) + aoo) > 0

Presuming now conditions 15.2.2; and taking into consideration what has been
proved above, we derive:

(i) With Ay = A; =0, a surface belongs to the third family of quadrics;
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(ii) With A = Ay =0, Asz > 0, and ag2D33 > 0, according to the affine classifi-
cation of second order surfaces, it is an imaginary cylinder;

(iii) (i) & (ii) = the longitudinal axis is a double isotropic straight line.

All other cases can be checked in a similar way.

Ad 16) k., consists of two coinciding isotropic lines. With
AQ = 0, Al = 0, Ao = O, A33 = 0,(122 7é O, (85)

(72) represents an equation of a conic from the title. After being translated in the
direction of the y axis the equation of the associated quadrics becomes

On the other hand, on the assumption that in this case the surface equation disjoints
in two linear factors, compared with (86), ap1 = ags = 0 is derived. Therefore, it is
of the form

a2y’ +agy =0, azam = Yoz (87)

Three surfaces can be distinguished:

16.1. Ag = 0, Al = 0, AO = 0, A33 = O, azo 75 O, and, A = D11 = D33 = O,
Yo2 < 0, will be called a real pair of isotropic parallel planes of the
third family;

16.2. AQ = 0, Al = 0, Ao = 0, A33 = O7 ano 75 O7 and, A = D11 = D33 = O7
Yoz > 0, will be called an imaginary pair of isotropic parallel planes of
the third family;

16.3. Ay =0,A; =0,A9=0,A33 =0, az #0,and, A = D1 = D33 = 0,702 =0,
will be called two coinciding isotropic planes of the third family.

6.4. k, belongs to the 4" family

k., being of the 4** family means that the following conditions are fulfilled:
Ay =0,A; =0. (88)

Besides, on the assumption that ags = 0, using isotropic motions, it is always
possible to reduce the conic equation (21) to the form

ko = 2a12€ + 2a13n + ayy = 0, (89)

wherefrom it follows that the conic consists of two straight lines, one being an
absolute line f. In the affine space coordinates we have

k, =z (a2 + 2a12y + 2a132) = a112” + 2a192y + 201322 = 0. (90)
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All quadrics having (90) as the cross-section with the plane of infinity w are of the
following form:

a11x2 + 2a122y + 2a1372 + 20017 + 2602y + 20032 + ago = 0. (91)

Ad 17) k, consists of a nonisotropic line + an absolute line f. Choosing
Ay = 0, A = 0, Ag = 0, Aoy < 0, (92)

we obtain that (89) represents the conic from the title. Using translations in the
direction of the x, and z—axes, (91) can be reduced to

2a1322 + 2a92y + ago = 0. (93)

There are two possibilities:

17.1

A
a2 #0 = a13zz + apy =0, a13 =/ —ADa2, ag2 =4/ Ay (94)

Surface (94) defined by:

17.1.1. Ay = 0, A1 =0, Ag = 0, Ags < 0, and A > 0, will be called an
isotropic hyperbolical paraboloid of the fourth family.
17.2. D
ape = 0= 2a13x2 +ago =0, a3 =+ _AQQ, agy = A—zz (95)
From (95) two surfaces can be distinguished:
17.2.1. Ao =0, A1 =0, Ag =0, Ay <0, and A =0, Doy # 0, will be called

an #sotropic hyperbolical cylinder of the fourth family;

17.2.2. Ay = 0, A = 0, Ay = 0, Aoy < 0, and A= 0, Doy = 0, will be called a
pair of planes, one being a 2-isotropic plane, with an isotropic
cross-section of the fourth family.

Figure 7. Isotropic hyperbolical cylinder of the fourth family
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Ad 18) k, consists of an isotropic line 4+ an absolute line f. With
Ag =0, Al =0, Ao =0, AQQ =0,a02 =0, A33 <0, (96)

it follows that (89) represents an equation of the conic from the title. Under the
above conditions, and after translations in the direction of the x and y—axes have
been performed, the quadric equation (91) becomes as follows:

2a192y + 20032 + ago = 0. (97)
There are two possibilities:

18.1.

A
ags # 0 = a1pzy + aozz =0, a13 =/ —As3, ao3 =/ A (98)

Surface (98) defined by:

18.1.1. Ao =0, A1 =0, Ag =0, Ags =0, azg =0, Azz < 0, and A > 0, will
be called a double isotropic hyperbolical paraboloid of the fourth
family.

18.2.

D
ap3 = 0= 2a122y + ago =0, a3 =+/—Ass, ap = A—: (99)

We have:
18.2.1. Ay = 0, A = 0, Ay = 0, Aoy = 0, aze = 0, Asz < 0, and A = 0,

D33 # 0, will be called a double isotropic hyperbolical cylinder of
the fourth family;

18.2.2. Ay = 0, A = 0, Ay = 0, Aoy = 0, aze = 0, Asz < 0, and A = 0,
D33 = 0, will be called a pair of planes, 1 and 2-isotropic, with a
double isotropic cross-section of the fourth family.

Ad 19) k, is a double absolute line f. Choosing

AQ = 0, Al = 0, Ao = O, AQQ = 0, A33 = O,a22 = O,CLH 7é O, (100)

k., is a double absolute line f. After being translated in the direction of the x—axis,
the equation of the associated quadrics becomes of the following form:

[ D D
a11x2 =+ 2&02y + 2a93z + ago = 0, age = —a—%, apz = —ﬁ. (101)
11

On the other hand, on the assumption that in this case, similarly to cases 10) and
16), the surface equation disjoints in two linear factors, and therefore age = ags = 0
must be fulfilled. The surface equation becomes:

a112? + ago =0, a11a00 = Yo1- (102)

Three surfaces can be distinguished:
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19.1. Ag = Al = AO = AQQ = A33 = a9 = O, arl 7é 07 and A = D22 = D33 = O,
Y01 < 0, will be called a real pair of 2-isotropic planes of the fourth
family;

19.2. Ag = Al = AO = AQQ = A33 = a9 = O, al 7é 07 and A = D22 = D33 = O,
Y01 > 0, will be called an imaginary pair of 2-isotropic planes of the
fourth family;

19.3. AQ = Al = Ao = AQQ = A33 = a2 — 0, ail 75 0, and A = D22 = D33 = 07
Y01 = 0, will be called two coinciding 2-isotropic planes of the fourth
family.

Ad 20) All points in the isotropic plane. Choosing
Ay =0,A1 =0,A0 =0,A2 =0,A33 = 0,a22 = 0,a11 =0, (103)

it follows that k. consists of all points in I5. In the homogenous coordinates and
under the above conditions the quadric equation (91) is of the form

{I,‘o(aooxo + 2@01%1 + 2@02%2 + 2@03%3) =0. (104)
There are four possibilities for this type of surfaces:

20.1. AQ = Al = Ao = AQQ = A33 = a2 = a11 = 0, and A = 0, Y03 75 07 will be
called a pair of planes: w + a nonisotropic plane;

20.2. AQ = Al = Ao = AQQ = A33 = Q22 = 11 = 0, and A = 07 Y03 = 0, Y02 75 07
will be called a pair of planes: w + a l-isotropic plane;

203. Ag = A1 =Apg=Ap =A3z3=ap =a11 =0,and A =0, y3 =0, 702 =0,
Y01 # 0, will be called a pair of planes: w + a 2-isotropic plane;

20.4. Angl:Ao:Agg:Aggzagg:a11:0,andA:0,1":0,a007507
will be called a double absolute plane w.

6.5. k, is a pair {S,G}, Seyg

We must also take into consideration the case when k,, is of the type {S, g}, where
g is a double straight line in the isotropic plane Is, and S a point on it. Second
order surfaces having such a cross-section with the plane of infinity w are parabolic
cylinders.

Ad 1) k, is a double nonisotropic line g. It follows from Section 6.1 that
choosing Ay = 0, Ay = 0, Ag = 0, and Ayy = 0, relation k, = 1% = 0 represents
an equation of a double nonisotropic line. All quadrics having such a cross-section
with the plane of infinity could be written as 2% + 2ag12 + 2a02y + ago = 0.

For the point S € g there are two possibilities:

a) S¢ f;and
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b) S e f\{F}.

Ad a)
S¢f80:1:0:0)= apr =0,a02 # 0 = 2%+ 2ap2y = 0. (105)
The surface defined by:
1. Ag 7é O, Al = O, AO = O, AQQ = O, and A = O, D11 7é O, will be called a

nonisotropic parabolic cylinder of the § subfamily.

Ad b)
Se f\{F},S(0:1:0:0)= ag; #0,a02 = 0= 2> + 2ag;z = 0. (106)
The surface defined by:

2. AQ#O,Al:O,AOZO,AQQZO,aHdA:O,Dll:O,DQQ#OWiHbe
called an isotropic parabolic cylinder of the 3 subfamily.

Figure 8. Isotropic parabolic cylinder of the 5 subfamily

Ad 2) k, is a double isotropic line g. It follows from Section 6.3 that choosing

Ay =0, Ay =0, Ag = 0,A33 = 0, and agy # 0 relation k, = ¢2 = 0 represents an

equation of a double isotropic line. All quadrics having such a cross-section with

the plane of infinity could be written in the form y? + 2a¢1z + 2a032 + ago = 0.
For the point S € g there are two possibilities:

a) S¢ f;and
b) S=F(0:0:0:1).
Ad a)
S¢ f50:1:0:0)= apr =0,a03 # 0= y* + 2ap3z = 0. (107)
Surface (107) defined by:
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3. Ag:O,Al:O,AgzO,A33:O,a227é0,andA:O,D11#O,Willbe
called a mnonisotropic parabolic cylinder of the third family.

Ad b)
Se f\{F},S(0:0:0:1)= ap #0,a03 = 0= y* + 2ap17 = 0. (108)
Surface (88) defined by:

4. AQZO,Al :O, AOZO,A33=O,CL22#O,andAZO,DH :O,D337é0will
be called a double isotropic parabolic cylinder of the third family.

Ad 3) k, is a double absolute line f = g. It follows from Section 6.3 that
choosing Ay = A; = Ag = Agy = Azz = age = 0, aj; # 0, relation k, = 22 =0
represents an equation of a double absolute line f. All quadrics having such a cross-
section with the plane of infinity could be written as 2 + 2ag2y + 2a032z + ago = 0.
For the point S € g there are two possibilities:

a) Se f\{F}; and
b) S=F(0:0:0:1).
Ad a)
Se f\{F},S(0:0:1:0)= ag2 =0,a03 #0= 2%+ 2ap3z = 0. (109)
Surface (109) defined by:

5.A2:A1 AO AQQ—Agg—CLQQ—O an;éO andA—O DQQ#O will
be called an isotropic parabolic cylinder of the fourth family.

\“‘ "“ﬂ“ﬁ

“‘-\\3’3‘\\\&‘;}1
~~{‘:'_.

Figure 9. Isotropic parabolic cylinder of the fourth family

Ad b)
S=F(0:0:0:1) = ap # 0,a03 =0 = 22 + 2agay = 0. (110)

Surface (110) defined by:
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6.AQZAl=A0=A22=A33=a22=0,a11#O,andAZO,DQQZO,

D33 # 0, will be called a double isotropic parabolic cylinder of the
fourth family.

Finally, we have
Proposition 4. In the double isotropic space I§2) there are 70 different second

order surfaces.

In the conclusion we should point out that the given approach could be understood
as an example of classifying quadratic forms in the spaces of various dimensions
having no regular metric.
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