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Scaling laws for fractional Volterra equations with
chi-square random data*

V.V.ANH! N.N. LEONENKO! AND O.O.MELNIKOVA®

Abstract.  This paper presents Gaussian and non-Gaussian sce-
narios for the renormalized solutions of fractional integro-differential
equations of Volterra type. The solutions are obtained under random ini-
tial conditions which are subordinated to chi-square random fields with
weak or strong dependence.
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1. Introduction

We are interested in fractional-in-time diffusion-wave equations with random initial
conditions as models of random fields which describe the singular and fractal behav-
iour of data arising in many applied fields such as hydrology, ecology, geophysics,
turbulence, economics and finance (see Friedman [13], Priiss [22], Anh and Leo-
nenko [3], [5], [4], [6] and the references therein). A typical example is the following
fractional integro-differential equation of the Volterra type:

t
u(t,x)zuo(x)+ﬁ/o(t—r)ﬁ_lAu(T,x)dT, t>0,zeR", 0<p <1, (1)

under some initial condition
u(0,2) = ug (), (2)

where A is the n-dimensional Laplacian. Equation (1) was introduced by Friedman
[13], whose other variants may be found in Schneider and Wyss [24], Priiss [22],
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Engler [12] and Anh and Leonenko [3], [5], [4], [6]. Equation (1) is equivalent to the
fractional-in-time diffusion equation

OPu
- = <
57 = Au 0<B<1 (3)

subject to the initial condition (2), where the fractional derivative-in-time is inter-
preted in the Caputo-Djrbashian sense (see Schneider and Wyss [24], Kochubei [16],
[17], Anh and Leonenko [1], [2], [3], [5], [4], [6]), that is,

8% 8 (t,x) if g =1,
FE (D,{’u) (t,x) if Be(0,1],

where

(Dtﬁu> (t,z) = ﬁ [% /Ot (t—7)"Pu(r,z)dr — u(i)éx)

Using some results of Schneider and Wyss [24], Schneider [23], and Anh and Leo-
nenko [3], [4], the solution of the Cauchy problem (1) and (2) (or (3) and (2)) may
be written as

u(t,x) = o G (t,x —y)uo (y) dy, (4)

where the Green function G (¢, ) is radial in x and satisfies
/ ¢ONGy (1) de = By (—1°V2). AR (5)

with [;, G (t,2)dr = 1,0 < 3 < 2. Here, Eg; is a special case of the generalized
Mittag-LefHler function

o0 k
z
E, —_E =T @ ;
b (%) kZOF(ak ) a,b>0,ze€C (6)

(see Djrbashian [9], Mainardi and Gorenflo [21]). Other special cases of E, ; (z) are

2 [oe]
E].,l (_x) = e_z, E1/2,1 (—{I;) = ﬁ/ e—y2—2mydy’
0

2 2 o 1—e®
E1/273/2 (—{E) = ﬁ/o e Y (6 2w _ ].) dy7 E]_’Q (—.’IJ) = - 5 T > 0.
Note that for n = 1, by definition
2
1 e v /4t S(t—xz)+5(t+x)
Go(t,z) = =e 1l Gy (t,2) = —, Ga(t,2) = .
0( ) 9 1 ( ) \/m 2( ) 2

Along the same line, we may introduce the fractional equation

u(t,x) = up () + tug (x) + 1)/0(t—T)ﬁilAu(T,{L‘)dT7l<ﬂ§2, (7)

T (5)
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which reduces to the integrated wave equation when 8 = 2. The solution of (7) can
be expressed in terms of the initial conditions

w(t,x)|,_g = uo (x); gu (t,x)

= w1 (z) (8)

ot t=0
as
u(t,w)= | Gaplto—yu@dy+ [ G (tr—y)u(y)dy,1<B<2, (9)
R™ Rn
where G is defined in (5) and
t
Gy (t,z) = /0 G (7,x)dr. (10)

Note that for n = 1 and wu; () = 0, the Green function Gg, 0 < 3 < 2, can
be expressed in terms of Wright’s function (see Mainardi [20], Anh and Leonenko
[2]). In a stochastic situation, this type of equations has been studied by Anh and
Leonenko [4]. They obtained Gaussian and non-Gaussian scenarios as limits of the
rescaled solution of (4) or (7) with random initial condition (2) or (8). These scaling
laws are mostly concerned with random initial conditions which are subordinated
to Gaussian random fields with weak or strong dependence.

In this paper, we generalize the above results and obtain new Gaussian and non-
Gaussian scenarios for random initial conditions (2) or (8) which are subordinated
to chi-square random fields. In a sense, our results are analogous to the Gaussian
and non-Gaussian central limit theorems for local functionals of random fields with
weak or strong dependence (see Tagqu [26], Dobrushin and Major [10], Breuer and
Major [8]), but the normalizing factors and types of non-Gaussian limiting fields
obtained in this paper are new.

2. Spectral representation of mean-square solutions

We shall use extensively the spectral theory of random fields (see Yadrenko [29]
or Leonenko [18] and the references therein). Let n; (z) = 1, (w,z), z € R",w €
Q, j € {0,1} be two real, uncorrelated, mean-square continuous homogeneous (in
the wide sense) random fields on the complete probability space (2, F, P) with
means

Enj (z) =mj;, j€{0,1}

and covariance functions

B (a) = cov 1 (0) s (2)) = | &NIF; (an), ()
where Fj, j € {0, 1} are the spectral measures. In view of Karhunen’s Theorem (see
Gihman and Skorokhod [14]), there exist a complex-valued orthogonally scattered
random measures Z;, j € {0,1}, such that the random fields have the spectral
representations

nj(x):ijr/ N Z(dN),  je{0,1}, (12)

n
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where
E|Zj (A)f =Fj(A), AeB(R"),je{0,1}.

For 0 < # <1 we define the mean-square solution of the initial-value problem (1)
and (2) with random initial condition

uo (z) =mo (), x€R", (13)

as the stochastic integral in Ly (€2)-sense:

uta)= [ Galtir=w)ym@dy=mo+ [ 0By (<7 \7) Zo(@n) (14

R™

n

with covariance structure

cov(u(t,x),u(s,y))z/ XTI g | (—tﬁ|A|2) Esa (—sﬁw?) Fo (d\), (15)

n

Ej 1 being the Mittag-Leffler function defined in (5) and (6).
For 1 < 8 < 2, we define the mean-square solution of the initial-value problem
(7) and (8) with random initial conditions

ug () =no (z),u1 () =m(z), x€R", (16)

as the stochastic integral in L (€2)-sense:

XD g (—tﬂ |)\|2> Zo (dN)

n

u(t,x) = mo—|—m1t—|—/
+ / ROy o (—tﬁ |/\|2> 71 (d)) (17)
with covariance structure

cov (u (t, @) u (s, ) = / 0 By (<7 A1) Bpa (=7 AP Fo ()

n

+ts/ N0 By o (<17 N?) Baz (—5° N?) i (4N, (18)

where Eg 1 and Ego are Mittag-Leffler functions (6). Note that (17) follows from
(5), (9), (10) and the following formula (see Djrbashian [9], p. 1):

/Ot By (<17 IAP) dr = 15 (1 NP (19)

3. Chi-square random fields

We consider a class of chi-square random fields

d
xa(e) =326 @), wer, (20)
k=1
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where & (), ...,&4 (z) are independent copies of a homogeneous isotropic Gaussian
random field £ (z), € R”, with E{(z) = 0 and E{ (2)& (y) = Be (v — ), ¢,y €
R™. Note that the random field (20) has a marginal density of the form

pu) =e "u? YT (d/2), u>0. (21)

It is known that a complete orthogonal system in the Hilbert space Lo ((0,00) , p (u) du)

has the form
ew =2 ) {ier (5) ir (5 + )}/

where Lff) are generalized Laguerre polynomials of index ¢ for k¥ > 0 (see, for
instance, Srivastava and Manocka [25], p. 74). The two-dimensional density of the
random field (20) has the form

p(u,w,r) =p(u)p(w)

1+ irkek (u) ey (w)]
k=1

- (2)(3—1)/2exp{_th}1d . (2 1“_”:) i —r)lI‘ T @

ww>0,0<r<1,1,(z) =% ()" /mT (m+v+1)], 2> 0 being the

modified Bessel function of the fﬁs:tykind of order v, and

ro= Ry, (z—y)=cov(xa(®),xaq(y)) /varxaq (0)
= Bg(gc—y)7 z,y € R" (23)

(see Anh and Leonenko [1] for further details). We note that the formula (22) is
known as the Hille-Hardy formula.
From (20) - (23), we obtain the following moment properties:

d

Exq(z) = 3 ,varyq (x) =

2’
Eey (xa (z)) = 0, Ee (xa (2)) em (xa (y)) = 0m (k) RY, (x —y), (24)
where d,, (k) is the Kronecker delta function.

In the next section, we will consider the Cauchy problem (1) and (2) with
random initial condition (13) for 8 € (0,1] and the Cauchy problem (7) and (8)
with random initial condition (16) for 8 € (1,2). For these initial conditions, we
introduce the following conditions:

A. The initial conditions (13) and (16) specify independent random fields which
are subordinated to chi-square random fields, that is,

uj () = h; (de (x)) , xeR" je{0,1}, (25)

where

1 © 1 @ .17 n
X —52[ @] xa @) =52 [ @)] sz err,
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ij ), ...,fg ), j € {0,1}, are independent copies of homogeneous isotropic Gaussian
random fields {9 (), j € {0, 1}, with E£V) (z) = 0, EEW (2) €U) (y) = Bew) (z — y),
z,y € R", j €{0,1}, and h;, j € {0,1}, are two real non-random Borel functions
such that

ER? (x4, (v)) < oo, je{0,1}. (26)

Under the condition A, we have the following expansion in the Hilbert space
Ly ((0,00) ,p (u) du) :

hy(u) =Y Ve, (u), 0 = / h; (w) ex (u)p (u)du, k= 0,1,2,...,5 € {0,1}.
k=0 0
(27)
Additionally, we assume that the functions hj;, j € {0,1} satisfy the following
condition:

B. Condition A holds and there exist integers m; > 1, j € {0,1} such that
G _ o6 _ ®) ;
== Cmrl = O,C,,{j #0,j€{0,1}. (28)
The integers mg > 1 and m; > 1 are the Laguerre ranks of the functions hy and
h1, respectively.
For random fields with long-range dependence (LRD), we introduce the following
condition:
C. Condition A holds and
Ry, (z) = (1 + |x|2>_ 10 <5 <n/2,je{0,1}. (29)

Note that (29) means that

2\~ /2 )
Beo (1) = (1+1a*) 77,0 <5 <, j € {0,1}. (30)

By the Bochner-Khintchine Theorem, the correlation functions (30) have the spec-
tral representations

Bei) () = /n cos (A, z) fj (A)dA, 7 €{0,1}, (31)

where the isotropic spectral densities f; (A\), A € R", j € {0,1}, have the following
explicit form (see Donoghue [11], p. 293):

i) = |:7T7l/22((%j*7l)/2)1" (%j/Q)} Ko, nyy2 (A |)\|(%J )/2
= C(TL, %j)|/\|%j—n (1—9j (|)\|)), je {0’1}’ (32)

with

¢(n,%) =T (";”)/[2%”/%(;)} e (0,n), (33)
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and 0; (J]\]) — O as |A\| — 0,5 € {0,1}; moreover 0; (|A|) = O <|)\|”7”j) ,j€{0,1}.
Note that we have used the following expansion of the modified Bessel function of
the third kind or McDonald’s function (see Watson [27]):

™

K, (z) (I_,(2) =1, (2)) ~T(v)2v 1tz (34)

~ 2sin (mv)

as z | 0,v > 0. As z — o0, the following expansion holds (see Watson [27]):

42 -1
K, (2)= \/gz—l/%—z (1 + V8z + ) . (35)

Relation (32), which can be found in Donoghue [11], p. 295, is a special case of
Tauberian theorem, and constant (33) is known as the Tauberian constant (see
Leonenko [18], pp. 64-66).

Observe that under condition C

Ry, (x)dz =00, j€{0,1}, (36)
Rfl
and f; (0) = oo, j € {0,1}. Thus, the random fields with correlation functions (29)
display LRD.

4. Gaussian and non-Gaussian scenarios

We now give our main results which present the Gaussian and non-Gaussian scenar-
ios for renormalized random fields (14) or (17) with random initial conditions (25)
with weak or strong dependence. The results yield Gaussian and non-Gaussian cen-
tral limit theorems for fractional Volterra equations. These results are analogous to
the results by Anh and Leonenko [2], [3], [5], [4], [6] for Gaussian random fields and
their subordinated ones, but the normalizing factors and the type of non-Gaussian
limiting fields are new.

Theorem 1. Let n = 1,2 or 3. Consider the random field u(t,x), t > 0,
x € R™, defined by (14), in which no (z) is of the form (25) with j = 0, where
Xdo () is a chi-square random field satisfying conditions A and B with j = 0, that
18, the non-random function hg has Laguerre rank 1 and

/Rn Ry, ()] da < 00,08 = i [c,gmr /R Ry, @] dz>0.  (37)

k=1

Then the finite-dimensional distributions of random fields

1 t x (0) n
Ue(t,x):gnT/4 [u(;,m> -G },t>0,xeR ,0<8<1,e>0, (38
converge weakly as € — 0 to the finite-dimensional distributions of the homogeneous
(in space) Gaussian random fields U (t,x), t > 0, x € R™, with EU (t,z) = 0 and
covariance function

BU (t,2)U (s,y) = % / cos (\ - — ) By 1 (—17 M) B (~sP AP ) dA, (39)
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where of is defined in (37) and Eg1 is defined in (6).
We will give the proof in Section 5. Note that for g < 2,8 # 1, there is an
asymptotic expansion:

—k

N
Ea,b (Z):—Zﬁﬁ-oo,d*]\’fl) (40)

k=1

as z — 00, which is valid in a sector about the negative real axis (see, for example,
Djrbashian [9], p. 5). Thus, if <2, 8#1,and n=1,2 or 3

T(\) = Ej, (_tﬂ |/\|2) Epa (—sﬂ |/\|2> e L; (R") (41)

since by (40) T'(A) = O (|)\|_4> .

The non-Gaussian scenarios for renormalized random field (14) with a strongly
dependent initial condition (26) (with j = 0), which satisfies condition C (with
j = 0) are obtained in Anh and Leonenko [3], [4] in terms of Wiener-It6 multiple
stochastic integrals. These non-Gaussian limiting random fields may possess LRD
and/or intermittency.

Theorem 2. Let n = 1,2 or 3. Consider the random field u(t,x), t > 0,
x € R™, defined by (17) with random initial conditions (26) satisfying conditions A
and B withm; =1, j =1,2 and

/.

Then the finite-dimensional distributions of random fields

_ e t =z 0 _ ~mt
Vo(t,z) = e 3 {U<g»m)_ o —Co NE (43)

t > 0,zeR"e>0,1<p0<2,

Ry, (x)’ dx < 00,08 = i [C’(“j)r/n [Rxdj (ac)rdx >0,5€{0,1}. (42)
k=1

converge weakly as € — oo to the finite-dimensional distributions of the Gaussian
random field V (t,z), t > 0,z € R, with EV (t,x) = 0 and covariance function

2
EV (t,x)V (s,y) = g—lnts/
(2m)
where o3 is defined in (42) and Eg o is defined in (6).
Let us now consider the case when the random fields ug (z) , = € R™, and uy (z),
x € R™, have LRD (see condition C and (36)). Anh and Leonenko [3], [4] developed
the theory of renormalization for the case 5 € (0, 1] and the Laguerre rank mg = 1
or my = 2. Now, we consider the case # € (1,2). For simplicity, we include in the
analysis the Laguerre ranks mg = 1 and my = 1, but similar results (with necessary
modifications) can be obtained for the Laguerre ranks mg > 1 and mq > 1.
Theorem 3. Let n = 1,2 or 3 and B € (1,2). Consider the random fields
u(t,z), t >0, x € R", in which the fields uj(z), x € R", j € {0,1} satisfy the
conditions A, B, C with m; =1, »; € (0,n/2), j € {0,1}. Then

cos (A — y) Epa (—tﬁ |/\|2> B (—sﬁ |)\|2> ), (44)

n
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1) if 2300 < 25018 — 4, the finite-dimensional distributions of the random fields
6%05/2 E’ 55/2

1
T (t,2) = ——— [u (f i) —clo - Cg”g] >0,z €R",  (45)

converge weakly, as € — 0, to the finite-dimensional distributions of the random
feld

cl
T (t,0) = — L 0) e n%o Z/RQ et (M +A2,)

) Wéo’ (dA) Wi (dXo)
Aida| 7

XE/BJ (—tﬁ |/\1 =+ )\2| , >0,z € Rn, (46)

where Wy, are independent copies of Gaussian measure W) such that E |W(0) (dX) !2
=dA\, fﬂégn ... 1s a multiple Wiener-Ito stochastic integral and c(n, ») is defined in
(33);

2) If 250108 — 4 < 23000, the finite-dimensional distributions of random fields

1 t x (0) 't n
Té/(t7€):m[u(g7m>—co _CO g ,t >0,z € R", (47)

converge weakly, as € — 0, to the finite-dimensional distributions of the random

field

Cfl)c (n, 1) l

/
/ 6<)\1+/\2’I>
2di = Jean

W (dx) W (dAy)
—x1

[A1Aa| 2

T (t,e) = —

xtEj (-tf’ A+ /\2|2> >0,z €R", (48)

where W,gl) are independent copies of Gaussian measure W) | which is independent
of WO
3) If 25003 = 25018 — 4, the finite-dimensional distributions of random fields

1 t T (0) (1)t
" n
TE (t7x):5%0—/8/2 |:U <g,m> _CO _CO g ,t>0,1’€R s (49)

converge weakly, as € — 0, to the finite-dimensional distributions of the random
feld

T" (t,x) =T (t,z) +T" (t,z),t > 0,z € R", (50)

where the two independent random fields T' and T" are defined in (46) and (48),
respectively.

Remark 1. It is not difficult to modify the results of Theorems1 - 3 for the
case when a) ug (x) has weak dependence in the sense of condition (37) but uy ()
has LRD in the sense of condition C with j =1, or b) uo (z) has LRD in the sense
of condition C with j =0 but uq (z) has weak dependence in the sense of condition
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(42) with j = 1. Thus, with necessary modifications of the conditions of Theorems 1
- 3 we have the following results for the rescaled solutions

1 t x (0) ot
T: (t,z) = A {U <57m) -Gy =) z

of Eq. (7) ase —0:
a) T. (t, ) N (t,x) with A, = e(18=2)/2,
b) T (t,x) < T (t,z) with A. = e*08/2 4f 2003 < nff — 4;
T. (t,x) Ly (t,z) with Ac = "ﬁ4_4 if nB —4 < 2350,

T. (t,2) 4 (t,x)+V (t,x) with A, = e708/2 if 2:¢03 = nB—4, where <, stands
for convergence of finite-dimensional distributions of the random fields defined in
Theorems 2 - 3.

Remark 2. For the wave equations (v =2), similar results may be obtained
for d’Alembert random field u(t,x) = mg + [g: €" cos (At) Zg (dN) using ezact
hyperbolic renormalization (see Woyczynski [28]):

[ (55) = (G2

ase — 0 and A. = e (see Anh and Leonenko [6]).

5. Proofs

. . P d .
We will use the standard notations — and — for convergence of random variables

in probability and distribution, respectively, and 2 for equality of random variables
in distribution.

Proof of Theorem 1
From (5), we obtain

Gp(t,u)Ga(t',2' —z+ 2+ u)du
Rn

= (21)n / / 5 ()\ _ )\/) e*i(X,gj’,aj+Z>Eﬁ,l (_tﬁ |)\|2> Eﬁ’]_ (_t/ﬂ |)\|2> d)\d)\/
)" Jrn Jgn
1 ) ,

= (QW)" / e—l<>\,z—z+r >Eﬁ71 (_tﬁ |/\|2> E,B,l (_t/ﬁ |/\|2> A,

where

5 (A - X) - # /]R @A) gy (51)
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is the Dirac delta function. From (4), (14), (25) and (51), we obtain the covariance
function of the random field u (¢, x) as

cov (u(t,z),u(t,2')) = / cos(\,z — ') Eg1 (—tﬁ |)\|2> Esa (—sﬁ |)\|2> Fy (d))
= /n/n =y Gt —y) Gtz —y)dydy
= /n (2) RnG(t Ju)G (2 —x+ 2+ u) du, (52)

where Fy and B are the spectral measure and the covariance function of the random
field (25) with j = 0, which satisfies condition (26) with j = 0 and (37). From (24),
(25) and (26), we can write

co (o (xay (2) o (o O) = 3 [0 B, (@) (53)
k= =mo
Thus, from (4), (51) to (53), we obtain

oo

cov (u (t,x),u(t' a")) = Z [C’(“O)r

k:mo

X / R, ) {# /]R et (<0 INE) B (27 A?) d/\dz} (54)

From (37) and (54), we can write

limcov (U, (t,z),U: (t',2')) = hma 812 cos LA Y
limcov x x im ul 2 7 ul = a7

OO

_ . —nB/2 (0)
= lime / /Rxdo (2)

e—0
k? mo

“ [(Qi)n / e*i<x,f:;—7£>Eﬁ,1 <_ (é)ﬁ |/\|2> Ep. (- (%)ﬁ |/\|2> dA] dz

= iy 3 o] [ R @

k=mg
X [ﬁ /n cos <)\,z51/ﬁ — (z— x’)>E571 (—tﬁ |/\|2> o (_t/g |/\|2> d)\] s
o8 ) ) -
— @n)” /n cos(\,x —z') Eg1 <_tf’ |\l )E,B,l (—tﬁ A )d)\ (55)

by the dominated convergence theorem (see (41)).

Our proof is based on the Markov method of moments (see for example Breuer
and Major [8] or Ivanov and Leonenko [15], p. 72), which consists of showing that
for any integer p > 2

lim B (G.)} = EC7, (56)
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where for u; € RY, j=1,..,k

Zug (tj,z;), ¢ = Zug (tj, ;)

U. and U being defined in Theorem 1. It is well-known that for a Gaussian random
field U (¢, s)

p/2
Ber={ =D [Ele >y ujup BU (t,2;)U (tj"xj')} P=20 (57
0, p=2v+1.

To prove (56), we use the properties of multidimensional Hermite polynomials
0
w) =[] Hx, (), w=(u1,...;uq,) € R®, v = (ky, ... ka,) , kj > 0,5 =1,....do,

where

dm
Hy, (u) = (-1)™ e“Q/Qd—me*“2/2, m=0,1,2,..
u

are Hermite polynomials. The polynomials {e, (u)}, form a complete orthogonal
system in the Hilbert space

o (84,0 (ul) o) = {ns [ 1 ()6 (Ju) du < oo}

where
do

_ N bl = Ll

Jj=1

Now, the function hg (u1, ..., ug,) = 3 250:1 u3 € Ly (R™, ¢ (|ul) du) and admits the
expansion

ho u17.. udo Z Z 5

k=0veSy
where
do
Sk = v= ki, ka): > kj =k kj >0p,
j=1
vl = kil kq,! and
do

- 1
C”:/Rdo 530w | T ()6 (ful) d
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We then have the following representation of the nonlinear functional of the Gaussian
vector field £ (z) = (&1 (2), ..., &qy (X)) =

do
no (338w ] = ho@@) )

G+ Y (C—,> I, (¢ (2))

k=1veSg

It is clear that Cp = Céo), where C'(()O) is the zero Laguerre coefficient in the Laguerre
expansion of the function

d() d() d()
1 1
ho |32 6@ | => 0|53 6 @)
j=1 j=1 j=1
Thus, the random field
1 t x
Ueto) = S { | 6 (57 S y) ho (xao () dy — Cé“]
> 1 t =z
= ;Ugs;k enB/4 /Rn Ggs <g’ B/E y)
> éy 1 t =z
= ;;V;k T oA /Rn Go <g’ B/A y) I, (€ (y)) dy.  (58)

The diagram formulae are valid for our situation (see Arcones [7], Leonenko and
Deriev [19]). Thus, the main statement (55) can be proved by using (57), (58) and
the diagram method for multidimensional Hermite polynomials. The details are
given in Anh and Leonenko ([5]) for one-dimensional Hermite expansion. The mul-
tidimensional generalization is straightforward since our multidimensional Hermite
polynomials are the products of one-dimensional Hermite polynomials. A detailed
exposition of multidimensional Hermite polynomial expansions can be found in Ar-
cones [7], Leonenko and Deriev [19].

Proof of Theorem 2
Similar to the proof of Theorem 1, we may represent the random fields

in t
Ve (t,x) e [/n Gg <g, Eﬁ% - y) ho (xdo (¥)) dy

n(t = 0 nt
+/HG§,)(;m—y)hl(m(y))dy—(fé)— é)g
= R16+R26?

where

= C aus o (0)
Rl(—::Z Z V! g 4 /’LGQ (E,m_y) Hl/ <§ (y)> dy7

k=1veESy
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e o 4-n
Re=Y 3 G [ (L ) (€0 )

k=1veESy

€0 (z) = (5§0> (@) s €0 (ac)) LW (2) = (5§1> (@) oy € (x)) being two inde-
pendent Gaussian vector fields, and

&6 /
v R

being Hermite coefficients. From an asymptotic variance analysis, we obtain that

S [ugﬂf 1L, (u(j)>du7 je{o,1}

N~

k=1

varRie — 0, e =0

and by Slutsky’s argument, the limiting distribution of this functional is the same
as the limiting distribution of Rs., which can be analyzed in a similar fashion to the
proof of Theorem 1 by making use of the diagram formula (see Anh and Leonenko

[5])-

Proof of Theorem 3
We use the Laguerre polynomial expansion (see Anh and Leonenko [1]), from
which we obtain the following expansion:

t xT 0 nt
U(g7m>_0é)_0é)g:Qla+Q287

where

i t =z
@ = 20 [ an (b2 v) et W)y

k=1

t x
= e [ e () et ) o+ S

@ = Yo

t X
Gg) (g, m — ) €k (Xdl (y)) dy
k=1

n

t x

Cfl) /n G(ﬂl) (g7 m - ) e1 (Xd, (y)) dy + Sae.

Note that for case (1)
var [5_”05/2515} — 0,var {5_”"5/2@25} —Q0ase—0,
and for case (2)

var [6(2_%15)/2Q15:| — 0,var {5(2_”15)/2524 —0ase—0.
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Thus, in case (1), the asymptotic distribution of T/ (¢, ¢) is the same as the asymp-
totic distribution of the functional

C(O) t
gﬁft_o/z /R Gs (; 5z y) e1 (Xdo (¥)) dy, (59)

while for case (2), the asymptotic distribution of T/ (¢,¢) is the same as the asymp-
totic distribution of the functional

(18— t x
e~ (1B8-2)/2 /n Gé}l) <g, ey y) e1 (xq, (v)) dy. (60)

In case (3), the asymptotic distribution is the same as the asymptotic distribution
of the sum (59) and (60). To obtain the asymptotic distribution of (59), we note

do
2

do 9 do
e1 <%Z( © (x)> ) - —ﬁ;[b ( © (x)) 7

k=1

that the first Laguerre polynomial e; (u) = (70 — u) / and as a result

where Hj (u) = u? — 1 is the second Hermite polynomial. The asymptotic distrib-
ution of the functional

1 0 t €T 0
6,40—5/20£ )/Rn Gp <§’ B y) Hy (fz(c ) (y)> dy

is obtained in Anh and Leonenko [5]. Thus, our limiting distribution is the sum
(46) of dy copies of such asymptotic distributions.

In the same manner, we may derive the asymptotic distributions for cases (2)
and (3).
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