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ABSTRACT. In this paper, we prove that if V' C B(H) is an injective
operator system on a separable Hilbert space H, then V ®;, W is b-injective
for any operator system W if and only if V' is finite dimensional.

1. INTRODUCTION

Let B(H) be the set of all bounded linear operators on a Hilbert space
H. Operator spaces are the concrete closed subspaces of B(H) as formulated
in [3].

An operator space V is called b-injective if there is a A > 1 such that for
given operator spaces W7 C Wy any completely bounded map ¢ : Wy — V
can be extended to a completely bounded map @2 : Wo — V with |2, <
Al¢1ll,- An injective operator space V' is a b-injective operator space with
A = 1. For more details see [6, 8].

An operator space V C B(H) is called an operator system if V' is unital
and a self adjoint operator space. It is well known that every injective operator
system is a unital C*-algebra. In fact, if V' C B(H) is an injective operator
system, then there is some completely contractive onto projection ¢ : B(H) —
V. Therefore, V' equipped with the following multiplication

0: VXV =V st ToS:=p(TS)

is a C*-algebra ([3, Theorem 6.1.3]). Therefore, every finite dimensional
injective operator system V is in the form of ©}_; M,,,. Thus for any operator

2010 Mathematics Subject Classification. 47125, 461L07.

Key words and phrases. Operator system, injective operator space, bounded injective
operator space, Haagerup tensor product.

First author was partly supported by a grant from IPM (No. 91470123).

97



98 M. B. ASADI, A. MEDGHALCHI AND H. NIKPEY

space W,

VoW = @}_ My, (W).
Consequently, if W is an injective operator system then V@W is an injective
operator system, too.

Furthermore, Takesaki in [11] shows that, for every two C*-algebras A
and B, the minimal C*-tensor product A ® B is injective if and only if A and
B are injective and either A or B is finite-dimensional.

The above fact is not necessarily valid in the category of operator
spaces, because there exist infinite dimensional injective operator spaces
whose minimal tensor product is injective. In fact, let 417 be the projection
in M, which is 1 in the first coordinate and zero elsewhere. Thus Kixo =
Mixoo = 611 Mo is an injective operator space. By [3, Page 177],

K1><00®K1><oo = KIXOO(KIXOO) = Kl,ooxoo = Ml,ooxoo-

is again an injective operator space.
Now, in the operator space category the question naturally arises:
whether or not the above-mentioned fact is valid for another cross norm.
In this paper, we focus on the problem considering the Haagerup tensor
product. In fact, we prove that if V' C B(H) is an injective operator system
on a separable Hilbert space H, then V ®p; W is b-injective for any operator
system W if and only if V is finite dimensional.

2. THE MAIN THEOREM

In this paper, we use the notions of injective and Haagerup tensor
products as well as infinite matrices of operator spaces; related to notations
and theorems which can be found in [1, 3].

Given operator spaces V and W and a linear mapping ¢ : V. — W for
each n € N, there is a corresponding linear mapping ¢, : M, (V) — M, (W)
defined by ¢, (T) = [p(T; ;)] for all T = [T; ;] € Mp(V). The completely
bounded norm of ¢ is defined by

[ ¢ llev=sup{|| ¢n [|: n € N}.

It is said that ¢ is completely bounded (respectively, completely contrac-
tive) if || ¢ [lev< oo (respectively, ||ollee < 1). We say that the operator
spaces V and W are completely isometrically isomorphic if there is an onto
linear map ¢ : V. — W such that each mapping ¢, : M,(V) — M, (W)
is an isometry. This notion is indicated by V. =2 W. If ¢ : V — W is a
completely bounded linear bijection and its inverse is completely bounded,
then we say ¢ is a completely isomorphism. In this case, we say that V and
W are completely isomorphic and write V' ~ W. It is well known that the
same dimensional operator spaces are completely isomorphic.

Let V and W be Ay - and Ap-injective operator spaces, respectively. Then
V @& W is a max{ v, \w }-injective operator space. Also, if Z is an operator
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subspace of V' and there is a completely bounded onto projection ¢ : V — Z,
then Z is a Ay ||¢||cp-injective operator space.

LEMMA 2.1. Let V and W be completely isomorphic operator spaces.
Then V' is a b-injective operator space if and only if W is a b-injective operator
space.

PROOF. We assume that V' is a A-injective operator space for some A > 1,
and also ¢ : W — V is a completely isomorphic mapping. Let Z;, Zs be
two operator spaces satisfying Z; C Z5 and ¢ : Z; — W be a completely
bounded map. Thus ¢ o ¢ : Z; — V is a completely bounded map, and so
there is a completely bounded map ¢ : Z; — V extension for ¢ o ¢ with
1V]les < M| 0 ¢l|ep. Obviously ¢t o) : Zg — W is a completely bounded
extension map for ¢ such that

lle™ o tlles < o™ lallelles < Ml lleallo © Blles < Allo™ levllelenlldllcb-
Thus W is a A||¢||e|l¢ || ep-injective operator space. O

THEOREM 2.2. ¢, is not a b-injective operator space.

PROOF. Assume, to reach a contradiction, that ¢, is a A-injective operator
space for some \ > 1. This assumption implies that ¢, is a A-injective Banach
space, too. In fact, let £ and F' be Banach spaces, E C F and ¢ : E — ¢,
be a bounded linear map. If the Banach spaces F and F endowed with
the MIN operator space structure, respectively, then we have ||| = ||©]|cb-
And also, by the assumption, we can extend ¢ to a completely bounded map
¥ : MIN F — ¢, such that ||9|les < A [|@||ep, and so ||| < A el

Therefore ¢, is a b-injective Banach space, and so ¢, has a subspace
isomorphic to £*° ([8, 9]). On the other hand, the Banach space ¢, is separable,
but that £ is not separable. This is a contradiction. O

THEOREM 2.3. Let V. C B(H) be an injective operator system on a
separable Hilbert space H. Then V&, W is b-injective for all injective operator
space W if and only if V is finite dimensional.

PROOF. (<) Assume that V is a finite dimensional operator system with
dimV =n. Then V is completely isomorphic to the injective column Hilbert
space M, 1(C), ([3, Corollary 2.2.5]). Then by [3, Proposition 9.3.1], we have

Vv Xn W ~ Mn’l((C) Rn W = Mnyl((C)®W = Mn71(W)

Now it is clear that, the injectivity of W implies the injectivity of M, ().
Hence V ®; W is b-injective.

(=) Assume that V' is an infinite dimensional injective operator system
on a separable Hilbert space H. By [7], V is completely isomorphic to £>° or
M.
CASE 1) V =~ {,, : By the assumption of the theorem, V ®j My is a
b-injective operator space. Thus, by Lemma 1, {oc ®p Mo =V Q) M is a
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b-injective operator space, too. We can assume that the injective row Hilbert
space K1xoo = Mixoo(= 011 M) is an operator subspace of My,. Thus, there
is some completely contractive onto projection ¢’ : My — Kixco. By the [3,
Proposition 9.2.5],

ITQ¢ 4 Q) Moo — € ®p Kixoo

is a completely contractive and onto projection. Therefore, £*° ®p K1xoo iS a
b-injective operator space. By [3, Page 177 and Proposition 9.3.1], we have

leoo(goo) = KOO®K1><OO &> (g3 K1><oo~
Therefore, by Lemma 1, there exists some A > 1 such that Kjxoo(¢*) is a
M-injective operator space. Let §,, € £°° be the natural projection for each
n €N, and (a;); € co. We have sup, |a;| < co. Then, for each n € N

n
llondy azdy -+ andn]] = || Z; 26512 = (28 lo| < sup fos] < co.
Thus, by definition of My (£>°) (see [3], Section 10), we have
u = [a151 209 ] S MlXOO(EOO)

For any € > 0, there is some n € N such that |o;| < € for each ¢ > n. For each
m > n, we define
U = @101 - ambp, 0 -]
We have
= tml| = [0 -+ 0 Cms10mit Cmi20mez |l
P

= sup | Y S

pzmtl 0

= su max ol <e.
pzmg)rl{erlSiSP | Z|} o

Thus, by definition of K1xoo(£>°), we have u € K1x00(€>°). Therefore,
©:Co — lem(foo) : (Oéi)i — [051(51 052(52 ]

is a completely isometric embedding. Now, we consider [f1 fo - -] €
K1x00(£*). Thus for any € > 0 there is some n € N such that

p
0 - 0 fu far ~~~]||:SngZIﬁIQIIléQS&
p=Zn i—p

Then for any p > n we have || fp||oc < e. Hence
b Kixeo(t) = co [ fo -] (fu(R))k

is a completely contractive onto mapping such that ¥ o o = id.
Let W1, W5 be two operator spaces satisfying W; C W, and &1 : W7 —
¢o be a completely bounded mapping. Then g o @1 : W7 — Kix0(€) is a
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completely bounded map. Since Kjxoo(£%°) is a A-injective operator space,
for po®; there exists a completely bounded extension @5 : Wa — K7y 00 (£°),
where || Pl < Al © @1l|ep. Obviously ¥ o &y : Wo — ¢, is a completely
bounded extension of ®; such that

190 @aflep < ([Pl < Allp o @illen < Al|@1lep-

Therefore, ¢, is b-injective, and this is a contradiction.

CASE 2) V ~ M, : Therefore M, ®, M is a b-injective operator space.
Also, £*° and K1« are injective operator subspaces of M,. Thus, there are
completely contractive onto projections

©: My =€ and ©: My — Kixoo-
Thus, by [3, Proposition 9.2.5],
§0®¢:Moo ®hM<>o _>€OO®hK1><oo

is a completely contractive and onto projection. Therefore, £>° ®p Kixoo is
b-injective, too. This, again, leads to a contradiction. O
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