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ABSTRACT. We construct a family of upper semi-continuous set-
valued functions f : [0,1] — 2[%1 (belonging to the class of so-called
comb functions), such that for each of them the inverse limit of the
inverse sequence of intervals [0,1] and f as the only bonding function is
homeomorphic to Wazewski’s universal dendrite. Among other results we
also present a complete characterization of comb functions for which the
inverse limits of the above type are dendrites.

1. INTRODUCTION

In 1923. T. Wazewski described an example of a dendrite in the plane
which contains a topological copy of any dendrite ([26]). The described
dendrite is now known as Wazewski’s universal dendrite. In [20, p. 181] one
can find a construction of Wazewski’s universal dendrite using inverse limits.
In particular, it is constructed as the inverse limit of an inverse sequence
of planar dendrites D,, and monotone bonding mappings f, : Dp11 — Dy,
where dendrites D,, are getting more and more complicated as n increases,
and so do the functions f,,. In this paper we construct Wazewski’s universal
dendrite as the inverse limit @{[0, 1], £}, of closed unit intervals [0, 1] and
a single upper semi-continuous set-valued bonding function f. We believe
that this new presentation of Wazewski’s universal dendrite sheds new light
on the classic dendrite and simultaniously shows the strength of the theory of
the inverse systems with upper semi-continuous set-valued bonding functions.
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2. DEFINITIONS AND NOTATION

Our definitions and notation mostly follow Nadler ([20]) and Ingram and
Mahavier ([14]).

A map is a continuous function. For ¢ = 1,2, m; : [0,1] x [0,1] — [0, 1]
denotes the i-th projection from [0, 1] x [0,1] onto the i-th factor, and for
any positive integer 4, p; : 1152 ;[0, 1] — [0, 1] denotes the i-th projection from
1122, [0, 1] onto the i-th factor.

A continuum is a nonempty, compact and connected metric space. A
Peano continuum is a locally connected continuum.

A dendrite is a Peano continuum which contains no simple closed curve.

Let D be a dendrite, b € D, and 8 a cardinal number. We say that b is
of order less than or equal to 8 in D, written ord(b, D) < 8, provided that
for each open neighborhood U of b in D, there is an open neighborhood V' of
bin D, such that b € V C U and |Bd(V)| < 8. We say that b is of order
B, ord(b, D) = f3, provided that ord(b, D) < 8 and ord(b,D) £ « for any
cardinal number o < f.

Points of order 1 in a dendrite D are called end points of D, the set of
all end points of D is denoted by E(D). Points of order n > 2 are called
ramification points and the set of all ramification points of D is denoted by
R(D).

A free arc in a dendrite D is an arc such that all its points but its end
points are of order 2 in D. In particular, a mazximal free arc in a dendrite D is
an arc A with end points z and y in D such that AN (E(D)UR(D)) = {z,y}.

A continuum S is a star if there is a point ¢ € S such that S can be

presented as the countable union S = U B,, of arcs B,,, each having c as an
n=1

end point and satisfying nh_>rrolo diam(B,,) = 0, such that B,, N B, = {¢} when
m # n. The point ¢ is uniquely determined and is called the center of S. The
arcs B, are called beams of S.

Let D; be a star in a compact metric space X. Let ¢4 ¢ R(D;) denote
a point in the maximal free arc A, for each maximal free arc A of D; (here
maximal free arcs are precisely the beams of Dy). Let C1 = {x1,z2,x3,...}
be any subset of the set {c4 | A is a maximal free arc in D;}. For each
positive integer i, form a star S; in X with the center x; and otherwise
disjoint from D, making sure that S; NS; # (0 only when ¢ = j and that
zlgrolo diam(S;) = 0. Let Dy = Dy U (J;2, Si). Next define D3 in a similar
manner. Let ¢4 € R(D2) denote a point in the maximal free arc A in Dy, for
each maximal free arc A of Dy. Let Cy = {21, 22,23,...} be any subset of
the set {c4 | A is a maximal free arc in Dy}. For each positive integer ¢, form
a star 5; in X with the center x; and otherwise disjoint from D,, making
sure that S; N'S; # (0 only when ¢ = j and that zlglolo diam(S;) = 0. Let
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D3 = Dy U (|J;2, S;). Continuing in this manner, we obtain a continuum D,
for each positive integer n. The following theorem (already implicitly used in
the above inductive construction) is a well-known fact, see [20] for details.

THEOREM 2.1. For each positive integer n, D,, is a dendrite.

The construction of the continuum, homeomorphic to Wazewski’s uni-
versal dendrite in [20, p. 181] uses the above mentioned construction of a
chain of dendrites D; C Do C D3 C ..., then defines certain bonding maps
fn i Dpy1 — Dy, and then finally obtains Wazewski’s universal dendrite as
Wm{ Dy, fi}2y-

Finally we state a result that is characterizing Wazewski’s universal
dendrite that will be needed in Section 4.

THEOREM 2.2. For any dendrite D, D is homeomorphic to Wazewski’s
universal dendrite if and only if its set of ramification points is dense in D
and each of its ramification points is of infinite order.

PROOF. [7, p. 169], [26, p. 123] O

If (X, d) is a compact metric space, then 2% denotes the set of all nonempty
closed subsets of X. Let for each € > 0 and each A € 2%

Ng(e,A) = {x € X | d(z,a) < ¢ for some a € A}.

The set 2% will be always equipped with the Hausdorff metric Hg, which is
defined by

Hy(H,K)=inf{e >0 | H C Ny(e,K), K C Ny(e,H)},

for H, K € 2¥X. Then (2X, Hy) is a metric space, called the hyperspace of the
space (X, d). For more details see [13,20].

When we say that f is a set-valued function from X to Y, we mean that
f is a single-valued function from X to 2V, ie., f : X — 2Y. By a slight
abuse of notation and terminology we will also say that function f : X — 2V
is set-valued (without explicitly mentioning ”from X to Y”).

A function f : X — 2Y is surjective set-valued function from X to Y if
for each y € Y there is an « € X, such that y € f(x).

The graph I'(f) of a set-valued function f : X — 2Y is the set of all points
(z,y) € X x Y such that y € f(z).

A function f : X — 2Y, where X and Y are compact metric spaces, is
upper semi-continuous set-valued function from X to Y (abbreviated w.s.c.)
if for each open set V' C Y the set {x € X | f(x) C V} is an open set in X.

The following is a well-known characterization of u.s.c. functions between
metric compacta (see [14, p. 120, Theorem 2.1]).

THEOREM 2.3. Let X and Y be compact metric spaces and f : X — 2Y
a set-valued function. Then f is u.s.c. if and only if its graph T'(f) is closed
in X xY.
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An inverse sequence of compact metric spaces X with u.s.c. bonding
functions f is a sequence { Xy, fi}72,, where fi : Xpt1 — 2%k for each k.

The inverse limit of an inverse sequence { Xy, fr}72, with u.s.c. bonding
functions is defined to be the subspace of the product space H,iil X of all
z = (z1,22,23,...) € [[he; Xk, such that z € fr(zgs1) for each k. The
inverse limit of {Xx, fx}72; is denoted by @{Xk, fe}i2y.

Note that each inverse sequence {Xj, fx}52, with continuous single-
valued bonding functions can be interpreted as an inverse sequence with u.s.c.
set-valued bonding functions and that the inverse limits obtained according
to both interpretations coincide. Therefore we do not specially emphasize the
status of bonding functions in inverse sequences we deal with.

The notion of the inverse limit of an inverse sequence with u.s.c. bonding
functions was introduced by Mahavier in [18] and Ingram and Mahavier in
[14]. Since the introduction of such inverse limits, there has been much interest
in the subject and many papers appeared ([1-6,8,9,11,12,15,16,21-25]).

The most important case in the present paper is the case when for each
k, X, = [0,1] and fy, = f for some f : [0,1] — 2[%!. In such case the inverse
limit will be denoted by l'&n{[O7 1], f192,.

oo

On the product space H X, where (X, d,) is a compact metric space
n=1
for each n, and the set of all diameters of (X,,,d,,) is majorized by 1, we use

the metric
A (0, yn) }

D=y {5

ne{l1,2,3,...}

where = (r1,22,23,...), ¥ = (Y1,Y2,Y3,...). It is well known that the
metric D induces the product topology ([10, p. 190]).

3. THE COMB FUNCTIONS
Let A C [0,1] x [0,1] be defined by
A={(t,1)€[0,1] x [0,1] | t € [0,1]}.

For any positive integer n, let {(a;, b;)}?_; be a finite sequence in [0, 1] x [0, 1],
such that a; < b; for each 7 =1,2,3,...,n and a; # a; whenever 7 # j. Next
denote by A(a;, b;)"_; the union

n

Aas, bi)izy = | (ai, bi] x {ai}) € [0,1] x [0,1].

i=1

Then
G(aia bi)?:l =AU A(aia bi)?:l

is closed in [0,1] x [0, 1], since it is a union of finitely many closed arcs.
Furthermore m(G(ai, b)) = m2(G(ai,b;)";) = [0,1]. Therefore by



WAZEWSKI’S UNIVERSAL DENDRITE 141

Theorem 2.3 there is a surjective u.s.c. function f(ai,bi);;l 0 [0,1] — 2[0.1]
such that its graph I'(f(a, »,)»_,) equals to G(a;,b;)i;.

DEFINITION 3.1. Let n be a positive integer and {(a;,b;)}7—, be a subset
of [0,1] x [0,1], such that 0 < a; < b; for each i =1,2,3,...,n and a; # a,
whenever © # j. Then f : [0,1] — 2010 s called an n-comb function with
TespeCt to {(aia bi)}?:l’ Zf f = f(aq,,bi)?zl'

We also say that f : [0,1] — 2% 4s an n-comb function, if f is an
n-comb function with respect to some {(a;,b;)}7 ;.

FiGURE 1. The graph of an 8-comb function

It is not necessary to eliminate the possibility a; = 0 for some ¢ (all the
proofs in the paper would go through also in such case), but we have chosen
to do so in order to reduce the number of cases that must be examined in
the proofs and since the main result can be obtained with this restriction in
place.

DEFINITION 3.2. Let for each j, i; be a nonnegative integer. We use

(a?,aéz,af;f’, .

to denote the point (a1,a1,...,a1,a2,a2,...,a2,...) and
’il i2
i1 12 i3 7;j oo
(at', a5, a8, ... a] 1)
to denote the point (a1,a1,...,61,02,02,...,G2,...,Qj, 05, ..., 05, ttt, .. .).
i1 2 7

EXAMPLE 3.3. Let f be a 1-comb function with respect to {(a;,b;)}_;.
Then z € @{[0, 1], f}%2, if and only if

1. either z = (t*) for a ¢t € [0, 1] or

2. there is a positive integer n such that x = (a,t*) for a t € (a1, b1].
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Therefore im{[0, 1], f}32, is the star with the center (a$®) and beams By =
{(=) [t €0,a1]}, By = {(t>) |t € a1, 1]} and B, = {(a7, %) | t € [a1, bu]},
n=1,2,3,...

FIGURE 2. The graph of a 1-comb function and its inverse limit

EXAMPLE 3.4. Let f be a 2-comb function with respect to {(a;,b;)}2_;,
where a; < as. We distinguish the following two cases:
1. by < as
Then z € @{[O, 1], f}72, if and only if
(a) either x = (t>°) for a ¢t € [0,1] or
(b) there is a positive integer n such that x = (af,t>) for a ¢t €

(al, bl] or
(c) there is a positive integer n such that x = (a},t>) for a t €
(ag, bg]

Therefore @{[O, 1], f}72, is the union of two stars. The star S
with the center (a$°) and beams By = {(t™°) | t € [0,a1]}, Bj =
{(t>) | t € [a1,1]} and B, = {(a}",t>®) | t € [a1,b1]}, n =1,2,3,...,
and the star Sy with the center (a3°) and beams C,, = {(a},t®) | t €
[ag, bg]}, n = 1, 2, 3, oo

y

FIGURE 3. The graph of a 2-comb function and its inverse
limit, b1 < as
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2. b1 Z a2
Then z € @{[O, 1], f}72, if and only if

(a) either x = (t>°) for a t € [0,1] or

(b) there is a positive integer n such that x = (a,t>) for a t €
(al, bl] or

(c) there is a positive integer n such that x = (a},t>) for a t €
(az,ba] or

(d) there are positive integers n and m such that x = (a¥, a3", t>)
for a t € (ag, ba).

Therefore @{[0, 1], f}32, is the union of countable many stars.
The star S with the center (a3°) and beams By = {(t*°) | t € [0, a41]},
By = {(t*) | t € [a1,1]} and B,, = {(a},t*) | t € [a1,b1]}, n =
1,2,3,..., the star Sy with the center (a5°) and beams

Cpn = {(az,1%) | t € [az, ba]},

n = 1,2,3,..., and for each positive integer k the star S with the
center (a¥,a$®) and beams

CF ={(a},a5,t) | t € [az, ba]},
n=1,23,...

y

FIGURE 4. The graph of a 2-comb function and its inverse
limit, b1 > as

Note that if by = ag the stars S, &k = 1,2,3,..., are attached at the end
points (a¥,b3°) of S, and if by > ag the stars Si, k = 1,2,3, ..., are attached
at the interior points of the maximal free arcs {(a¥,t>) | t € [a1,b1]} of S,
k=1,2,3,...

In the following theorem we show that any inverse limit of intervals [0, 1]
and a single n-comb function is a dendrite.

THEOREM 3.5. Let n be any positive integer and let f : [0,1] — 2[%1 pe
any n-comb function. Then @{[0, 1], f}32, is a dendrite.
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L

y

F1GURE 5. The graph of a 2-comb function and its inverse
hmlt, b1 = a2

PRrROOF. We prove Theorem 3.5 by induction on n by proving the more

precise claim that includes also information about maximal free arcs and
ramification points in the dendrite. For each positive integer ¢, let us introduce
the following notation for certain statements that will be used in the inductive
proof of the theorem:

(a)¢ The inverse limit Dy = lim{[0, 1], f(4, p,)¢_ }2Z1 is a dendrite.

(b)e The points of the form (z1,72,73,...,2m,a5°) € Dy, j < £, are
exactly the ramification points of Dy.

(¢)¢ The points of the form (z1,z2,%3,...,%m,b5°) € Dy, i < £, where
m>1,a; =y, #b;, and b; & {a; 1,042,813, ...,as}, are endpoints
of D@.

(d); All endpoints of D, are of such form, except endpoints (0°°) and
(1),

(e)¢ The maximal free arc in Dy having the point

x = (x1,T2,%3,...,Tm, D)
described in (c)¢ as one endpoint, has

(x17x27x37" 'axmaal?o)

as the other endpoint if ay, < b;; if ay > b; then the maximal free arc
in Dy ending at x equals to the maximal free arc in Dy_; ending at x.
(f)e The arc with endpoints (a7°) and (1°°) is a maximal free arc in Dy.

1. Let n = 1. There are a1,b; € [0,1] such that a; < by and f =

ahb )N, In Example 3.3 it was shown that the inverse limit D; =

{0 1 ], f122, is a star, and is therefore a dendrite. We see that

) is the only ramification point of D;, and that maximal free arcs

of D1 are exactly the beams By = {(¢t*°) | t € [0,a1]}, B = {(t*°) | t €

[a1,1]} and By = {(a%,t°) | t € [a1,b1]}, k = 1,2,3, ... of the star D;.
Note that (a);—(f); hold true.
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2. Let f be any n-comb function, n > 2. Without loss of generality we
may assume that f = f, )7, where a1 <az <az <... <ap.
Let, as the inductive assumption, (a),—1—(f),—1 hold true for the
function f( asbi)
We show that the inverse limit

tim {[0,1], )220 = Do = B0, 1], Faryr, 17
satisfies all the above mentioned properties for ¢ = n.
By the inductive assumption D, _1 = @{[0, 1], f(ai,bi)?:f}l?;l is
a dendrite. -
Case 1. a,, > b; foreacht=1,2,3,...,n— 1.
In this case any x € D,, \ Dy,—1 is of the form z = (ak,t>), where
k is a positive integer and t € (ay, by]. Therefore

Dn = anl U Sa

where S = {(aF,t*) | k € N,t € [an,b,]}, and we see that S is a star
with the center (al®) € D), \ R(Dp—1). Obviously (a),-(f), hold true.
Case 2. a, < b; for some:=1,2,3,...,n— 1.
In this case we show that

D, = D, U (Us) ,
where

(a) & = {51,542, 55,...} is a countable family of stars with centers
¢1,¢2, C3,... respectively, where ¢, c2,¢3,... € Dy, \ R(Dn—1),
and each of the maximal free arcs in D,,_1 contains at most one
of these centers,

(b) for each positive integer i, S; N D,,—1 = {¢;},

(c) SinS; =01ifi+#j, and

(d) lim diam(S;) =0,

71— 00
and therefore it will follow that D,, is a dendrite by Theorem 2.1, using
(a)p—1. That will prove (a)y,.
Any point of D, \ D,,_1 is of the form (z1,z2,73,...,Tm,ak t>),
where k is a positive integer, m is a nonnegative integer, t € (ay, by],
and x,, # a,, and vice versa.

The set
{(21, 29,23, o, T, ak ) | k> 1,t € [an, bn]}
is a star centered in (1, 2,23, ..., Tm,as’) having the beams
{(z1, 22,23, ..., Tm,a® 1) | t € [an, bu]},

for each k£ > 1. Note that S is infinite since for each i such that a, <
b; the family S contains stars centered at (a¥,aS®) for each positive
integer k.
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From f(;_lb_),?,l(an) = {a,} it follows that if for € D,,_; and for
some positive inégger m, pm(z) = an, then py,11(x) = a,. Therefore
such = ends with the block a2°. Let X7 = {(a3°)}, and let for each

positive integer m > 2,

Xm = {1' € Dy | pm(x) = an;pmfl(x) 7£ an}~
Then X, is a finite set for each m. Therefore X = J;~_, X, is a finite
or countable infinite subset of D,,_1 \ R(Dn—1) ((b)n—1 is also used).
Also, each maximal free arc of D, _; contains at most one z € X.
To prove this, we shall for each x € X find the uniquely determined
maximal free arc of D,,_1 containing x. Let

— [ee]
x=(21,22,23,...,Tm,00) € X,

where x,, # a,. Then x,, = a; for some i < n. Note that since
a; € f(ai’bi):w,z—ll (an), it follows that a,, € [a;, b;] and therefore b; > a,,.
Now we distinguish two cases, b; > a,, and b; = a,,.

If b, > apn, then b; € {ait1,ai42,...,a,}, hence the point
(1,22, ..., Tm,b°) is an endpoint of D,,_; by (¢),—1 and the arc

{(I1,$2,$3,...,Im,too) | te [an_l,bi]}

is a maximal free arc of D,,_1 by (€),—1. Obviously z belongs to the
arc, since a,, € [an—1, b;].

If b; = a,, then z is an endpoint of D,,_1 by (c¢),—1, and clearly
it belongs to the maximal free arc {(z1,22,z3,...,2m,t®) | t €
[@n—1,b;]} of Dy_1, which is a maximal free arc in D,,_1 by (e)n_1.

Now, when we have the explicit description of all maximal free
arcs in D,,_1 containing elements of X, we see that each such maximal
free arc contains exactly one point from X.

Take any = = (21,22, X3, ..., ZTm,a’) € X, where x,,, # a,. Then
Ty = a; for some i < n. For each positive integer k, let

By = {(z1,22,23, ..., Zm,ak 1) | t € [an,bn]}.
Obviously, By, is an arc in D,, and S(z) = |J;—, Bk is a star centered
at x. The diameter of S(x) satisfies

1
S S
Since for each m there are only finitely many such points z € X (X,
is finite), it follows that the set S = {S(z) | * € X} is finite or
it can be presented as S = {S1,52,S53,...}. From the above upper
bound for the diameters of the stars in the infinite case it follows that
lim diam(S;) = 0.

71— 00

Take any point z € D, \ D,—1. As already noticed, it is of the

form x = (21, 72,23, ..., 2Tm,ak,t>), where k is a positive integer, m is
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a nonnegative integer, t € (an, by|, and x,, # a,. Therefore x € S(y),

where y = (21,2, ..., Zm,a) € X. Therefore
Do\ Dy = ( U 5(:5)) \X = (Us) \ X,
reX
and finally
Dy =Dy U S(2)) = Dpy U (US) ,
zeX
proving (a),.
To prove that the points of the form x = (z1, x2, x3, ..., Tm, b) €
D,,, where i < n, x, = a;, and b; € {ait1,0it2,...,a,}, are

endpoints of D,,, we distinguish two cases. If ¢ < n — 1 then
x € Dp_1, and then z is an endpoint of D,,_;1 by (c),—_1, since
bi & {ait1,@it2,ai+3,...,an—1}. Since b; # a,, the only star attached
to the maximal free arc in D,,_1 ending at z is centered at a point that
differs from z, or no star is attached to that arc at all, it follows that
x € E(Dy). If i = n, then b; = b, and therefore z is an endpoint of a
star from S. That proves (c)s,.

Also each endpoint of D,, which belongs to D,,_1, is also an
endpoint in D,,_1, therefore it is of the form

oo
T = ($1,$2,$3,.-.,$m,bi )EDna

where x,,, # b; and b; & {ai+1,0i4+2,@i4+3,...,an-1}, by (d)p—1. Points
of such form with b; = a, are centers of the newly attached stars
and therefore are not endpoints of D,. It follows that b; # a,,
and therefore b; ¢ {a;t1,ait2,0a:13,...,a,}. Each endpoint of D,
which belongs to D,, \ D,_1, is necessarily an endpoint of a newly
attached star and therefore is of the form « = (21, z2, 3, ..., Tm, b°),
ap, = Ty # by. Additional condition b; & {a;11,Git2,ait3,...,an} is
satisfied vacuously for ¢ = n. Obviously (0%°) and (1°°) are endpoints
of D, too. That proves (d),.

Let © = (1,22, %3, ..., Tm,b°) € Dy, be any endpoint of D,, men-
tioned in (c),, where a; = &, # b; and b; & {aiy1,Qit2,0i13,...,an}.
If ¢ < n then by (c),—1 z is an endpoint of D, _;. If a,, < b; then we
have already proved that a new star centered at (x1,x2, T3, ..., Tm, al’)
is attached to the maximal free arc of D, _; ending at x, and since
no other star was attached to this arc it follows that the point
(1,22, 23, ..., Tm,al’) is the other endpoint of the maximal free arc
of D,, ending at x. If a,, > b; then no star was attached to the maximal
free arc of D,,_1 ending at x = (21, 2,3, ..., Tm,b°), and therefore
it remained a maximal free arc of D,, as well. This proves (e),.
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By (f)n—1 the maximal free arc of D,_; having (1°°) as one
endpoint has (a2 ;) as the other endpoint. Since a star centered at
(a2®) was attached to D,_1, and since no other star was attached to
the above mentioned arc, (f),, follows.

Finally (b),, follows from (b),—_1 and from the fact that at each
point of the form (z1, 2,23, ..., Tm, ) € D,, anew star was attached

to D,,_1, as shown above.

O

In the following remark we extract certain parts of the above proof for later

use.

REMARK 3.6. Let n be a positive integer.

1.

For each positive integer n and for each y € D,,, y is either of the form
y = (t*), t € [0,1], or of the form y = (afll,af;,af;,...,afg,t"o),
where m is a positive integer and for each £ < m it holds that i, < n,
ke >0, iy < Qjpyy < bi,_;, and a;,, <t< bim-

Any point of D, 41\ D,, is of the form

(Ila T2, T3, Tm, GZ+1, too)7
where k is a positive integer, m is a nonnegative integer, t €
(ang1,bny1], and T, # any1.
x € D, is a ramification point in D,, if and only if there are positive
integers m and j < n, such that pi(z) = a; for each positive integer
k>m.

DEFINITION 3.7. We will use D,, to denote the dendrite

D, = @{[Oa 1]a f(a7,7bi)?:1}zo=1'

Next we define functions that we shall use later in proof of the main result.

DEFINITION 3.8. We define the function f, : Dpy1 — Dy by

| gn(x) 3 € CUDps1\ Dn),
f"(m){x ;. xeD,, o

where gy, : CY(Dpy1\ Dy) — Dy, is defined as follows. Any point of Cl(Dyp41 \
D,,) is of the form

_ k [e'S)
x_(x17x2)l‘3)"')$ﬂ’ua/n+17t ))

where k is a positive integer, m is a nonnegative integer, t € [an41,bn+1], and
T 7 Gny1 (see Remark 3.6), and we define

Note

gn(x) == (1'1;1'2;1'37 cee 7xmaa$10+1)'

that fy, is continuous for each n by [19, Theorem 7.3, p. 108].
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LEMMA 3.9. Letxz € D,,.

1. If
ki ko ks k;
T = (aif,ai;vai;""’ai;vtoo) € Dy,
where j > 0, il,i27i3,...,ij <n,ay <ap, <0< Qi kl,kg,...,k’j >
0, and t € [a;;,b;;], then for each
-1
yefo(x)

and for each i < ki + ko +ks+...+k;j+ 1 it holds that p;(x) = p;(y).
2. If ¢ = (t=°), t € [0, 1], then for each
y e fu'(x)
it holds that p1(x) = p1(y) = t.
ProoF. If y € D,,, then y = = and the claim is obviously true. Note that

in Case 1. from ¢ = a;; it follows that y € Dj,.
If y € Dyy1\ Dy, then by 2. from Remark 3.6 y is of the form

(1’1,1‘2,1‘3, vy T,y a'lrcz—i-la SOO);

where k is a positive integer, m is a nonnegative integer, s € (ap+1, bnt1], and
Lm 7é Ap+1- Then x = fn(y) = gn(y) = (1’1,9’52, T3,y Tm, a%ﬁ-l)'

In Case 1. in the remaining case t # a;; it follows that m = k1 +
ko +ks+ ...+ k;j and t = any1. Therefore (z1,22,23,...,%m,any1) =

ki ko _k kj

(aill , ai22 R ai;7 ey ai; s t).

In Case 2. it follows that m =0 and ¢ = a,41. O

LEMMA 3.10. Let x = (x1,%2,%3,...,%Tm, 050 1) € Dy, where n is a

positive integer, m is a nonnegative integer, and 'y, # any1. Then f, (z) is
a star centered in x.

PROOF. From what we have seen in the proof of Lemma 3.9 it follows
that

[e.e]
f'r:l(x) = U{($1,$2,I3, cee 7xm7a’]:L+17500) | ERS [a’n+1’bn+1]}7
k=1
and for each k the set
By = {(z1, 22,23, ...,m,a,1,57) | s € [ani1,bnya]}
is an arc with endpoints = and (z1, 22,23, ..., Tm,ak 1,055 ), B;NB; = {z}
for any ¢ # j, and limg_, o, diam(By) = 0. O

Let {(an,bn)}22, be any sequence in [0, 1] x [0, 1], such that a,, < b, for each
positive integer n, and a; # a; whenever i # j. Next denote by A(an, bn)52

the union
o0

Alan,bn)ozy = | ([an, ba] x {an}) € [0,1] x [0,1].

n=1
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and by G(an,b,)S2; the subset of [0, 1] x [0, 1], defined by
G(an, bn)pzy = AU A(an, bn)pZy,

where A = {(¢,t) | t € [0, 1]} as above.
It is easy to see that m (G(a:, b)) = m2(G(ai, b)) = [0, 1].
Obviously G(ay,b,)22; is not necessarily closed in [0,1] x [0,1]. The
following theorem gives a whole family of sets G(an, b, )oe, that are closed in
[0,1] x [0, 1].

THEOREM 3.11. Let {(an,bn)}S2, be any sequence in [0,1] x [0,1], such
that

1. a, < by, for each positive integer n,
2. a; # aj whenever i # j,
3. lim (b, —a,) =0.

n—oo

Then G(an, bn)52 4 is a closed subset of [0,1] x [0, 1].

PRrROOF. Let {z,}22, be any sequence in G(an, b,)52 1, which is conver-
gent in [0,1] x [0,1] with the limit zy € [0,1] x [0,1]. We show that zo €
G(an,bn)pL-

If there are positive integers k and ng, such that z,, € [ak,bx] x {ar} for
each n > ng, then, since [ag, bx] X {ax} is compact, z¢ € [ag,br] X {axr} and
therefore xg € G(an, b,)52 ;. Otherwise there are strictly increasing sequences
{in}re, and {j,}0%, of integers, such that x;, € ([a;,,b;.] x {a;,}) U A4,
where A = {(t,t) € [0,1] x [0,1] | ¢t € [0, 1]}, for each positive integer n. Since
nh_{r;o(b” —a,) =0, it follows that zg € A and therefore xg € G(an, )52 .

O

Therefore by Theorem 2.3 it follows that for any sequence {(an,bn)}5,
satisfying

1. a, < b, for each positive integer n,

2. a; # aj whenever ¢ # j,

3. lim (b, — a,) =0,

n—oo
there is a surjective w.s.c. function f(a, p,)= @ [0,1] = 20011 such that its
graph I'(f(a, b, ) equals to G(an,bn)pZy, since G(an,bn)pZ; is a closed
subset of [0,1] x [0, 1] by Theorem 3.11, and since

m(G(ai, bi)isy) = ma(Glas, bi)izy) = [0,1].
DEFINITION 3.12. Let {(an, bn)}S2; be any sequence in [0,1] x [0, 1], such
that

1. a, < b, for each positive integer n,
2. a; # aj whenever i # j,
3. lim (b, —a,) =0.

n—o0
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Then f(a, b,)>, is called the comb function with respect to {(an,bn)}> .

We also say that f : [0,1] — 2% is a comb function, if f is the comb
function with respect to some sequence {(an,bn)}o2, in [0,1] % [0, 1] satisfying
1., 2. and 3.

THEOREM 3.13. Let f : [0,1] — 2[%U be the comb function with respect
to the sequence {(an,bn)}5> . Then

lin [0, 1], £172, = C1 (U Dn> |

n=1

ProOOF. Obviously, since @{[0, 1], f}72, is closed in [T 2, [0, 1],

Im{[0,1], 372, 2 C1 (U Dn> .

n=1

Next we show that

lim{[0, 1], f}22; € Cl (U Dn> :

n=1

Let o € im{[0, 1], f}32, \ U~ Dy,. Obviously z is of the form

T = (A, Uiy Qigs - - .,

where {a;, | n=1,2,3,...} is an infinite subset of {a, | n=1,2,3,...}.
Take any open ball U = B(z,¢) in [[,—,[0,1] with respect to the metric

D. Let m be a positive integer such that 2% < e. Then

a°°) S UﬂDILm

im

(ailaaim vy Qg

O

In the above proof we noticed that any = € @{[0, 1], f12, \UsZy Dy, is
of the form = = (a;,, @iy, @iy, - - .), where {a;, | n =1,2,3,...} is an infinite
subset of {a, | n = 1,2,3,...}. We can make this statement more precise
taking into account the definitions of inverse limits and comb functions as
follows:

REMARK 3.14. Let f : [0,1] — 2% be the comb function with respect
to the sequence {(an,b,)}5> ;. Any point z € @{[0, 1, ¥, \UZ, Dy is
of the form

i Qi Ay

(akl ko ks )
where for each £ it holds that k, > 0 and a;, < a;,,, < b;,.

In Examples 3.15 and 3.16 we show that there are comb functions f, such
that the inverse limits l'&n{[O7 1], 172, are not dendrites.
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A~

FIGURE 6. The graph of the comb function from Example 3.15

ExaMPLE 3.15. Let (a1,b1) = (%, 1), and let for each positive integer
n>2, (an,bn) = (3 — 727 3

5~ w13 T wrg)- We show that Jm{[0, 1], fra, 5,2, }o21
is not locally connected, and therefore it is not a dendrite. Let
11
o = (

57 5; ]-OO) € ]&n{[ov 1]7 f(an,bn)gozl}i;

and e = min{d(zo, K), z5} > 0, where K = {(t) [t € [0,1]}. Let r < ¢

U

FIGURE 7. The continuum from Example 3.15

and Yy = (y15y27y37 .- ) € B(xo,T‘) N @{[0; 1]; f(ambn)zozl}lé‘“;l be arbitrarﬂy
chosen. Then, since r > D(zq,y) > 54

2, it follows that y3 > 1 — 2%
- 3
Therefore y3 > 1 —23r > 1 2 5

623 6’ and hence y; = y3 for each ¢ > 3.
{%71‘]3}- If yo = y3, then

Yo — 1 5 _ 1
2 62
D(zo,y) > 72 > 52 =19 >,

v

Furthermore, y2 € f(ys3)
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a contradiction. Therefore yo = %, and hence y; € f (%) Clearly there is a

1
positive integer n, such that y; = a,, and 25 = -0 <y,
Therefore for each r < ¢, y € B(xo,r) if and only if there is a positive
1_ .
integer n, such that y = (a,, %,t"o), where % <randt>1-—2%.
Therefore for each r < € the intersection B(zo, r)ﬁl'&n{[o, 1, flamba)= toz1

is the union of countably many mutually disjoint intervals

{(an, %,t‘”) | te(1—2%1]},

2

an

where <r. See Fig. 7.

ExXAMPLE 3.16. Let (a1,b1) = (%, 1), and let for each positive integer

n > 2, (an,by) = (% — %, %) A similar argument as in Example 3.15 shows

A

F1GURE 8. The graph of the comb function in Example 3.16

that the inverse limit @{[0, 1], f(an by, Yie1 is not locally connected, and
therefore it is not a dendrite.

In Theorem 3.20 we prove that under rather weak additional assumptions
the inverse limit of a comb function is a dendrite. Essentially, the conditions
say that the only comb functions for which the inverse limits are not dendrites
are similar to those from Examples 3.15 and 3.16. Before stating and proving
the theorem we introduce the necessary notion of admissible sequences and
prove a few lemmas.

DEFINITION 3.17. The sequence {(an, bn) o2, in [0, 1]x [0, 1] is admissible
if for each positive integer n there is a positive integer p(n) > n, such that
for each m > p(n) it holds that if am < an, then by, < an.

LEMMA 3.18. Let f : [0,1] — 20 be any comb function with respect to
a sequence {(an,bn)}52, and let

_ (k1 k2 ks kj oo
:Ef(ail,ah,aig,...,aij,t ) € Dy,
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7 >0, il,ig,ig,...,ij <n, ay < ap <0 < Qi k‘l,k'g,...,k’j > 0, and
t € lag,;,bi;]. Let f¢ be the functions defined in Definition 3.8. Then for each

y € CI{J (fno farro...0fi) (@)

k>n

and for each i < k1 + ko + ks + ...+ k;j + 1 it holds that p;(z) = p;(y) (where
x and y are interpreted as elements of 1152 [0,1]).

PROOF. By induction on k — n we prove the following claim:
for each

Y€ (fao fasro...0fr)" (@)

and for each i < ki + ko + k3 + ... + k; + 1 it holds that p;(z) = p;i(y).

For k —n = 0 the statement holds true by Lemma 3.9 (part 1. for j > 0
and part 2. for j = 0).

Let k — n = ¢ and assume that the claim is true for £ — 1. Since

(fa© far10..m0 fi) " () = U 1)

Ze(fnofn+1o,,,ofk_l)—1(93)

for any y € (fnofnr10...0fr) (z) we choose z € (fno fni10...0fk_1) 1 (x)
such that y € f, (). By the induction assumption p;(z) = p;(z) for each
i <ki+ke+ks+...+k;+1, and by Lemma 3.9 p;(y) = p;(2) again for each
1 < ki+ky+ks+...+Ek; +1. This completes the proof since the limits of
sequences of points with the required property have the property. 0

We will also need the following lemma about point preimages.

LEMMA 3.19. Let f : [0,1] — 2% be the comb function with respect to
any admissible sequence {(an,bn)}52,. For each € > 0 there is a positive
integer k such that

diam( U (fk o fgg10...0 fn)fl(p)) <e

n>k

for each p € Dy, where maps f, are defined as in Definition 3.8.

PROOF. Let € > 0 and m be a positive integer such that Qm%l < e. Also

let ng > m be any positive integer such that for each n > ng, it holds that
bn — an < . For each positive integer £, let u(¢) be a positive integer such
that for each n > u(¢) it holds that if a,, < ag, then b,, < ay (here we use the
admissibility of the sequence {(an,bn)}52 ).
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Let
ko max{no,u(l),u@),u(?)),.. .,,LL(TLO)},

k1 = max{ng, u(1), 1(2), u(3), ..., u(ko)},
ko = max{ng, u(1), 1(2), u(3), ..., u(k1)},

Fo = masc{no, (1), 1(2), 1(3), ... j(km 1)}
Then we show that

k = max{ng, u(1), u(2), u(3), ..., u(km)}

is a positive integer, such that

diam( U (feo fur10...0fn) 1 (p)) <e

n>k

for each p € Dy.

Take any p € Dj. Then by 1. from Remark 3.6 p is either of the form
p= (too)v te [07 1]7 or of the form p= (plap2ap3a cee apjatoo)a where Dj = as
for some s < k and t € (as, bs].

Clearly, it holds that

diam( | J (fi o fir1 0.0 fa) 7 (p)) < diam( | (fx o faza 0.0 fu) 71 (t))

n>k n>k

since
(fio far1 0.0 fu) " (P P2, P53, -, 25 1))
= {(p1,p2,p3,---,P0j,T1,T2,x3,...) | (x1,22,%3,...)
€(frofur10...0fa) 1™}

If t # a; for all i > &, then U, 5, (fk © frq1 0. fn) 1) = {(¢t>°)}, and

therefore diam(|J, <, (fx © fet1 0 ... fn) () = 0.
If t = a; for some i > k, then we shall prove that

diam( U (fuo frrr0...0fa) 1 (t™)) <e
n>k
by proving that

Dy, (t%)) = D(y, (a*)) < 5

for arbitrary y = (y1,%2, Y3, - -+ > Ym,---) € Unzk(fk O fra10...0 frn) H(t™).
Since y1 =t = a; by Lemma 3.18 (and therefore 5% = 0), and since
y1 <yo < ys < ... it follows that

Y2 — @i Y3 — a Ym —a; 1
D(y, (af)) < sup{=3 - 53 m2m l,2m+1}~
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Let j € {2,3,4,...,m} be arbitrary. We show that

Yy —ai €
27 2

First we show that for each s € {2,3,4,...,j} there is a positive integer £ > ng

such that ys,ys—1 € [ag, be].

For s = 2, the claim is true since ys € [a;, b;], y1 = a;, and i > k > ng.

If yo ¢ {an | n=1,2,3,...}, then yo = y3 = y4 = --- and therefore for
each s € {3,4,5,...,5}, ys = ¥s—1 = y2 € [as, b;]-

In the rest of the proof we consider the case y» = a;, for some positive
integer ig. If ig < Kk, then u(ip) € {no,u(1),n(2),u(3),..., n(km)}, and
therefore p(ig) < k. Since k < ¢, it follows that p(ig) < i. Therefore from
Y2 = ai, > a; it follows that a;, > b;, and this contradicts the fact that
ai, = Y2 € la;,b;]. So in this case ig > ky, > ng, and the claim for s = 3
follows, since ys, ya2 € [ai,, biy]-

If ys ¢ {an, | n=1,2,3,...}, then y3 = ys = y5 = - -+, and therefore for
each s € {4,5,6,...,5}, Ys = Ys—1 = Y3 € [y, big)-

In the rest of the proof we consider the case y3 = a;, for some positive
integer Z‘1- If Z‘1 < kmfla then ,L"(Zl) € {Tlo, ,u'(]-)vu(2)a ILL(?)), R ,LL(km71)}, and
therefore p(i1) < ky,. Since k,, < i, it follows that pu(i;) < 9. Therefore
from y3 = ai, > a, it follows that a;, > b;,, and this contradicts the fact that
a;, = ys3 € [aiy, biy]. So in this case i1 > ky,—1 > ng, and the claim follows for
s =4, since y4,y3 € [as,, by ]-

Repeating this reasoning m times proves that for each s € {2,3,4,...,j}
there is a positive integer £ > ng such that ys, ys—1 € [ag, be].

It follows that

, £
d(yj,ai) < d(yj,yj—1) + ... +d(ys,y2) + d(y2,ai) < (j — 1)& <g,

O

since ys, ys—1 € [ae, be] for each s, for some £ > ng. Therefore -2 <

3

5.
THEOREM 3.20. Let f : [0,1] — 2[01 be the comb function with respect to

any admissible sequence {(an,bn)}o2,. Then @{[0, 1], f}2, is a dendrite.

PROOF. We show that ]'ﬂl{[O7 1], 132, is homeomorphic to the inverse
limit of an inverse sequence of dendrites with monotone bonding functions,
which is by [20, Theorem 10.36, p. 180] a dendrite, and therefore the inverse
limit @{[0, 1], f132, is a dendrite, too.

More specifically we prove that the inverse limit @{[0,1], ftiz, is
homeomorphic to @{Dn, falorq, where f, : Dpy1 — D, is the mapping
defined in Definition 3.8 and that each f, is monotone.

For fixed x = (21,22, 23, ..., %m, 455 1), Tm 7# Gnt1, and fixed k, let

Bk(m) = {(1’1,1'2,1'3, oo 7xm7afz+1vtoo)at € [anJrlaanrl]}'
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Then each
o0
S(z) = | Be(w),
k=1

is the star with the center x and beams By (x), k =1,2,3,...
Using Remark 3.6 we see that

1. f,1(z) = {x} for each x € D, \ CI(Dy, 11 \ D), and
2. f1(x) is the star S(z) for each x € D,, NCl(Dy11 \ Dy,).

Therefore f,, : Dpy1 — D, is monotone for each n, and by [20, Theorem
10.36, p. 180]

]&H{Dna fn}?zozl
is a dendrite.

Next we show that by

F(x1,22,23,...) = lim z,
n—oo

a homeomorphism

F: ]&H{Dna fn}%ozl - I'&H{[O, 1]a f}%ozl
is defined.

1. First we show that F : @{Dn,fn}ff:l — @{[0, 1], f152, is a well
defined function. Take any point (z1,z2,23,...) in @{Dn, a3 C
1192, D;.  If there is a positive integer ng, such that z, = z,, for
each n > ng, then lim x, = z,, and z,, € Dy, C Um{[0, 1], f}22,.

n—00 —
Therefore F(x1,z2,73,...) € @{[O, 1], f1o2,. If there is no such
ng, then let i1 < i < i3 < ... be the sequence of all such integers
that x;, # ;41 for each n. Then x;, , = x;, 41 € f;l(min), where

f M(x;,) is the star S(z;,) € D;, 41 with center z;,. Therefore z;, is

in

of the form
T, = (Y1, Y2, Y35 - s Yo i 1)
Similarly, x;,,, is of the form
Lipyr = (Zlv 22,23y - azmn+1aa(i>:+2)'

Since x;,., € S(x;,), it follows that m,, < m,41 and y; = 2; for each

i=1,...,my. From m, < my4; for each n, it follows that m,, > n
for each n. Therefore D(z;,,2i,.,) < 32= < 5. It follows that the

sequence {z,}72, is a Cauchy sequence in Cl({J,~; D»), and hence
by Theorem 3.13 it converges to a point in @{[0, 1], £152,.
2. We show that F' is continuous.
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Take any = = (r1,%2,%3,...) € @{Dn,fn};?zl and any £ > 0.
Choose a positive integer k (given by Lemma 3.19), such that

diam( U (fk o fgy10...0 fn)fl(p)) <e

n>k
for each p € Dy.
Let B={z ¢ @{[0, 1, f1o, | d(z, F(z)) < e}, and let
V = P, (BN Dy),

where P, : @{Dn, fn}S2, — Dy is the projection map to the k-th
factor. Since BN Dy, is open in Dy, V' is open in ]'&n{Dm fn}o2 . Since
x € @{Dn, fn}22, and x € Dy, it follows from the definition of F
that F(z) € ClU, >4 (fr © frs1 0.0 fa) "' (2x)). From the definition
of functions f; it follows that a5, € Cl(U,, >4 (fro fe+10.. 0 fn) " Hag))-
Therefore d(xy, F'(z)) < €, hence z, € B. It follows that x € BN Dy,
and thus z € V. Let y = (y1,92,93,...) € V. It follows that y;, € B,
and therefore d(yx, F'(z)) < e. Since F'(y),yx € CUU, >, (fr © fit1 0
.0 fu)"Hur)), it follows that d(yx, F(y)) < e. Hence,

d(F(z), F(y)) < d(F(x),yr) + d(yk, F(y)) < 2e.

Therefore F' is continuous.

. We show that F'is a surjection. Let

y= (y17y25 Y3, .- ) € %in{[(h 1]7 f}zozl

be arbitrarily chosen. We define a sequence {z,,}5 4, such that

(a) for each n, x,, € D,

(b) for each n, fr(xnt1) = T,

(¢) limp oo Tn = ¥.
If y ¢ D, for each n, then by Remark 3.14 y is of the form y =
(afl1 , afzz,af:, ...), where for each ¢, it holds that a;, < a;,,, < b;, and
that ky is a positive integer. In this case we define

Tn = (ak*, " ol

km 00 )
i1 0 Pig o Wig ot 9

Ay s Xy
where iy < n for each ¢ =1,2,3,...,m, and i,,41 >n. If y € D,, for
some m, then define x,, =y for n > m and z,, = (fno -0 fin_1)(y)
for n < m.

Obviously the sequence {z,}52, satisfies (a), (b) and (c), and

therefore F'(x1,z2,x3,...) = y.

. Finally we show that F' is an injection. Let & = (1, z2,2s,...) and

y = (y1,Y2,Ys,...) be any points in 1'&11{Dn,fn}$f:1 such that = # y.
Let k be a positive integer such that xy # yi. Since xp,yr € Dy, it
follows that

— q1 q2 43 qj 400
xk*(ailaaigvaigw--aaijvt )
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and

yk = (ay), a2 a2, ... a;m,5%),
where iy,ia,...,45,01,02,...,lm < k, t € (ai;,b;;] and s € (ay,,,b,,],
by 1. from Remark 3.6. Let g =q1 +q2+q3+ ... +¢q;, r =71 + 72+
r3+ ...+ ry. Assume that ¢ < r. Also, let n be the smallest integer
such that pn(zx) # pa(yk). I n < g then for each z1 € Cl(U;5,(fi 0

fre10...0f) H(wk)) and each z3 € Cl(UiZk(fkokarl o...0of) Yyx))
by Lemma 3.18 it follows that p,(z1) = pn(zx) and p,(2z2) = pn(yr),
and therefore

d(pn (mk)apn(yk))

D(Zl,ZQ) > on .
Since
F(z) € Cl(U (fi o ferr 0.0 fi) H(xn))
i>k
and

F(y) € CU|J(fro fapr o0 fi)  (ur)

i>k
it follows that F'(x) # F(y).
If n > g, then yi is of the form

— 91 .92 . 4q3 q; P Ti+1  Tj+2  Tj+3 T 0O
yk*(aila i2’ai3a-~"ai,~’ai]~v (IR €j+3,...,a€m,s ),
since r > q.

We consider several cases.

Case 1. If p > 1, then n = ¢+1, since pgy1(xx) =t and pgt1(yx) =
a;;, and by Lemma 3.18 p,(F(x)) = pn(z) =t # ai; = palyr) =
pu(F(y)), hence F(z) £ F(y).

Case 2. If p+7j41 +7j42+ 743+ ...+ 71y =0, thenn=q¢+1
and by Lemma 3.18 pn(F(x)) = pn(xk) =t#s= pn(yk) = pn(F(y)),
hence F(x) # F(y).

Case 3. If p =0 and rj41 +7j42 +1j43 + ... + 75 > 0 and if
there is a positive integer ¢ < k such that ¢t = a;, then F(x) = z) and
n < r+1, and it follows that p, (F(x)) = pn(ak) # pn(yx) = pn(F(y)),
where the last equality follows by Lemma 3.18.

Case 4. If p =0 and rj41 + 7j42 + 1jy3 + ... + 7, > 0 and if
there is a positive integer ¢ > k such that ¢ = a;, then n = ¢+ 1
since pgy1(yx) = ay,,, and lj11 < k, while pgy1(zr) =t = a4, i > k.
Therefore pu(F(2)) = pn(zr) = @i # aiyy, = Pulyk) = pa(F(y)), by
Lemma 3.18.

Caseb. f p=0and rji1+7rjp2+7rj43+...+rp > 0andif t #a;
for each positive integer i, then F'(z) =z andn=¢+1 <r+ 1, and
we continue as in Case 3.
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Since F : @{Kn,fn}le — @{[0, 1], f}52, is a continuous bijection from
a compact space onto a metric space, it is by [19, Theorem 5.6, p. 167] a
homeomorphism. O

4. WAZEWSKI'S UNIVERSAL DENDRITE AS AN INVERSE LIMIT WITH ONE
BONDING FUNCTION

The following example shows that the conditions of Theorem 3.20 are not
sufficient to guaranty that the corresponding inverse limit is homeomorphic
to Wazewski’s universal dendrite.

EXAMPLE 4.1. Let for each positive integer n, (an,by) = (1 — 5,1 —

QQ—IH) By Theorem 3.20, @{[0, 1, flan by, }22; is a dendrite. Since a,, <
b, < any1 for each positive integer n, using Lemma 4.4 and 3. from Remark
3.6, we see that x € @{[0, 1], flan,bu)>=_, 122, is a ramification point if and

n/n=1
only if there is a positive integer m, such that z = (a$?). Therefore the set
of all ramification points is not dense in @{[0, 1], flan,ba)=  }22- Hence, by
Theorem 2.2, @{[0, 1], flan by, }221 is not homeomorphic to Wazewski’s

universal dendrite.

oo
n=1

In Theorem 4.5 we show that with the additional condition that the
set {a, | n = 1,2,3,...} is dense in [0,1], it follows that the inverse
limit ]'&n{[(), 1], f}22, is homeomorphic to Wazewski’s universal dendrite. In
Theorem 4.6 we show that in fact this additional condition characterizes
inverse limits lim{[0, 1], f} /2, that are homeomorphic to Wazewski’s universal
dendrite.

First we prove the following lemmas.

LEMMA 4.2. Let f :[0,1] — 2001 be any comb function with respect to
an admissible sequence {(an,bn)}2 . Let

[ee]
y € lim{0.1), 152, \ | Da
n=1
be arbitrarily chosen. Then for each x € Ufle D,, the uniquely determined

arc L from x to y satisfies the condition

L\{y} € |J Da

n=1

Proor. By Remark 3.14 y is of the form y = (afll,af;,af;, ...), where
a;, < a;,,, < by, for each . We use the same sequence {z,};2; as in the

proof of surjectivity of F' in the proof of Theorem 3.20, i.e.,

_ (k1 k2 k3 km 00
T, = (a;), a; N N ,aimﬂ) € D,

where iy < n for each ¢ = 1,2,3,...,m, and %,,4+1 > n. Since D,4; is a
dendrite, there is a unique arc [z, zp+1] from x,, to x,41 in Dyyq if ©, #
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Tpi1. If @y = @pqq let (2, 2p41] denote {z,}. Then A = |J)L (20, Tpi1] U
{y} is an arc from z; to y, since [Ty, Zp+1] \ {zn} € Dps1 \ D, and since
lim, o0 T, = ¥, as shown in the above mentioned proof of Theorem 3.20.
Obviously

A\{y} < | Da-

Next, take the unique arc B from z; to x in UZO:1 D,, (the existence of such
an arc follows from the fact that there is an integer m such that x1,z € D,,).
Then CI((A\ B)U (B \ A)) is an arc from z to y in @{[0, 1, flai b=, o1
Since @{[0, 1, flaibiyse, 72y is a dendrite, it follows that CI((A\ B) U (B \
A)) = L. Obviously

L\ {y} = CI((A\ B) U (B\ A)\ {y} € | Da-

O

LeEMMA 4.3. Let f : [0,1] — 2191 be any comb function with respect to
an admissible sequence {(an,bn)}> ;. Then each

yE %in{[a 1]7f}1211 \ ul Dn

is an endpoint of @{[0, 1], f}32, (and hence it is not a ramification point).

PROOF. Assuming that y is not an endpoint, using Lemma 4.2, one easily
gets a simple closed curve in @{[0, 1], f}72,. This contradicts the fact that
@{[0, 1], f}72, is a dendrite by Theorem 3.20. O

LEMMA 4.4. Let f :[0,1] — 2001 be any comb function with respect to an
admissible sequence {(an,b,)}52,. Let x € @{[O, 1], f}2,. The following
statements are equivalent.

1. x is a ramification point in Um{[0, 1], f}52,.

2. x is a ramification point in D, for some positive integer n.

PRrOOF. It is obvious that if there is a positive integer n, such that x is
a ramification point in D, then z is a ramification point in ]'&n{[(), 1, f32,
(since D, C @{[0, 1], f}32,)- Suppose that x is a ramification point in
]'&n{[(), 1], f}%2,. Since no point of

lim{[0,1], /332, \ | D

n=1
is a ramification point in ]'&n{[(), 1], f}72,, by Lemma 4.3, it follows that
x € Dy, for some positive integer ng. Let [z,z;], ¢ = 1,2,3, be any three
arcs in ]&1{[0, 1], f}%24, such that [z,z1] U [z,22] U [z, 23] is a simple triod.
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Without loss of generality we may assume that x; € UZO:1 Dy, i =1,2,3,
since if z; ¢ \J,—, D,, we may replace [z, ;] by [z,y;], where y; € (z,z;),
by Lemma 4.2. For each ¢ = 1,2,3 let n; be a positive integer such that
x; € Dy,. Let n = max{ng,n1,n2,n3}. Obviously[z,z1] U [z, z2] U [z, z3] is a
simple triod in D,,, and therefore x is a ramification point in D,,. O

THEOREM 4.5. Let f : [0,1] — 200U be any comb function with respect to
an admissible sequence {(an,bn)}52, such that the set {a, | n =1,2,3,...}
is dense in [0,1]. Then @{[0, 1], f1%2, is homeomorphic to Wazewski’s
universal dendrite.

PROOF. By Theorem 3.20, D = @{[0, 1], f}32, is a dendrite. We show
that the set of ramification points of D is dense in D and that each ramification
point of D is of infinite order in D, and therefore by Theorem 2.2 D is
homeomorphic to Wazewski’s universal dendrite.

Let y = (y1,Y2,Y3,...) € D be arbitrarily chosen, such that y is not a
ramification point. We show that there is a sequence of ramification points
{2,}22, in D, such that lim z, =y.

n—oo

If y € D,, for some positive integer n, then by 1. and 3. from Remark
3.6 (taking into account that by Lemma 4.4 y is not a ramification point in
D, for each ¢) there are a positive integer m and a real number ¢ € [0,1] \
{a1,as,as, ...}, such that

Y= (y15y27y35 N aym—htoo)a

where y,,—1 = ay, for some k < n, and t € (ag, bg]. Since the set {a, | n =
1,2,3,...} is dense in [0, 1], there is a strictly increasing sequence {i,, }52 ; of

positive integers, such that lim a;, =t and a;, € (ag,bg]. Therefore
n—o0

{(y17y25y37 .- 'aym_laa'?:)}floZI

is a sequence of ramification points in D, which converges to y.
If y € D\ U2, Dy, then by Remark 3.14

— (k1 k2 ks
y=(a',a;2,a;>,...),

where for each £ it holds that k; > 0 and a;, < a;,, < b;,. Then the sequence

{zn}32 1, where

k}l k:z k:g kn—l o0
@ Ay a " a)

Zn = (a in
for each n, is a sequence of ramification points in D, which converges to y.
Next we show that each of the ramification points is of infinite order in
D. Let z € D be any ramification point. Then by Lemma 4.4 and 3. from
Remark 3.6 there are positive integers m and j, such that pi(z) = a; for
each positive integer £k > m. Without loss of generality we may assume that
pr(x) # a; for each k < m.
Since

x € f]-_fl (x) C D
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and fjill (x) is a star with the center z by Lemma 3.10, it follows that z is of
infinite order in D. 0

THEOREM 4.6. Let f : [0,1] — 201 be any comb function with respect to
an admissible sequence {(an,bn)}52 ;. Then @{[0, 1], £}, is homeomorphic
to Wazewski’s universal dendrite if and only if the set {a, | n =1,2,3,...}
is dense in [0, 1].

ProOF. Taking Theorem 4.5 into account it suffices to prove that if the
set {an | n =1,2,3,...} is not dense in [0, 1], then @{[0, 1], f}z, is not
homeomorphic to Wazewski’s universal dendrite. If there is an interval J =
(aj,ar) € [0,1] containing no a, let ¢t = aﬁTa’“ and § = %% For any
ramification point x of @{[0, 1, f1ezy D(z, (t*°)) > w >, since
p1(x) = a,, for some n. Therefore the open ball in @{[0, 1], 132 centered at
(t*°) with the radius § contains no ramification points and hence by Theorem

2.2 @{[0, 1], f}72; is not homeomorphic to Wazewski’s universal dendrite.
0

THEOREM 4.7. There is a comb function f such that @{[0, 1], f}22, s
homeomorphic to Wazewski’s universal dendrite.

PRrROOF. Let {a, | n € N} be any dense subset of (0,1). Inductively we
define sequence {b,, }5° ; in such a way that {(an, b,)}>2; would be admissible
which would by Theorem 4.5 guaranty that @{[0, 1], £}32, is homeomorphic
to Wazewski’s universal dendrite. For each positive integer n, let

by, = % (an +min{l,a; | i <n,a; > an}).

First we show that lim,, o (by, — a,) = 0. Let € > 0 be arbitrary; choose
a positive integer k such that % < €. For each j < k choose i;, such that
a;; € (j%, %), and let ng = max{i; | j =1,2,3,...,k}. For any n > ng let
a < b be two consecutive elements of the set {0,1,a;, | j = 1,2,3,...,k} such
that a,, € (a,b). Then b, — a,, < “”’TH’ —a, = b_Qa” < b_T“ <eEe.

Since for each positive integer n for each m > n it holds that if a,, < a,,
then by, < 3(am + an) < an, it follows that the sequence {(an,bn)}52; is
admissible. O
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