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ON SOME GENERALIZED NORM TRIANGLE
INEQUALITIES

JOSIP PEČARIĆ AND RAJNA RAJIĆ

Abstract. In this paper we characterize equality attainedness in
some recently obtained generalized norm triangle inequalities.

1. Introduction

In [3] Dragomir gave the following bounds for the norm of
∑n

j=1 αjxj ,
where αj ∈ C and xj , j = 1, . . . , n, are arbitrary elements of a normed
linear space X :

max
i∈{1,...,n}

{
|αi|

∥∥∥∥
n∑

j=1

xj

∥∥∥∥ −
n∑

j=1

|αj − αi|‖xj‖
}

(1) ≤
∥∥∥∥

n∑

j=1

αjxj

∥∥∥∥ ≤ min
i∈{1,...,n}

{
|αi|

∥∥∥∥
n∑

j=1

xj

∥∥∥∥ +
n∑

j=1

|αj − αi|‖xj‖
}

.

In the case αj = 1
‖xj‖ , where xj are non-zero elements of X, this

result reduces to Theorem 2.1 proved in [13], which in its turn implies
the following generalization of the triangle inequality and its reverse
inequality obtained by Kato et al. in [6]:

∥∥∥∥
n∑

j=1

xj

∥∥∥∥ +
(

n −
∥∥∥∥

n∑

j=1

xj

‖xj‖

∥∥∥∥
)

min
j∈{1,...,n}

‖xj‖

(2) ≤
n∑

j=1

‖xj‖ ≤
∥∥∥∥

n∑

j=1

xj

∥∥∥∥ +
(

n −
∥∥∥∥

n∑

j=1

xj

‖xj‖

∥∥∥∥
)

max
j∈{1,...,n}

‖xj‖.

When n = 2 inequalities in (2) yield those established by Maligranda
in [8] (see also [9]) and can be written as the estimates for the angular
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In this paper we give alternative proofs for the inequalities in (5) and
(6). We also consider the case of equality in each of the inequalities in
(1) and (4) for elements of a strictly convex normed linear space.

2. The results

As a special case of (1) we have the following dual versions of inequali-
ties from (3).

Theorem 2.1. Let X be a normed linear space and x, y non-zero ele-
ments of X. Then we have

0 ≤ ‖x − y‖
min{‖x‖, ‖y‖} − |‖x‖ − ‖y‖|

max{‖x‖, ‖y‖}

≤
∥∥∥∥

x

‖y‖ − y

‖x‖

∥∥∥∥ ≤ ‖x − y‖
max{‖x‖, ‖y‖} +

|‖x‖ − ‖y‖|
min{‖x‖, ‖y‖} .

Proof. If n = 2 then by putting x1 := x, x2 := −y and α1 := 1
‖y‖ ,

α2 := 1
‖x‖ in (1) we get

max
{‖x − y‖

‖y‖ − |‖x‖ − ‖y‖|
‖x‖ ,

‖x − y‖
‖x‖ − |‖x‖ − ‖y‖|

‖y‖
}

≤
∥∥∥∥

x

‖y‖−
y

‖x‖

∥∥∥∥ ≤ min
{‖x − y‖

‖y‖ +
|‖x‖ − ‖y‖|

‖x‖ ,
‖x − y‖
‖x‖ +

|‖x‖ − ‖y‖|
‖y‖

}
.

Clearly,

max
{‖x − y‖

‖y‖ − |‖x‖ − ‖y‖|
‖x‖ ,

‖x − y‖
‖x‖ − |‖x‖ − ‖y‖|

‖y‖
}

=
‖x − y‖

min{‖x‖, ‖y‖} − |‖x‖ − ‖y‖|
max{‖x‖, ‖y‖} .

It remains to show that

min
{‖x − y‖

‖y‖ +
|‖x‖ − ‖y‖|

‖x‖ ,
‖x − y‖
‖x‖ +

|‖x‖ − ‖y‖|
‖y‖

}

=
‖x − y‖

max{‖x‖, ‖y‖} +
|‖x‖ − ‖y‖|

min{‖x‖, ‖y‖} .

To see this, let us suppose that ‖x‖ ≤ ‖y‖. Since ‖x−y‖−|‖x‖−‖y‖| ≥ 0
it follows that

‖x − y‖ − |‖x‖ − ‖y‖|
‖y‖ ≤ ‖x − y‖ − |‖x‖ − ‖y‖|

‖x‖ ,

so
‖x − y‖
‖y‖ +

|‖x‖ − ‖y‖|
‖x‖ ≤ ‖x − y‖

‖x‖ +
|‖x‖ − ‖y‖|

‖y‖ .

distance
∥∥ x
‖x‖ − y

‖y‖
∥∥ (see [2]) between non-zero elements x and y:

(3)
‖x − y‖ − |‖x‖ − ‖y‖|

min{‖x‖, ‖y‖} ≤
∥∥∥∥

x

‖x‖ − y

‖y‖

∥∥∥∥ ≤ ‖x − y‖ + |‖x‖ − ‖y‖|
max{‖x‖, ‖y‖} .

(Another proof of the first inequality in (3) was given by Mercer in [11].)
The second inequality in (3) is a refinement of the Massera-Schäffer
inequality [10]

∥∥∥∥
x

‖x‖ − y

‖y‖

∥∥∥∥ ≤ 2‖x − y‖
max{‖x‖, ‖y‖} (x, y ∈ X \ {0}),

which is sharper than the Dunkl-Williams inequality [5]
∥∥∥∥

x

‖x‖ − y

‖y‖

∥∥∥∥ ≤ 4‖x − y‖
‖x‖ + ‖y‖ (x, y ∈ X \ {0}).

One more generalization of the second inequality in (3) was recently
obtained in [4], where new bounds for the norm of

∑n
j=1 αjxj are estab-

lished. It was proved there that

max
i∈{1,...,n}

{∣∣∣∣
n∑

j=1

αj

∣∣∣∣‖xi‖ −
n∑

j=1

|αj |‖xj − xi‖
}

(4) ≤
∥∥∥∥

n∑

j=1

αjxj

∥∥∥∥ ≤ min
i∈{1,...,n}

{∣∣∣∣
n∑

j=1

αj

∣∣∣∣‖xi‖ +
n∑

j=1

|αj |‖xj − xi‖
}

,

where αj ∈ C and xj , j = 1, . . . , n, are elements of a normed linear space
X.

In [3, Theorems 2 and 3] Dragomir also provided the following dual
versions of inequalities from (3), that is, he obtained lower and upper
bounds for

∥∥ x
‖y‖ − y

‖x‖
∥∥, where x and y are two non-zero elements of a

normed linear space:

0 ≤ ‖x − y‖
min{‖x‖, ‖y‖} − |‖x‖ − ‖y‖|

max{‖x‖, ‖y‖}

(5) ≤
∥∥∥∥

x

‖y‖ − y

‖x‖

∥∥∥∥ ≤ ‖x − y‖
max{‖x‖, ‖y‖} +

|‖x‖ − ‖y‖|
min{‖x‖, ‖y‖}

and
‖x + y‖

min{‖x‖, ‖y‖} − ‖x‖ + ‖y‖
max{‖x‖, ‖y‖}

(6) ≤
∥∥∥∥

x

‖y‖ − y

‖x‖

∥∥∥∥ ≤ ‖x + y‖
min{‖x‖, ‖y‖} +

‖x‖ + ‖y‖
max{‖x‖, ‖y‖} .
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In this paper we give alternative proofs for the inequalities in (5) and
(6). We also consider the case of equality in each of the inequalities in
(1) and (4) for elements of a strictly convex normed linear space.

2. The results

As a special case of (1) we have the following dual versions of inequali-
ties from (3).

Theorem 2.1. Let X be a normed linear space and x, y non-zero ele-
ments of X. Then we have

0 ≤ ‖x − y‖
min{‖x‖, ‖y‖} − |‖x‖ − ‖y‖|

max{‖x‖, ‖y‖}

≤
∥∥∥∥

x

‖y‖ − y

‖x‖

∥∥∥∥ ≤ ‖x − y‖
max{‖x‖, ‖y‖} +

|‖x‖ − ‖y‖|
min{‖x‖, ‖y‖} .

Proof. If n = 2 then by putting x1 := x, x2 := −y and α1 := 1
‖y‖ ,

α2 := 1
‖x‖ in (1) we get

max
{‖x − y‖

‖y‖ − |‖x‖ − ‖y‖|
‖x‖ ,

‖x − y‖
‖x‖ − |‖x‖ − ‖y‖|

‖y‖
}

≤
∥∥∥∥

x

‖y‖−
y

‖x‖

∥∥∥∥ ≤ min
{‖x − y‖

‖y‖ +
|‖x‖ − ‖y‖|

‖x‖ ,
‖x − y‖
‖x‖ +

|‖x‖ − ‖y‖|
‖y‖

}
.

Clearly,

max
{‖x − y‖

‖y‖ − |‖x‖ − ‖y‖|
‖x‖ ,

‖x − y‖
‖x‖ − |‖x‖ − ‖y‖|

‖y‖
}

=
‖x − y‖

min{‖x‖, ‖y‖} − |‖x‖ − ‖y‖|
max{‖x‖, ‖y‖} .

It remains to show that

min
{‖x − y‖

‖y‖ +
|‖x‖ − ‖y‖|

‖x‖ ,
‖x − y‖
‖x‖ +

|‖x‖ − ‖y‖|
‖y‖

}

=
‖x − y‖

max{‖x‖, ‖y‖} +
|‖x‖ − ‖y‖|

min{‖x‖, ‖y‖} .

To see this, let us suppose that ‖x‖ ≤ ‖y‖. Since ‖x−y‖−|‖x‖−‖y‖| ≥ 0
it follows that

‖x − y‖ − |‖x‖ − ‖y‖|
‖y‖ ≤ ‖x − y‖ − |‖x‖ − ‖y‖|

‖x‖ ,

so
‖x − y‖
‖y‖ +

|‖x‖ − ‖y‖|
‖x‖ ≤ ‖x − y‖

‖x‖ +
|‖x‖ − ‖y‖|

‖y‖ .
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distance
∥∥ x
‖x‖ − y

‖y‖
∥∥ (see [2]) between non-zero elements x and y:

(3)
‖x − y‖ − |‖x‖ − ‖y‖|

min{‖x‖, ‖y‖} ≤
∥∥∥∥

x

‖x‖ − y

‖y‖

∥∥∥∥ ≤ ‖x − y‖ + |‖x‖ − ‖y‖|
max{‖x‖, ‖y‖} .

(Another proof of the first inequality in (3) was given by Mercer in [11].)
The second inequality in (3) is a refinement of the Massera-Schäffer
inequality [10]

∥∥∥∥
x

‖x‖ − y

‖y‖

∥∥∥∥ ≤ 2‖x − y‖
max{‖x‖, ‖y‖} (x, y ∈ X \ {0}),

which is sharper than the Dunkl-Williams inequality [5]
∥∥∥∥

x

‖x‖ − y

‖y‖

∥∥∥∥ ≤ 4‖x − y‖
‖x‖ + ‖y‖ (x, y ∈ X \ {0}).

One more generalization of the second inequality in (3) was recently
obtained in [4], where new bounds for the norm of

∑n
j=1 αjxj are estab-

lished. It was proved there that

max
i∈{1,...,n}

{∣∣∣∣
n∑

j=1

αj

∣∣∣∣‖xi‖ −
n∑

j=1

|αj |‖xj − xi‖
}

(4) ≤
∥∥∥∥

n∑

j=1

αjxj

∥∥∥∥ ≤ min
i∈{1,...,n}

{∣∣∣∣
n∑

j=1

αj

∣∣∣∣‖xi‖ +
n∑

j=1

|αj |‖xj − xi‖
}

,

where αj ∈ C and xj , j = 1, . . . , n, are elements of a normed linear space
X.

In [3, Theorems 2 and 3] Dragomir also provided the following dual
versions of inequalities from (3), that is, he obtained lower and upper
bounds for

∥∥ x
‖y‖ − y

‖x‖
∥∥, where x and y are two non-zero elements of a

normed linear space:

0 ≤ ‖x − y‖
min{‖x‖, ‖y‖} − |‖x‖ − ‖y‖|

max{‖x‖, ‖y‖}

(5) ≤
∥∥∥∥

x

‖y‖ − y

‖x‖

∥∥∥∥ ≤ ‖x − y‖
max{‖x‖, ‖y‖} +

|‖x‖ − ‖y‖|
min{‖x‖, ‖y‖}

and
‖x + y‖

min{‖x‖, ‖y‖} − ‖x‖ + ‖y‖
max{‖x‖, ‖y‖}

(6) ≤
∥∥∥∥

x

‖y‖ − y

‖x‖

∥∥∥∥ ≤ ‖x + y‖
min{‖x‖, ‖y‖} +

‖x‖ + ‖y‖
max{‖x‖, ‖y‖} .
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Therefore,

min
{‖x + y‖

‖y‖ +
‖x‖ + ‖y‖

‖x‖ ,
‖x + y‖
‖x‖ +

‖x‖ + ‖y‖
‖y‖

}

=
‖x + y‖
‖x‖ +

‖x‖ + ‖y‖
‖y‖ =

‖x + y‖
min{‖x‖, ‖y‖} +

‖x‖ + ‖y‖
max{‖x‖, ‖y‖}

and the theorem is proved. �

The following results describe the case of equality in each of the in-
equalities in (1) for elements of a strictly convex normed linear space.
The proofs can be obtained similarly as the proofs of Theorem 2.6 and
Theorem 2.8 from [13] and hence we omit them.

Theorem 2.3. Let X be a strictly convex normed linear space, x1, . . . , xn

non-zero elements of X and α1, . . . , αn ∈ C. Then the following two
statements are mutually equivalent.

(i)
∥∥∥∥

n∑

j=1

αjxj

∥∥∥∥ = min
i∈{1,...,n}

{
|αi|

∥∥∥∥
n∑

j=1

xj

∥∥∥∥ +
n∑

j=1

|αj − αi|‖xj‖
}

.

(ii) α1 = · · · = αn or there exist i ∈ {1, . . . , n} and v ∈ X satisfying
αj − αi

|αj − αi|
xj

‖xj‖ = v for all j ∈ {1, . . . , n} such that αj �= αi and

αi

n∑

j=1

xj = |αi|
∥∥∥∥

n∑

j=1

xj

∥∥∥∥v.

Theorem 2.4. Let X be a strictly convex normed linear space, x1, . . . , xn

non-zero elements of X and α1, . . . , αn ∈ C. Then the following two
statements are mutually equivalent.

(i)
∥∥∥∥

n∑

j=1

αjxj

∥∥∥∥ = max
i∈{1,...,n}

{
|αi|

∥∥∥∥
n∑

j=1

xj

∥∥∥∥ −
n∑

j=1

|αj − αi|‖xj‖
}

.

(ii) α1 = · · · = αn or there exist i ∈ {1, . . . , n} and v ∈ X satisfying
αi − αj

|αi − αj |
xj

‖xj‖ = v for all j ∈ {1, . . . , n} such that αj �= αi and
n∑

j=1

αjxj =
∥∥∥∥

n∑

j=1

αjxj

∥∥∥∥v.

Remark 2.5. Index i from the statement (ii) of Theorem 2.3 (resp. The-
orem 2.4) is precisely the index for which |αk|

∥∥∥∑n
j=1 xj

∥∥∥ +
∑n

j=1 |αj −
αk|‖xj‖, k = 1, . . . , n, attains its minimum (resp. |αk|

∥∥∥∑n
j=1 xj

∥∥∥ −∑n
j=1 |αj − αk|‖xj‖, k = 1, . . . , n, attains its maximum).

Therefore,

min
{‖x − y‖

‖y‖ +
|‖x‖ − ‖y‖|

‖x‖ ,
‖x − y‖
‖x‖ +

|‖x‖ − ‖y‖|
‖y‖

}

=
‖x − y‖
‖y‖ +

|‖x‖ − ‖y‖|
‖x‖ =

‖x − y‖
max{‖x‖, ‖y‖} +

|‖x‖ − ‖y‖|
min{‖x‖, ‖y‖}

and the result follows. �
Theorem 2.2. Let X be a normed linear space and x, y non-zero ele-
ments of X. Then we have

‖x + y‖
min{‖x‖, ‖y‖} − ‖x‖ + ‖y‖

max{‖x‖, ‖y‖}

≤
∥∥∥∥

x

‖y‖ − y

‖x‖

∥∥∥∥ ≤ ‖x + y‖
min{‖x‖, ‖y‖} +

‖x‖ + ‖y‖
max{‖x‖, ‖y‖} .

Proof. If n = 2 then by putting x1 := x, x2 := y and α1 := 1
‖y‖ ,

α2 := − 1
‖x‖ in (1) we get

max
{‖x + y‖

‖y‖ − ‖x‖ + ‖y‖
‖x‖ ,

‖x + y‖
‖x‖ − ‖x‖ + ‖y‖

‖y‖
}

≤
∥∥∥∥

x

‖y‖ − y

‖x‖

∥∥∥∥ ≤ min
{‖x + y‖

‖y‖ +
‖x‖ + ‖y‖

‖x‖ ,
‖x + y‖
‖x‖ +

‖x‖ + ‖y‖
‖y‖

}
.

Clearly,

max
{‖x + y‖

‖y‖ − ‖x‖ + ‖y‖
‖x‖ ,

‖x + y‖
‖x‖ − ‖x‖ + ‖y‖

‖y‖
}

=
‖x + y‖

min{‖x‖, ‖y‖} − ‖x‖ + ‖y‖
max{‖x‖, ‖y‖} .

Let us show that

min
{‖x + y‖

‖y‖ +
‖x‖ + ‖y‖

‖x‖ ,
‖x + y‖
‖x‖ +

‖x‖ + ‖y‖
‖y‖

}

=
‖x + y‖

min{‖x‖, ‖y‖} +
‖x‖ + ‖y‖

max{‖x‖, ‖y‖} .

To see this, suppose that ‖x‖ ≤ ‖y‖. Since ‖x‖ + ‖y‖ − ‖x + y‖ ≥ 0 it
follows that

‖x‖ + ‖y‖ − ‖x + y‖
‖y‖ ≤ ‖x‖ + ‖y‖ − ‖x + y‖

‖x‖ ,

so
‖x + y‖
‖x‖ +

‖x‖ + ‖y‖
‖y‖ ≤ ‖x + y‖

‖y‖ +
‖x‖ + ‖y‖

‖x‖ .
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Therefore,

min
{‖x + y‖

‖y‖ +
‖x‖ + ‖y‖

‖x‖ ,
‖x + y‖
‖x‖ +

‖x‖ + ‖y‖
‖y‖

}

=
‖x + y‖
‖x‖ +

‖x‖ + ‖y‖
‖y‖ =

‖x + y‖
min{‖x‖, ‖y‖} +

‖x‖ + ‖y‖
max{‖x‖, ‖y‖}

and the theorem is proved. �

The following results describe the case of equality in each of the in-
equalities in (1) for elements of a strictly convex normed linear space.
The proofs can be obtained similarly as the proofs of Theorem 2.6 and
Theorem 2.8 from [13] and hence we omit them.

Theorem 2.3. Let X be a strictly convex normed linear space, x1, . . . , xn

non-zero elements of X and α1, . . . , αn ∈ C. Then the following two
statements are mutually equivalent.

(i)
∥∥∥∥

n∑

j=1

αjxj

∥∥∥∥ = min
i∈{1,...,n}

{
|αi|

∥∥∥∥
n∑

j=1

xj

∥∥∥∥ +
n∑

j=1

|αj − αi|‖xj‖
}

.

(ii) α1 = · · · = αn or there exist i ∈ {1, . . . , n} and v ∈ X satisfying
αj − αi

|αj − αi|
xj

‖xj‖ = v for all j ∈ {1, . . . , n} such that αj �= αi and

αi

n∑

j=1

xj = |αi|
∥∥∥∥

n∑

j=1

xj

∥∥∥∥v.

Theorem 2.4. Let X be a strictly convex normed linear space, x1, . . . , xn

non-zero elements of X and α1, . . . , αn ∈ C. Then the following two
statements are mutually equivalent.

(i)
∥∥∥∥

n∑

j=1

αjxj

∥∥∥∥ = max
i∈{1,...,n}

{
|αi|

∥∥∥∥
n∑

j=1

xj

∥∥∥∥ −
n∑

j=1

|αj − αi|‖xj‖
}

.

(ii) α1 = · · · = αn or there exist i ∈ {1, . . . , n} and v ∈ X satisfying
αi − αj

|αi − αj |
xj

‖xj‖ = v for all j ∈ {1, . . . , n} such that αj �= αi and
n∑

j=1

αjxj =
∥∥∥∥

n∑

j=1

αjxj

∥∥∥∥v.

Remark 2.5. Index i from the statement (ii) of Theorem 2.3 (resp. The-
orem 2.4) is precisely the index for which |αk|

∥∥∥∑n
j=1 xj

∥∥∥ +
∑n

j=1 |αj −
αk|‖xj‖, k = 1, . . . , n, attains its minimum (resp. |αk|

∥∥∥∑n
j=1 xj

∥∥∥ −∑n
j=1 |αj − αk|‖xj‖, k = 1, . . . , n, attains its maximum).
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Therefore,

min
{‖x − y‖

‖y‖ +
|‖x‖ − ‖y‖|

‖x‖ ,
‖x − y‖
‖x‖ +

|‖x‖ − ‖y‖|
‖y‖

}

=
‖x − y‖
‖y‖ +

|‖x‖ − ‖y‖|
‖x‖ =

‖x − y‖
max{‖x‖, ‖y‖} +

|‖x‖ − ‖y‖|
min{‖x‖, ‖y‖}

and the result follows. �
Theorem 2.2. Let X be a normed linear space and x, y non-zero ele-
ments of X. Then we have

‖x + y‖
min{‖x‖, ‖y‖} − ‖x‖ + ‖y‖

max{‖x‖, ‖y‖}

≤
∥∥∥∥

x

‖y‖ − y

‖x‖

∥∥∥∥ ≤ ‖x + y‖
min{‖x‖, ‖y‖} +

‖x‖ + ‖y‖
max{‖x‖, ‖y‖} .

Proof. If n = 2 then by putting x1 := x, x2 := y and α1 := 1
‖y‖ ,

α2 := − 1
‖x‖ in (1) we get

max
{‖x + y‖

‖y‖ − ‖x‖ + ‖y‖
‖x‖ ,

‖x + y‖
‖x‖ − ‖x‖ + ‖y‖

‖y‖
}

≤
∥∥∥∥

x

‖y‖ − y

‖x‖

∥∥∥∥ ≤ min
{‖x + y‖

‖y‖ +
‖x‖ + ‖y‖

‖x‖ ,
‖x + y‖
‖x‖ +

‖x‖ + ‖y‖
‖y‖

}
.

Clearly,

max
{‖x + y‖

‖y‖ − ‖x‖ + ‖y‖
‖x‖ ,

‖x + y‖
‖x‖ − ‖x‖ + ‖y‖

‖y‖
}

=
‖x + y‖

min{‖x‖, ‖y‖} − ‖x‖ + ‖y‖
max{‖x‖, ‖y‖} .

Let us show that

min
{‖x + y‖

‖y‖ +
‖x‖ + ‖y‖

‖x‖ ,
‖x + y‖
‖x‖ +

‖x‖ + ‖y‖
‖y‖

}

=
‖x + y‖

min{‖x‖, ‖y‖} +
‖x‖ + ‖y‖

max{‖x‖, ‖y‖} .

To see this, suppose that ‖x‖ ≤ ‖y‖. Since ‖x‖ + ‖y‖ − ‖x + y‖ ≥ 0 it
follows that

‖x‖ + ‖y‖ − ‖x + y‖
‖y‖ ≤ ‖x‖ + ‖y‖ − ‖x + y‖

‖x‖ ,

so
‖x + y‖
‖x‖ +

‖x‖ + ‖y‖
‖y‖ ≤ ‖x + y‖

‖y‖ +
‖x‖ + ‖y‖

‖x‖ .
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In the case when
∑n

j=1 αj = 0, (7) can be written as

(8)
∥∥∥∥

∑

j∈J

αj(xj − xi)
∥∥∥∥ =

∑

j∈J

|αj |‖xj − xi‖.

Again, by Lemma 2.6, we deduce that (8) holds precisely when there is
v ∈ X such that

αj(xj − xi)
|αj |‖xj − xi‖ = v, j ∈ J.

This proves the theorem. �
As an immediate consequence of Theorem 2.7 and the second inequali-

ty in (4) we obtain the following result.

Corollary 2.8. Let X be a strictly convex normed linear space, x1, . . . , xn

non-zero elements of X and α1, . . . , αn ∈ C \ {0}. Then the following
two statements are mutually equivalent.

(i)
∥∥∥∥

n∑

j=1

αjxj

∥∥∥∥ = min
i∈{1,...,n}

{∣∣∣∣
n∑

j=1

αj

∣∣∣∣‖xi‖ +
n∑

j=1

|αj |‖xj − xi‖
}

.

(ii) x1 = · · · = xn or there exist i ∈ {1, . . . , n} and v ∈ X satisfying
αj

|αj |
xj − xi

‖xj − xi‖ = v for all j ∈ {1, . . . , n} such that xj �= xi and
n∑

j=1

αjxi =
∣∣∣∣

n∑

j=1

αj

∣∣∣∣‖xi‖v.

Theorem 2.9. Let X be a strictly convex normed linear space, x1, . . . , xn

non-zero elements of X and α1, . . . , αn ∈ C \ {0}. Then for every i ∈
{1, . . . , n} the following two statements are mutually equivalent.

(i)
∥∥∥∥

n∑

j=1

αjxj

∥∥∥∥ =
∣∣∣∣

n∑

j=1

αj

∣∣∣∣‖xi‖ −
n∑

j=1

|αj |‖xj − xi‖.

(ii) x1 = · · · = xn or there exists v ∈ X satisfying
αj

|αj |
xi − xj

‖xi − xj‖ =

v for all j ∈ {1, . . . , n} such that xj �= xi and
n∑

j=1

αjxj =

∥∥∥∥
n∑

j=1

αjxj

∥∥∥∥v.

Proof. If x1 = · · · = xn we are done. So, suppose that this is not the
case.

Let us denote J = {j ∈ {1, . . . , n} : xj �= xi}. Put y :=
∑n

j=1 αjxi

and z :=
∑n

j=1 αj(xi − xj).

In what follows we consider the case of equality in each of the inequali-
ties in (4) for elements of a strictly convex normed linear space. To do
this, we need the following result, the proof of which can be found in [6,
Lemma 1].

Lemma 2.6. If x1, . . . , xn are non-zero elements of a strictly convex
normed linear space X, then the following statements are mutually equi-
valent.

(i)
∥∥∥∥

n∑

j=1

xj

∥∥∥∥ =
n∑

j=1

‖xj‖.

(ii)
x1

‖x1‖ = · · · =
xn

‖xn‖ .

Theorem 2.7. Let X be a strictly convex normed linear space, x1, . . . , xn

non-zero elements of X and α1, . . . , αn ∈ C \ {0}. Then for every i ∈
{1, . . . , n} the following two statements are mutually equivalent.

(i)
∥∥∥∥

n∑

j=1

αjxj

∥∥∥∥ =
∣∣∣∣

n∑

j=1

αj

∣∣∣∣‖xi‖ +
n∑

j=1

|αj |‖xj − xi‖.

(ii) x1 = · · · = xn or there exists v ∈ X satisfying
αj

|αj |
xj − xi

‖xj − xi‖ =

v for all j ∈ {1, . . . , n} such that xj �= xi and
n∑

j=1

αjxi =

∣∣∣∣
n∑

j=1

αj

∣∣∣∣‖xi‖v.

Proof. If x1 = · · · = xn we are done. So, suppose that this is not the
case.

Let us denote J = {j ∈ {1, . . . , n} : xj �= xi}. Note that (i) is equiva-
lent to

(7)
∥∥∥∥

n∑

j=1

αjxi +
∑

j∈J

αj(xj − xi)
∥∥∥∥ =

∣∣∣∣
n∑

j=1

αj

∣∣∣∣‖xi‖ +
∑

j∈J

|αj |‖xj − xi‖.

First, let us suppose that
∑n

j=1 αj �= 0.

By Lemma 2.6, (7) holds if and only if there is v ∈ X satisfying
n∑

j=1

αjxi

∣∣∣∣
n∑

j=1

αj

∣∣∣∣‖xi‖
=

αj(xj − xi)
|αj |‖xj − xi‖ = v, j ∈ J.
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In the case when
∑n

j=1 αj = 0, (7) can be written as

(8)
∥∥∥∥

∑

j∈J

αj(xj − xi)
∥∥∥∥ =

∑

j∈J

|αj |‖xj − xi‖.

Again, by Lemma 2.6, we deduce that (8) holds precisely when there is
v ∈ X such that

αj(xj − xi)
|αj |‖xj − xi‖ = v, j ∈ J.

This proves the theorem. �
As an immediate consequence of Theorem 2.7 and the second inequali-

ty in (4) we obtain the following result.

Corollary 2.8. Let X be a strictly convex normed linear space, x1, . . . , xn

non-zero elements of X and α1, . . . , αn ∈ C \ {0}. Then the following
two statements are mutually equivalent.

(i)
∥∥∥∥

n∑

j=1

αjxj

∥∥∥∥ = min
i∈{1,...,n}

{∣∣∣∣
n∑

j=1

αj

∣∣∣∣‖xi‖ +
n∑

j=1

|αj |‖xj − xi‖
}

.

(ii) x1 = · · · = xn or there exist i ∈ {1, . . . , n} and v ∈ X satisfying
αj

|αj |
xj − xi

‖xj − xi‖ = v for all j ∈ {1, . . . , n} such that xj �= xi and
n∑

j=1

αjxi =
∣∣∣∣

n∑

j=1

αj

∣∣∣∣‖xi‖v.

Theorem 2.9. Let X be a strictly convex normed linear space, x1, . . . , xn

non-zero elements of X and α1, . . . , αn ∈ C \ {0}. Then for every i ∈
{1, . . . , n} the following two statements are mutually equivalent.

(i)
∥∥∥∥

n∑

j=1

αjxj

∥∥∥∥ =
∣∣∣∣

n∑

j=1

αj

∣∣∣∣‖xi‖ −
n∑

j=1

|αj |‖xj − xi‖.

(ii) x1 = · · · = xn or there exists v ∈ X satisfying
αj

|αj |
xi − xj

‖xi − xj‖ =

v for all j ∈ {1, . . . , n} such that xj �= xi and
n∑

j=1

αjxj =

∥∥∥∥
n∑

j=1

αjxj

∥∥∥∥v.

Proof. If x1 = · · · = xn we are done. So, suppose that this is not the
case.

Let us denote J = {j ∈ {1, . . . , n} : xj �= xi}. Put y :=
∑n

j=1 αjxi

and z :=
∑n

j=1 αj(xi − xj).
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In what follows we consider the case of equality in each of the inequali-
ties in (4) for elements of a strictly convex normed linear space. To do
this, we need the following result, the proof of which can be found in [6,
Lemma 1].

Lemma 2.6. If x1, . . . , xn are non-zero elements of a strictly convex
normed linear space X, then the following statements are mutually equi-
valent.

(i)
∥∥∥∥

n∑

j=1

xj

∥∥∥∥ =
n∑

j=1

‖xj‖.

(ii)
x1

‖x1‖ = · · · =
xn

‖xn‖ .

Theorem 2.7. Let X be a strictly convex normed linear space, x1, . . . , xn

non-zero elements of X and α1, . . . , αn ∈ C \ {0}. Then for every i ∈
{1, . . . , n} the following two statements are mutually equivalent.

(i)
∥∥∥∥

n∑

j=1

αjxj

∥∥∥∥ =
∣∣∣∣

n∑

j=1

αj

∣∣∣∣‖xi‖ +
n∑

j=1

|αj |‖xj − xi‖.

(ii) x1 = · · · = xn or there exists v ∈ X satisfying
αj

|αj |
xj − xi

‖xj − xi‖ =

v for all j ∈ {1, . . . , n} such that xj �= xi and
n∑

j=1

αjxi =

∣∣∣∣
n∑

j=1

αj

∣∣∣∣‖xi‖v.

Proof. If x1 = · · · = xn we are done. So, suppose that this is not the
case.

Let us denote J = {j ∈ {1, . . . , n} : xj �= xi}. Note that (i) is equiva-
lent to

(7)
∥∥∥∥

n∑

j=1

αjxi +
∑

j∈J

αj(xj − xi)
∥∥∥∥ =

∣∣∣∣
n∑

j=1

αj

∣∣∣∣‖xi‖ +
∑

j∈J

|αj |‖xj − xi‖.

First, let us suppose that
∑n

j=1 αj �= 0.

By Lemma 2.6, (7) holds if and only if there is v ∈ X satisfying
n∑

j=1

αjxi

∣∣∣∣
n∑

j=1

αj

∣∣∣∣‖xi‖
=

αj(xj − xi)
|αj |‖xj − xi‖ = v, j ∈ J.
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(i)
∥∥∥∥

n∑

j=1

αjxj

∥∥∥∥ = max
i∈{1,...,n}

{∣∣∣∣
n∑

j=1

αj

∣∣∣∣‖xi‖ −
n∑

j=1

|αj |‖xj − xi‖
}

.

(ii) x1 = · · · = xn or there exist i ∈ {1, . . . , n} and v ∈ X satisfying
αj

|αj |
xi − xj

‖xi − xj‖ = v for all j ∈ {1, . . . , n} such that xj �= xi and
n∑

j=1

αjxj =
∥∥∥∥

n∑

j=1

αjxj

∥∥∥∥v.

Concluding remarks

It was shown in [1] that for non-zero elements x1, . . . , xn of a pre-
Hilbert C∗-module X over a C∗-algebra A the equality ‖∑n

j=1 xj‖ =∑n
j=1 ‖xj‖ holds if and only if there exist i ∈ {1, . . . , n} and a state ϕ

on A such that ϕ(〈xj , xi〉) = ‖xj‖‖xi‖ for all j ∈ {1, . . . , n} \ {i}, where
〈·, ·〉 stands for an A-valued inner product on X. (For the definition
and basic results on (pre)-Hilbert C∗-modules the reader is referred to
[7] or [14].) By using this result, Pečarić and Rajić [12] described the
case of equality in each of the inequalities in (1), where xj are non-zero
elements of a pre-Hilbert C∗-module X, and scalars αj are chosen to be

1
‖xj‖ . In a similar way, one can obtain the characterizations of the case of
equality in each of the inequalities in (1) and (4) for non-zero elements
xj of a pre-Hilbert C∗-module X and non-zero complex numbers αj . For
instance, to describe the equality attainedness in the second inequality
in (4) we consider two different cases:

∑n
j=1 αj �= 0 or

∑n
j=1 αj = 0. In

the first case the equality holds precisely when x1 = · · · = xn, or there
exist i ∈ {1, . . . , n} and a state ϕ on A satisfying

αk

( n∑

j=1

αj

)
ϕ(〈xi, xk − xi〉) = |αk|

∣∣∣∣
n∑

j=1

αj

∣∣∣∣‖xi‖ ‖xk − xi‖

for all k ∈ {1, . . . , n} such that xk �= xi.
In the second case the equality holds if and only if x1 = · · · = xn,

or there exist i, k ∈ {1, . . . , n} for which xi �= xk, and a state ϕ on A
satisfying

αjαkϕ(〈xj − xi, xk − xi〉) = |αj ||αk| ‖xj − xi‖ ‖xk − xi‖
for all j ∈ {1, . . . , n} \ {k} such that xj �= xi.

References
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(i)⇒(ii) Passing the proof of the first inequality in (4) (see [4, Theorem
1] ) we deduce that (i) holds if and only if the following two conditions
are satisfied:

(9)
∥∥∥∥

n∑

j=1

αjxj

∥∥∥∥ =
∥∥∥∥

n∑

j=1

αjxi

∥∥∥∥ −
∥∥∥∥

n∑

j=1

αj(xi − xj)
∥∥∥∥

and

(10)
∥∥∥∥

∑

j∈J

αj(xi − xj)
∥∥∥∥ =

∑

j∈J

|αj |‖xi − xj‖.

By Lemma 2.6, (10) holds if and only if there is v ∈ X satisfying

(11)
αj

|αj |
xi − xj

‖xi − xj‖ = v, j ∈ J.

Now we have

z =
∑

j∈J

αj(xi − xj) =
∑

j∈J

|αj |‖xi − xj‖v = ‖z‖v.

Since ‖z‖ =
∑

j∈J |αj |‖xi − xj‖ �= 0, we get
z

‖z‖ = v.

Note that (9) can be written as ‖y−z‖ = ‖y‖−‖z‖, i.e., ‖(y−z)+z‖ =
‖y − z‖ + ‖z‖. So, by Lemma 2.6 it follows that

y − z = ‖y − z‖ z

‖z‖ = ‖y − z‖v.

Thus,
n∑

j=1

αjxj =
∥∥∥∥

n∑

j=1

αjxj

∥∥∥∥v.

(ii) ⇒ (i) To prove (i) we must show that (9) and (10) hold. Since
(10) ⇔ (11) and (11) holds by the assumption, it remains to prove
(9). As in the first part of the proof, (11) implies z

‖z‖ = v. Also, by
the assumption we have y − z = ‖y − z‖v. Thus, y = z + ‖y − z‖v =
‖z‖v + ‖y − z‖v from which it follows that ‖y‖ = ‖z‖ + ‖y − z‖, which
is the equality (9). This completes the proof. �

As a consequence of Theorem 2.9 and the first inequality in (4) we
have the following result.

Corollary 2.10. Let X be a strictly convex normed linear space, x1,. . .,xn

non-zero elements of X and α1, . . . , αn ∈ C \ {0}. Then the following
two statements are mutually equivalent.
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(i)
∥∥∥∥

n∑

j=1

αjxj

∥∥∥∥ = max
i∈{1,...,n}

{∣∣∣∣
n∑

j=1

αj

∣∣∣∣‖xi‖ −
n∑

j=1

|αj |‖xj − xi‖
}

.

(ii) x1 = · · · = xn or there exist i ∈ {1, . . . , n} and v ∈ X satisfying
αj

|αj |
xi − xj

‖xi − xj‖ = v for all j ∈ {1, . . . , n} such that xj �= xi and
n∑

j=1

αjxj =
∥∥∥∥

n∑

j=1

αjxj

∥∥∥∥v.

Concluding remarks

It was shown in [1] that for non-zero elements x1, . . . , xn of a pre-
Hilbert C∗-module X over a C∗-algebra A the equality ‖∑n

j=1 xj‖ =∑n
j=1 ‖xj‖ holds if and only if there exist i ∈ {1, . . . , n} and a state ϕ

on A such that ϕ(〈xj , xi〉) = ‖xj‖‖xi‖ for all j ∈ {1, . . . , n} \ {i}, where
〈·, ·〉 stands for an A-valued inner product on X. (For the definition
and basic results on (pre)-Hilbert C∗-modules the reader is referred to
[7] or [14].) By using this result, Pečarić and Rajić [12] described the
case of equality in each of the inequalities in (1), where xj are non-zero
elements of a pre-Hilbert C∗-module X, and scalars αj are chosen to be

1
‖xj‖ . In a similar way, one can obtain the characterizations of the case of
equality in each of the inequalities in (1) and (4) for non-zero elements
xj of a pre-Hilbert C∗-module X and non-zero complex numbers αj . For
instance, to describe the equality attainedness in the second inequality
in (4) we consider two different cases:

∑n
j=1 αj �= 0 or

∑n
j=1 αj = 0. In

the first case the equality holds precisely when x1 = · · · = xn, or there
exist i ∈ {1, . . . , n} and a state ϕ on A satisfying

αk

( n∑

j=1

αj

)
ϕ(〈xi, xk − xi〉) = |αk|

∣∣∣∣
n∑

j=1

αj

∣∣∣∣‖xi‖ ‖xk − xi‖

for all k ∈ {1, . . . , n} such that xk �= xi.
In the second case the equality holds if and only if x1 = · · · = xn,

or there exist i, k ∈ {1, . . . , n} for which xi �= xk, and a state ϕ on A
satisfying

αjαkϕ(〈xj − xi, xk − xi〉) = |αj ||αk| ‖xj − xi‖ ‖xk − xi‖
for all j ∈ {1, . . . , n} \ {k} such that xj �= xi.
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(i)⇒(ii) Passing the proof of the first inequality in (4) (see [4, Theorem
1] ) we deduce that (i) holds if and only if the following two conditions
are satisfied:

(9)
∥∥∥∥

n∑

j=1

αjxj

∥∥∥∥ =
∥∥∥∥

n∑

j=1

αjxi

∥∥∥∥ −
∥∥∥∥

n∑

j=1

αj(xi − xj)
∥∥∥∥

and

(10)
∥∥∥∥

∑

j∈J

αj(xi − xj)
∥∥∥∥ =

∑

j∈J

|αj |‖xi − xj‖.

By Lemma 2.6, (10) holds if and only if there is v ∈ X satisfying

(11)
αj

|αj |
xi − xj

‖xi − xj‖ = v, j ∈ J.

Now we have

z =
∑

j∈J

αj(xi − xj) =
∑

j∈J

|αj |‖xi − xj‖v = ‖z‖v.

Since ‖z‖ =
∑

j∈J |αj |‖xi − xj‖ �= 0, we get
z

‖z‖ = v.

Note that (9) can be written as ‖y−z‖ = ‖y‖−‖z‖, i.e., ‖(y−z)+z‖ =
‖y − z‖ + ‖z‖. So, by Lemma 2.6 it follows that

y − z = ‖y − z‖ z

‖z‖ = ‖y − z‖v.

Thus,
n∑

j=1

αjxj =
∥∥∥∥

n∑

j=1

αjxj

∥∥∥∥v.

(ii) ⇒ (i) To prove (i) we must show that (9) and (10) hold. Since
(10) ⇔ (11) and (11) holds by the assumption, it remains to prove
(9). As in the first part of the proof, (11) implies z

‖z‖ = v. Also, by
the assumption we have y − z = ‖y − z‖v. Thus, y = z + ‖y − z‖v =
‖z‖v + ‖y − z‖v from which it follows that ‖y‖ = ‖z‖ + ‖y − z‖, which
is the equality (9). This completes the proof. �

As a consequence of Theorem 2.9 and the first inequality in (4) we
have the following result.

Corollary 2.10. Let X be a strictly convex normed linear space, x1,. . .,xn

non-zero elements of X and α1, . . . , αn ∈ C \ {0}. Then the following
two statements are mutually equivalent.
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A NEW CLASS OF GENERAL REFINED HARDY-TYPE

INEQUALITIES WITH KERNELS

ALEKSANDRA ČIŽMEŠIJA, KRISTINA KRULIĆ, AND JOSIP PEČARIĆ

Abstract. Let µ1 and µ2 be positive σ-finite measures on Ω1 and Ω2

respectively, k : Ω1 × Ω2 → R be a non-negative function, and

K(x) =

∫

Ω2

k(x, y) dµ2(y), x ∈ Ω1.

We state and prove a new class of refined general Hardy-type inequalities
related to the weighted Lebesgue spaces Lp and Lq, where 0 < p ≤ q <
∞ or −∞ < q ≤ p < 0, convex functions and the integral operators Ak

of the form

Akf(x) =
1

K(x)

∫

Ω2

k(x, y)f(y) dµ2(y).

We also provide a class of new sufficient conditions for a weighted mod-
ular inequality involving operator Ak to hold. As special cases of our
results, we obtain refinements of the classical one-dimensional Hardy’s,
Pólya–Knopp’s and Hardy–Hilbert’s inequality and of related dual in-
equalities, as well as a generalization and refinement of the classical
Godunova’s inequality. Finally, we show that our results may be seen
as generalizations of some recent results related to Riemann-Liouville’s
and Weyl’s operator.

1. Introduction

To start with, we recall some well-known integral inequalities. The first
of them is the classical Hardy’s inequality,

(1.1)

∫ ∞

0

(
1

x

∫ x

0
f(t) dt

)p

dx ≤
(

p

p− 1

)p ∫ ∞

0
fp(x) dx,

where 1 < p < ∞, R+ = (0,∞), and f ∈ Lp(R+) is a non-negative function.

By rewriting (1.1) with the function f replaced with f
1
p and then by letting

p → ∞, we obtain the limiting case of Hardy’s inequality,

(1.2)

∫ ∞

0
exp

(
1

x

∫ x

0
ln f(t) dt

)
dx < e

∫ ∞

0
f(x) dx ,
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