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CAUCHY TYPE MEANS RELATED TO THE
CONVERSE JENSEN-STEFFENSEN INEQUALITY

S. IVELIC, M. KLARICIC BAKULA, AND J. PECARIC

ABSTRACT. In this paper we apply so called exp-convex method to
the converse Jensen-Steffensen inequality in order to interpret it in
the form of exponentially convex functions. The outcome is a new
class of Cauchy type means and some new interesting inequalities
related to them.

1. INTRODUCTION

Let I be an interval in R and ¢ : I — R a convex function on [. If
x = (z1,...,Ty,) is any n-tuple in I" and p = (p1,...,pn) & nonnegative
n-tuple such that P, = Y /', p; > 0, then the well known Jensen’s
inequality

1 — 1 &
@ (P'n, ;pz%) < Rl;p%@(wz’) (1.1)

holds (see for example [9, p. 43]). If ¢ is strictly convex then (1.1) is
strict unless x; = ¢ for all i € {j : p; > 0}.

It is well known that the assumption ”p is a nonnegative n-tuple” can
be relaxed at the expense of more restrictions on the n-tuple . Namely,
if p is a real n-tuple such that

0<P<P,,j=1,...,n; P,>0, (1.2)

where P; = Z{Zl pi , then for any monotonic n-tuple x (increasing or
decreasing) in I" we have

_ 1 & [x1,2,], @ increasing
v P, lezxz < { [€n, 21], @ decreasing ’ (1.3)
1=
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and for any function ¢ convex on I, (1.1) still holds. Inequality (1.1)
considered under conditions (1.2) is known as the Jensen-Steffensen in-
equality (see for example [9, p. 57]) for convex functions. The equal-
ity case for strictly convex functions is not so simple as in the case of
Jensen’s inequality and it was thoroughly investigated in [1].

It is known that the Jensen-Steffensen inequality can be stated in a
more general integral form. It is given in the following theorem (see for
example [9, p. 58]).

Theorem 1. Let f : [a, 5] — (a,b) be a continuous and monotonic
function, where —oco < a < f < 400 and —o00o < a < b < +o00. Let
Ao, 8] = R be either continuous or of bounded variation satisfying

AMa) < A() <A(B) forallte[a,B], A(B)—A(a)>0.

Then for any convez function ¢ : (a,b) — R the inequality

B
¥ (Mff(t)dk(t)> X(B)—Na) )\( f‘P t))dA(t)

holds.

Another well known inequality related to Jensen’s inequality is con-
verse Jensen’s inequality (see for example [9, p. 98])

= ZW 7)< Tp(a) o), (14)

which holds when ¢ : I — R is a convex function on I, [a,b] C I
—00 < a<b<+oo and p,x are as in (1.1).

Since Jensen’s inequality remains valid under Steffensen’s conditions
for n-tuples & and p it was reasonable to think that (1.4) would be valid
too, but this was not the case (one can rather easily find a counterexam-
ple). A converse Jensen-Steffensen inequality as well as two inequalities
complementary to the Jensen-Steffensen inequality have been recently
established in [6] and they are stated in the following two theorems.

Theorem 2. Let I be an open interval in R and [a,b] C I, —00 < a <
b < 4o00. Forn > 2 let x = (z1,...,zy,) be a monotonic n-tuple in
[a,b]" and w = (w1, ..., wy) a real n-tuple satisfying

w@-;«éO, 2':1,...,71,

0<W; <W,=1, j=1,...,n, (1.5)
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where Wy, = Y w; and W; = 2321 wi. If ¢ : T — R is a convex
function on I, then

S vl <60 +00) 20 (50 +o@ . 0)

If ¢ is strictly convez, the equality holds in (1.6) if and only if there
exists | € {2,...,n— 1} such that v; =z = (a+b) /2 and

(r1=aANzp=0b)V(x1=bAx, =aqa),
(Vj €42, 11) (W5 = 0Vay =)
(Vjedl,.. ,n—l})( i =0Vaz;=2x1),

T _ n
where Wj =3 L w

Theorem 3. Let I be an open interval in R and [a,b] C I, —oco < a <
b < +oo. Let x = (z1,...,2,) and w = (wy,...,wy) be real n-tuples
satisfying the conditions of Theorem 2. If p : I — R is a convex function
on I, then

Z wip (z;) — ¢ (Z)
i=1
< pla) +o(b) —¢(T) —pla+b—1T) (1.7)

< ¢(a) + o(b) — 2¢ (a;b) :

If ¢ is strictly convex, the equality holds in the first inequality in (1.7)
if and only if one of the following two cases occurs:

(i) either T =a or T = b,

(ii) there exists 1 € {2,...,n — 1} such that T = a+ b — x; and
(r1=aNzp=0b)V(r1=bAzy,=a),
(VjE{Q,.. })(W-—Z”_jwi:()v.rj 1=$j>,
(¥ € 4L, oom— 11 (W = 0V ;= 2j41)

If ¢ is strictly convex the second inequality in (1.7) becomes equality if
and only if T = (a +b) /2.

Remark 1. If we denote (1.7) as (1) < (2) < (3) and the equality
conditions for (1) = (3) as (EQl) for ( ) = (2) as (EQ2) and for
(2) = (3) as (EQ3) we see that (EQ1) <= (EQ2) N (EQ3) which is to
be expected.
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In the same paper integral versions of Theorem 2 and Theorem 3 has
been established. For the sake of brevity throughout the rest of the
paper we denote

_ B
7 = s | FOAAD) € [a,8].

Theorem 4. Let f : o, 5] — [a,b] be a continuous and monotonic
function, where —oco < a < f < 400 and —o00 < a < b < +o0. Let
Ao, B] = R be either continuous or of bounded variation satisfying

Aa) <A({) <AN(B) foralltea,p], XB)—A(a)>0. (1.8)
Then for any continuous convex function ¢ : [a,b] — R the inequality

a+b

B _
S AN <0 @) +00)-20 () 40 () (19)

holds.

Theorem 5. Let the functions f and A be as in Theorem 4. Then for
any continuous convex function ¢ : [a,b] — R the inequalities

8 _
s Je(F0)AAE) — ¢ ()

< g(a) + o) =9 (f) —¢(a+b—f) (1.10)
§¢(a)+<p(b)—2so<a;b)

hold.

In Section 2 we apply so called exp-convex method to the results
presented in Theorem 3 and Theorem 5. In Section 3 we introduce new
means of Cauchy type and using results from Section 2 we establish
comparison inequalities for them.

2. EXP-CONVEX METHOD

In this section we use so called exp-convex method established in [3]
in order to interpret our results in the form of exponentially convex
functions or (in the special case) log-convex functions (for the results
related to the log-convex method see [2], [4], [7], [10] and [11]). As a
consequence we obtain some new interesting inequalities.

Throughout this section I denotes an open interval in R, R} denotes
the set {x € R: x > 0} and log denotes the natural logarithm function.

The following definitions can be found in [8] and [9].
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Definition 1. A function ¢ : I — R is said to be exponentially convex
if it is continuous and if

m
> & (wi+ 35) 2 0,
i,j=1

holds for any choice of m € N, & = (&1,...,&n) € R™ and x =
(1,...,2m) € I such that z; + xj € 1.

Definition 2. A function ¢ : I — Ry is said to be logarithmically
convez or log-convez if the function log  is convex, or equivalently, if

P (1= Nz +Xy) < o(x) )
holds for all x,y € I, X € [0,1].
The following proposition is given in [3].

Proposition 1. Let ¢ : [ — R be a function. The following assertions
are equivalent:

(i) ¢ is exponentially convex.
(ii) ¢ is continuous and

36 (252) > 0

ij=1
for any choice of m € N, &€ = (&1,...,&m) € R™ and x =
(X1, @) € ™.

Remark 2. We can easily see that for positive functions exponential
convexity implies log-convezity (consider Proposition 1 for m = 2).

The following lemmas give two characterization inequalities for convex
functions (see [9, p. 2]).

Lemma 1. Let ¢ be a convex function on an interval I CR. Then for
any x1,x2,x3 € I such that 1 < o < x3 the following is valid
(z3 — w2) @ (21) + (21 — x3) @ (2) + (w2 — 21) ¢ (23) = 0.

Lemma 2. Let ¢ be a convex function on an interval I CR. Then for
any 1, T2, Y1, Y2, € I such that x1 < y1, vo < Y2, T1 # T2, Y1 # Y2 the
following is valid

plx2) —p (1) _ ¢ 2) =@ (y1)
T9 — I o Y2 — Y1
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Next we define a class of functionals which we will use in the sequel.

For real numbers a, b such that 0 < a < b < 400, a monotonic n-tuple
x € [a,b]" and a real n-tuple w satisfying (1.5) we define the functionals
Fy, k€ {1,2,3}, on C([a,b]) by

n

Fi(p) =¢(a)+ ¢ (b) +¢ () — (a+b> szw

Fy(p) =¢(a)+ pb) —p(a+b—12T) ZU)ZQO x;), (2.1)

F3<so>:¢<x>+w<a+b—x>—2¢(“;b).

Notice that when ¢ is convex, by Theorem 3 it follows that Fj(¢) > 0.
Also, when ¢ is strictly convex and the corresponding condition (EQy)
is not satisfied, then by Theorem 3 it follows that Fj(¢) > 0. Observe
that all the functionals Fy, are linear (this property will be needed later).

In the sequel we will frequently use a family of convex functions de-
scribed in the following lemma.

Lemma 3. [5] Let t be a real number. We define the function ¢ : Ry —
R by

xt

m’ t # 0, 1
Pi(r) = — logz, t=0 - (2.2)
rlogx, t=1

Then ¢!/ (x) = 212, hence ¢, is conver on R .
Now we can state and prove the next result.
Theorem 6. The function Q) : R — R defined by
Q. () = Fi(¢r), (2.3)
where Fy, is defined as in (2.1) and ¢y as in (2.2), is exponentially convez.
Proof. Since
lim Q, (t) = lim Fy(¢r) = Fr(¢po) = Q% (0),

t—0
lim €y (1) = }gqu(fﬁ t) = Fi(¢1) = Qe (1),

it follows that € is continuous.
Let u;,p; € R, i =1,...,m, andpw—pzzpj 1<4,5<m.
We consider the functlon f Ry — R defined by

) = Z Uity Pp,; ()

1,j=1
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where ¢,,. is defined as in (2.2).

Then
m m P 2
o) = St = (St 1) 20
=1

ij=1
hence f is convex on R .
Applying Theorem 3 to f and ,w as in (2.1) we have that

m
Zuiuij (L—;pj) >0

i,j=1
holds for all choices of m € N, u;, p; e R, 1 <¢ < m.

Since €2, is also continuous, then by Proposition 1 it follows that
is exponentially convex. ([

Theorem 7. Let 0y, be as in Theorem 6. If in addition the correspond-
ing condition (EQy) is not satisfied, then Qy is log-convex. Therefore:

(i) for any r,s,t € R, such that r < s < t, we have
Qe (8) " < Qe (M) P U () (2.4)
(ii) for any s,t,u,v € R, such that s < u, t < v, s #t, u # v, we

have ) )
Q t t—s Q v—u

Proof. (i) By Theorem 6 it follows that the function € is exponentially
convex.

Note that the function ¢; given by (2.2) is strictly convex so Fj(¢;) >
0.

Then 2, is positive and hence log-convex.

By Lemma 1, for r,s,t € R, such that r < s < t, we have

(t — s)log Q. (1) + (r — t) log Q. (s) + (s — 1) log Q. (t) > 0,
which is equivalent to (2.4).

(ii) Since €y, is log-convex, by Lemma 2 it follows that for any s, t,
u, v € R, such that s <wu, t <w, s #t, u # v, the inequality
log Q2 () —log €2 (s) _ log Qy (v) — log € (u)
t—s - v —Uu
holds. Then (2.5) easily follows from (2.6). O

(2.6)

Now we present integral versions of the previous results. We define a
new class of functionals as follows.

Let f: [a, B] — [a,b] be a continuous and monotonic function, where
—0o <a<f<+4ooand 0 < a <b< 4o0o. Let A : [o,8 — R
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be continuous or of bounded variation satisfying (1.8). We define the
functionals Gy, k € {1,2,3}, on C([a,b]) by

_ a B
Grlo) = p (@ + 9+ (7) = 20 (“37) = sty [ OO,

_ B
Galp) = pla) + o) — ¢ (a+b— F) — s SeFO)AAD), (2.7)

2

Notice that when ¢ is convex by Theorem 5 it follows that G (¢) > 0
and that all GG}, are linear.

We can prove the next two theorems in a similar way as Theorems 6
and 7.

Theorem 8. The function Ay : R — R defined by

Ay (t) = Gi(ér), (2.8)

where Gy, is defined as in (2.7) and ¢ as in (2.2), is exponentially con-
ve.

Gilp)=w () +e(a+b—7F) —2¢ <a+b).

Theorem 9. Let Ay be the function as in Theorem 8. If in addition
Ay is positive, then Ay is log-convex. Therefore:

(i) for any r,s,t € R, such that r < s < t, we have
Ak (S)tir S Ak) (T)tfs Ak (t)sfr :
(ii) for any s,t,u,v € R, such that s < u, t < v, s #t, u # v, we

have )

(557G

3. APPLICATIONS

In this section we prove Lagrange’s and Cauchy’s types of Mean value
theorem. As consequences we introduce new means of Cauchy’s type, in
discrete and integral form, and prove the monotonicity of these means.

In the following we denote with ey the quadratic function, that is
es: [a,b] = R, eq(t) = t2.

Theorem 10. Let Fy, be the functional on C([a,b]) defined as in (2.1).
Suppose that the corresponding condition (EQy) is not satisfied. If ¢ €
C?([a, b]), then there exists & € [a,b] such that

Fr(p) = ()O,I(Z&)Fk<e2)v (3.1)
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Proof. Since ¢ € C?([a,b]) there exist m = m[ir})]go”(x) and M =
z€la,

m[a%gp”(x) such that m < ¢"(z) < M for each z € [a, b].
z€la,

We define the functions g1, g2 : [a,b] — R by

g1=%er—¢ and go=¢— Zes.

Then g1, g2 € C?([a,b]) and
Glz) = M—¢"(@)>0 and gi(z) = ¢"(x) —m >0,

hence the functions g1, go are convex.
By Theorem 3 it follows that

M
- File2) = Fi(p) 2 0
and
m
0 < Fi(p) = 5 File2).
Since F(e2) # 0, by combining the last two inequalities we obtain

m < 2Fk(p) <M
Fi(e2)

Since ¢ € C?([a, b]) there exists &, € [a,b] such that

2F;(p)
Fk(ez) '

" (&) =

O

Theorem 11. Let Fy; be the functional on C([a,b]) defined as in (2.1).
Suppose that the corresponding condition (EQy) is not satisfied. If
¢, € C%([a,b]), then there exists & € |a,b] such that

Fi()¢" (&) = Fi(@)¥" (6k)- (3.2)
Proof. We define the function hy : [a,b] — R by

he = Fe(¥)e — Fr()¥.
Then hy, € C?([a,b]). Applying Theorem 10 we get

Fr(hi) = "5 Fi(es). (3.3)
Since Fy(hy) = 0, it follows h} (&) = 0, that is
Fre()¢" (&) — Fr(e)y" (&) = 0.
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Theorem 11 enables us to define new means. If we set a = min;<p<p{zx}
and b = maxj<p<,{zr} and if we choose ¢ = ¢, and ) = ¢,, where
u,v € R, u# v, u,v # 0,1, then from (3.2) we obtain

Fi(¢0)& ™2 = Fr(ou)€ %,

that is

which represents a new family of means on the segment [a,b]. We use
notation

ME (@ w) = <F’“(¢)> o (3.4)

We can extend these means to the excluded cases. For k € {1,2,3} and
u,v € R we define:

1
v n v—u
iy (a2 - 52 it )
: S S uFvue#0l
u(u—1) (au+bu_2(7) +:E“‘—i§l wimi)
a¥ log a+b* log b—2( 22 )" log( %)+ log 7—C Q1
P atb\¥ 0 T u(u—1) |0
av+bv— 2( ) FTU— Y wiy
i=1
Miv(w7w>: U:U#O,l B
log? a+log? b—2log? (CLTJrl’)Jrlog2 Z— > w;log? z;
exp i=1 +1|,u=v=0
(log a+log b— 210g( )Jrlogx Z w; log xl)
=1
alog? a+blog? b— a+b)lo
exp g g% b—( g’ (452 )+= ° 1,
Q(alog a+blogb—(a+b) 10g(a+b)+ 0gT Z wWiT; logxl)
u=0v=1
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1
n v—u
U(171—1) (a//v—’_bv _E’U_Z; wlwf) ! “
1 = i £ 0,1
ey (a”—i—b”—x“—i; wmi‘)
a" log a+b" log b—z" log z—C 2u—1 —
exp o ~ Wu=1) ,u=v%#0,1
at+bv—gu— 3" w;a¥
M2, (@; w) = =,
u,v($7 w) - R n
log? a+log? b—log? T— 3" w; log? x;
exp Zfl +1]l,u=v=0
2 (log a+logb—logZ— > w; log $Z>
i=1
2 27 10025
exp alog® a+blog“ b mlogn:p D -1 ,u:vzl
2 (a log a+blogb—ZlogZ— > w; log mz)
i=1
1 S T~] a+b\? !
”<”fl>(x i 72(2)71) o u#v; u,v#£0,1
— ~ ) i ) ?
u(u—1) (wu+xu_2(aT) )
z¥ log T+x% logf—Z(“TH))u log(aTH’) 2u—1
ex —— w — u=v#0,1
u u_o(atb u(u—l) ’ ’
3 . _ itz 2( 2 )
M (x;w) = K
’ log? Z+log? 7—2log? (CLT)
exp - — e 1, u=v=0
2(log:r+logx7210g(7))
Tlog? T+ log? T—(a+b) log? ( 4tb
exp | = — ( b)l gﬁ ) —1),u=v=1
(x og T+ log T—(a+b) og(T))
where
r=a+b—1z,

C=>" wzxilogx; and D=3 wu; log? z;.
We can easily check that these means are symmetric and the special
cases are limits of the general case. That is, we have

lefu(wv w) = hmev(ZB, w)7
’ VU ’
k . — 1 k .
MO,O(mv w) - }LIL%Mu,u(ma w)a
My (2 w) = lim My, (a5 w).
: u—sl
Notice that (3.4) can be rewritten as
1
ME (ziw) = | =2

where €y, is the function defined as in (2.3).
Now we prove the monotonicity of these means.

Theorem 12. Let s,t,u,v € R be such that s < u, t <wv. Then
Mt]fs ((IZ; w) S Mil)c,u(a:; w) (35)
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Proof. By Theorem 7 it follows that the function € is log-convex.
Therefore, for any s,t,u,v € R such that s < u, t < wv, s #t, u # v,
inequality (2.5) holds which is equivalent to (3.5). The statement of
theorem follows using continuous extensions. O

In the following we present the integral versions of previous results.
We can prove the next two theorems in a similar way as Theorems 10
and 11.

Theorem 13. Let Gy, be the functional on C([a,b]) defined as in (2.7).
Suppose that Gy(e2) # 0. If p € C?([a,b]), then there exists &, € |a, b]
such that

Gr(p) = <p”(2£k) G (e2). (3.6)

Theorem 14. Let Gy, be the functional on C([a,b]) defined as in (2.7).
Suppose that Gi(e2) # 0. If v, € C*([a, b)), then there exists & € [a, b]
such that

Gr()¢" (k) = Gr(®)V" (&k)- (3.7)

If we set Im f = [a, b], that is a = min,<;<p f(t) and b = max,<¢<g f(1),
and if we choose ¢ = ¢, and ¢ = ¢, where u,v € R, u # v, u,v # 0, 1,
providing that G (p.), Gk (py) # 0, then from (3.7) we obtain

w= ()

This represents a new class of integral means on the segment [a,b]. We
use notation

k i _ Gk(d)v) ﬁ

For k € {1,2,3} and u,v € R we can extend these means to the ex-
cluded cases as follows:
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v e B
s (s o-2(242)47 —w%f f'”“)d*(“)

u<u1—1><a“+b“ 2%0) =3 )\(a f fu( dW))

u# v, u,v#£0,1
a*loga+b*logb—2(4EL )" 1og( )+f log f—& Qu—1

exp - u(ﬁq) )

X avbu—2(eEL) - ff“ JAA(t)
M, (f;A) = u=v#0,1

log? a+log? b—2log? ( )+log f- W flog F@)dAX(t)

exp +11,
<log a+log b— 210g( )+logf ﬁ flog f(t)dA(t))

2
alog a+blogb—(a+b) log(i)—l—?log f—g)

v =

(alog a+blog? b—(a+b) log? ( +b)+flog2f7]-‘ 1)
- )

=V =

~ ﬁ v—Uu
e <av+bv—fv—m ff”(t)dk(t))

@

~ B
= (a“+b“—f“—)\(5)1)\(a) / f“(t)d/\(t)>

u# v, u,v#£0,1
a log a+b" log b— ~“lo f—€& 2u—1
exp g g [log /= _uZ—l) ,u=v#0,1
at—4-bu— fu ( ffu

M2 ‘) =
u,v(fv ) log? a+log? b—log? f—w fIOg F()dX(t)
= exp +11,
2<log a+log b—log f— 3B /\ flogf t)dA(t )>
u=v=0
= exp alog? a+blog? b— flog f F -1 7
(alogaerlogb flog f— B =) ff )log f(t d)\(t))
u=v=1
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/ 1 <V v a+b\? %
sy P+ —2(%5)") \ = : 1
(M(f"#uz(“?)”) uFneE
7" log f+flog f— 2( 2 ) (a;b) 2u—1 =
M3, (fi ) = oxp Tr+e—2(ef)” “ ey ) v =v 701
u,v\J I log? f+log? f 2lo Q(aTH)) +1 = =
€xp (10gf+10gf 21°g(a2b)) e
Flog? f+flog? f—(a+b)log?(2£)
J— 1 = =
P\ o(Fro8 7+ 7108 —(a+b) 1og(5)) e
where
f~: a + b_?v
€ = sty Jo () log F(£)dA(),
F = starnay Jo £(8) log? F(H)AA(1),
G = sy Ju £ (D) log F(H)AA().

We can easily check that these means are symmetric and the special
cases are limits of the general case. That is,

My (3 0) = Hm My (f5 ),

Mgo(f; 2) = lim MY, (f5 V),

My (f; A) = i My, (5 ).
Notice that (3.8) can be rewritten as

1
ke _ Ak () > v
Mu,v(fa )‘) <Ak (U)
where Ay is the function defined as in (2.8).
Similary as in discrete case we can prove the monotonicity of these
means which we express in the next theorem.

Theorem 15. Let s, t,u,v € R be such that s < u, t <wv. Then
MES(f;0) < M (f32),
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