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Observations on some sequences supplied by
inequalities

STEFAN M. SorLruz*

Abstract. The convergence of some sequences supplied by inequal-
ities is used in order to prove the convergence of Ishikawa and Mann
iterations. QOur purpose in this note is to give some observations on
these sequences.
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1. Introduction

Four Lemmas are needed in [1], [2], [3], [4], [5], [6], [8], [9], [11], [14] for the con-
vergence of (Mann) Ishikawa iteration. In this note we will give new proofs for two
of them. Also, we will show that two Lemmas are dependent. We will give new
applications.

We need Lemma 1 from [14]. We will give a new proof for it.

Lemma 1. [14] If (an)n, (bn)n are two real nonnegative sequences satisfying

An+1 < an+bn7vn2 ]-7 (1)
an < o0,
n=1

then (ay)n s convergent.
Proof. Let us denote by

Sp = Z by. (2)
k=1

We know Y7 | b, < oo. For a fixed € > 0, there exists ng such that for all n,p > 1
with p — 1 > n, we have
Snotp—1 = Snotn < E. (3)
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From (1) we know

an0+n+l S an0+n + bn0+n7
an0+n+2 S an0+n+1 + bn0+n+1a
Ungt+p < Gngtp—1 + bpgtp—1.
Summing, one obtains
p—1
Ang+p < Gno+n + § bn0+k i.e.
k=n

Gno+p — Ang4n S Sng—i—p—l - Sn0+n <e.

Hence (ay,)n is fundamental. Thus the limit of (ay,), exists. O

In the proof from [14] lim and lim are used.

If (ayp)n from (1) has a subsequence which converges to zero, then (ay,), will
converge to zero. Let us remark that if (a,), is decreasing, then (ay,), is not
necessarry convergent to zero. Take a, = 1 + %,bn = n% The assumptions of
Lemma 1 are verified, but a,, — 1.

The following lemma can be found in [16] as Lemma 4. Also, it can be found in
[8] as Lemma 1.2, with another proof.

Lemma 2. [16], [8] Let (V,,)n be a nonnegative real sequence satisfying

lI’n+1 S (1 - )\n)\I’n + On, (4)

where A, € (0,1),%0° | A\, = 00 and o, = 0(\,). Then lim,_.o ¥,, = 0.
A very useful result is the following Lemma:
Lemma 3. [6] Let (8,,)n be recursively generated by

Bn+1 = (1 - 571)671 + Ufw (5)

withn > 1,31 > 0,(6,)n C (0,1), and >>7 02 < o0, Yo" | 6, = occ. Then B, >0
forn > 1l,and B, — 0 as n — oo.

Lemma 1 is used for the convergence of (Mann) Ishikawa iteration in [3], [14].
Lemma 2 is used in [2], [8], [9], [11]. Lemma 3 is used in [1], [4], [6].

The following result is Lemma 1 from [5], with another proof.

Proposition 1. [5] Let (an)n, (bn)n and (cn)n be three nonnegative sequences
which satisfy

An+41 S (1 + bn)an + Cn, (6)

where Y07 | apb, < 00, 307 ¢n < 00. Then there exists the limit of (ay)n.
Proof. We have
an + bpay, + cp,

An 41 S
An+4-2 S An+41 + bn+1an+1 + Cn+1

IN

An+p+1 Unp + bngplnip + Cnip
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Summing, one obtains

n-+p n-+p
ngpr1 < an—i—g bkak—I—E Ck, 1.€.
k=n k=n

n+p n+p

Opgptl — G < E bkak+§ Ck-
k=n k=n

We know Y >° | anb, < o0, >0 ¢, < co. Let € > 0 be a fixed number. There
exists nf, such that Vn > n{, we have ZZ;’? bray < /2. For the same € > 0 there
exists a ng” such that Vn > ngy”, we have 3727 ¢, < £/2. We take ng := max{nj,

ng” }. For all n > ng we have

n+p n+p

e €
an+P+1_anS;bkak+;Ck<5"'5:6- (7)
Thus (ay,), is fundamental in [0, 00). Hence there exists the limit of (an)n. O

Proposition 4 is used in [5], for the convergence of Ishikawa iteration with errors
introduced in [15].

2. Lemma 3 implies Lemma 2

We need the following Lemma:
Lemma 4. Let (6,)n, (62)n C (0,1).The following relation is true:

n

idn:oo,iafl<oo:>0n—o(5n) (8)
n=1 n=1

Proof. Our assumptions lead us to
02 < 6p,Vn > 1. (9)
Elsed 7 02 = o0, is in contradiction with Y7 | 02 < oc.

‘We have two cases:

I) The case in which lim,,_,o, 02 = 0 and lim,_,« 6, = 0. We fix n > 1. Then
there exists ¢,, > 0 such that U?L = gp0,. We have ¢, < 0,, else ¢, > ,, hence
0% < 6, <ep. Thus 02 < 6,&,, which is in contradiction with 02 = ¢,,6,,. If n € N,
then there exists a sequence (&,), such that &, < d,,. Thus

0< lim &, < lim 4, = 0. (10)

n—oo n—oo

Hence 02 = 0(d,).

II) The case in which lim, . 02 = 0 and lim,, .o §,, # 0. We know 02 = £,,0,,,
Vn > 1. Then lim, .o £, = 0. Hence 02 = 0o(d,). O
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Remark 1. The two converses of Lemma2 are not true.
The first converse is

Ufl:o(én),z%:oo :>Zai<oo. (11)
n=1

n=1

A counterezample is given by: 0, = 1/\/n,02 =1/n, e, = 1/y/n, Vn > 1.
The second converse is

aizo(én),202<oo :>Zc5n=oo. (12)
n=1 n=1

A counterexample is given by: 8, := 1/n? o2 = 1/n3 e, = 1/n, ¥n > 1. We will
prove that Lemma 3 implies Lemma 2.
Proposition 2. Let (8,), be a nonnegative sequence which satisfies

ﬂnJrl = (1 - 571)671 + Ufw (13)

where (5, )n, (02)n C (0,1), and
2 < oo, (14)

>0
n=1
n=1
Then the sequence (V,,),, which satisfies

U1 < (1=06,)T, +02, (16)
converges to zero and
o2 = 0(6,). (17)
Proof. From Lemma b, we have (4),(5) = (7). Let us consider the sequence

given by

Wl = ﬁl)
Uoo1 < (1-6,)0, +02.

We have ¥y < (31. Supposing ¥,, < 3, we prove ¥, 11 < B,4+1. Thus we have
“Ijn+l S (1 - (Sn)an + 0721 S lI’n+1 S (]- - (Sn)ﬂn + U»,QL - ﬂn+1~ (18)

From Lemma 8 we know that lim,,_,, 8, = 0. Thus lim,, .., ¥,, = 0. O
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3. Applications
Proposition 3. Let (ay,), be a nonnegative sequence which satisfies
ang1 < (1 - an)an + onfBn, (19)

where (a)n C (0,1),Y07 | a, = 00 and limy, o0 B, = 0. Then lim,,_. a,, = 0.
Proof. We denote ¥,, := a,, A, := ay, op := anG,. From i—: = O‘Zf“ = Gn
and from lim,, . B, = 0, we have o,, = o(\,). Lemma 2 implies lim,,_.oc ¥,, = 0,
hence lim,, .~ a,, = 0. O
If B, =€, ¥V n > 1, then we recognize Lemma 1 from [12]. The conclusion is
0 <limsup,,_, ., an <e.
Using Lemma 2, we are able to improve Proposition 2.5 from [13]:
Proposition 4. Let (ay,), be a nonnegative sequence which satisfies

Ap+1 S (1 - an)an + QpCp, (20)

where a,, € (0,1), Vn > 1, 377 a,, = 00, (¢n)n 1S a nonnegative sequence and
oo L ancy, =1. Then
lim a, =0. (21)

Proof. Let (3,)n be the sequence given by

B1 : =a,
Bnt1 : =1 —an)Bn+ ancy,Vn > 1.

We observe that a; < ;. We suppose a,, < 3, and we prove that a,1 < Bp41. We
have

An+41 S (1 - an)an + apcp S An+41 S (1 - O‘n)ﬂn + apcy = ﬂn—i—l- (22)
Hence a,, < 3,¥n > 1. From Lemma 2 with §,, := «a, and 02 = a,c,, we have
lim,, o Bn = 0. Thus lim,, .o a, = 0. O

In proposition 2.5 from[13] the conclusion is 0 < lim,, o sup a, <.
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