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Abstract. The Hickel-London—Pople-McWeeny approach to calculating ring currents in conjugated
systems is considered in detail, especially the ‘topological’ variant of this formalism, particularly empha-
sised during the last five years. A step-by-step account is given of how these calculations are effected in
practice, in such a way as to enable any interested reader to carry out these computations himself. The
method is illustrated by using it to assess the applicability of the so-called ‘ Annulene-Within-an-Annulene
(AWA) Rule’ to ‘super-ring’ conjugated hydrocarbons — some in which the inner ring and outer perime-
ter are ‘coupled’, and others in which they are ‘decoupled’. Compliance with the AWA model appears
more probable in decoupled super-ring structures than in coupled ones. The Appendix touches on previous
work involving Professor D. J. Klein, the honorand of this issue. (doi: 10.5562/cca2291)
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INTRODUCTION

In this paper, a detailed re-consideration is presented
of the Hiickel'-London®-Pople’-McWeeny* (HLPM)
approach to calculating ring-currents and bond currents
in conjugated systems (see Refs. 5-8 for reviews), in
which a step-by-step account is given of how these
calculations are in practice carried out, with special
reference to the ‘topological’ variant of this formalism,
recently emphasised.”'' Application of this approach
will be illustrated by using it to compute numerical
values of ring currents and bond currents in order to
re-enforce a recent re-evaluation'>"” of the ‘Annulene-
Within-an-Annulene’ (AWA) model,'*** a model which
has been of interest to several groups of workers,'***
especially over the last decade or so.'***

The simplicity of this HLPM topological formal-
ism is that, unlike with most other methods for calculat-
ing ring currents, there is no requirement to determine
atomic coordinates in order to perform these calcula-
tions. All that is required is the connectivity matrix and
the geometric areas of the constituent rings, and we
choose to perform the calculation in two stages — a
purely topological stage, followed by one that involves

the actual geometry of the conjugated system. Further-
more, this approach requires no empirical parameters.
The ring currents themselves are expressed as a ratio to
the ring-current intensity calculated, by the same meth-
od, for benzene: this practice has the dual benefits of
ensuring that the resulting calculated ring-currents are
dimensionless, and of being an aid to simple compari-
son between different ring-systems as well as with the
predictions from other methods of calculation (e.g. Ref.
24).

The AWA model arises in the context of conjugat-
ed systems that consist of a central ring of carbon atoms
joined by ‘transverse’® (‘spokes’)’' bonds to a larger,
outer ring, as in Figure 1. Depending on the sizes of
these two rings, four distinct cases can arise: a [4n]-
annulene-within-a-[4m]-annulene, a [4n]-annulene-
within-a-[4m + 2]-annulene, a [4n + 2]-annulene-within-
a-[4m]-annulene, and a [4n + 2]-annulene-within-a-
[4m+2]-annulene (where n and m are positive integers,
in every case). Such entities have been called ‘super-
ring’ structures.***’

It has long been known that annulenes — and
we refer here strictly to the classic, monocyclic annu-
lenes — are associated with paramagnetic m-electron
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currents if they consist of [4n] carbon-atoms and with
diamagnetic currents if the size of their (unique) ring
may be expressed in the form [4n + 2]; (see reference 44
of Ref. 23 for a detailed bibliography supporting this
assertion). A given super-ring structure’®?’ is said to
obey the AWA model'*>* if both its central ring and its
outer perimeter bear calculated m-electron currents
according to the pattern described above — implying
that the inner and outer rings effectively behave as if
they were independent annulenes. Most super-ring*®*’
structures seem, however, to violate the AWA model
when tested against the results of ab-initio ipso-centric
calculations'”*'"**** and of ‘pseudo-n’ calculations® of
the type frequently presented by Fowler and co-workers,
and also when confronted with topological®"
m-electron ring-currents and bond-currents that we
ourselves have calculated”* by means of the HLPM
approach.'™

By contrast, the present authors have recently
shown'>" that, in a homologous series called the
p-coronenes,'” in which the inner ring and outer
perimeter are ‘decoupled’ in the sense defined by
Fowler et al.,'”?' the AWA rule is respected — at least,
when HLPM ‘topological’ bond-currents are used as the
criterion.'? (It should however be noted that this conclu-
sion is not supported by some very recent calculations*
based on the ‘ipso-centric’ ab-initio approach).'”*!"*%
The AWA model is likewise complied with"’ by the one
member of the regular [r,s]-coronene series” in which
the outer and inner rings are ‘decoupled’, but not by
other regular [r,s]-coronenes,” in which these two sets
of rings are ‘coupled”.”

The present account further evaluates the possible
connection between the decoupled or coupled nature'”!
of the outer perimeter and inner ring and compliance
with, or violation of, the AWA rule. We do this in the
first instance by considering, as exemplars, the seven
(coupled) super-ring structures that were studied by
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Figure 2. The carbon-atom skeletons of the seven ‘super-ring’
structures considered by Aihara in Ref. 27.
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Aihara in Ref. 27 (all of which are illustrated in Figure
2). In the course of this, because the process has so far
been only partially documented elsewhere,*'**>¢ we
take the opportunity here to describe explicitly how a
topological’ " calculation of m-electron ring-currents
and bond-currents is actually carried out in practice,
when the computations are effected by means of the
HLPM method."* The full details of a calculation of
this type are presented in such a way as to enable any
interested reader actually to carry out a ring-current
computation by this method, if desired.

CALCULATIONS

It is well-known that energy levels calculated via
Hiickel theory,' and the LCAO molecular-orbitals that
are associated with them, are purely topological in
nature — that is to say, they depend solely on how the
carbon-atoms of the network under study are connected
to each other in the o-bond framework of that conjugat-
ed structure; (see Refs. 3741 for reviews). Calculating
a m-electron ring-current in such a system by means of
the HLPM'™ method does, however, involve knowled-
ge of molecular geometry,”® as well as of the carbon-
carbon connectivity extant in the system’s molecular
graph®”*! (such as is displayed for structures 1-7 in
Figure 2). Consequently, a m-electron ring-current may
be calculated directly from a single equation by means
of modifications to the original London method® that
simultaneously incorporate both these geometrical and
topological aspects: for example, one due to Salem™
(following Berthier)® states that (for a closed-shell
system):

« OF,
hic g ()

in which the summation runs over all occupied orbitals
(which are assumed to be doubly occupied) and where J;
is the ring-current intensity in the /™ ring of the
conjugated system, Ex is the ordinary K™ Hiickel
energy-level in the absence of a magnetic field, e is the
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charge on the electron, / is Planck’s constant, and f; is
given by

e

/i 7 Bys, 2

in which By is the size of the magnetic field (considered
to be applied at right angles to the molecular plane), and
s;is the (signed) area of the i ring (counted positive if
the ring’s perimeter is traversed in the anti-clockwise
sense about the upward normal through that ring’s
centre, and negative if the traversal is effected in the
clockwise direction). The quantity f; is thus proportional
to the magnetic flux, due to the external magnetic-field,
through the area of the i ring of the conjugated system.
An equivalent expression was given by Pople, in his
seminal paper’ of 1958. More recently, Fowler and
Myrvold* have cast the above expression for the ring
current for closed-shell systems in terms of bond cur-
rents, Jy;, in the individual bonds, &/, as follows

2e & OF
Ju=—"2 = 3)
h 5 oy
where
e
Ju= ZBoSkz 4

in which s, is the signed area® of the triangle formed by
atoms k and / and the origin, O (in the molecular plane;
if the origin is not in the molecular plane, then the pro-
jection, s}d, of the area of the triangle Ok/, into the
molecular plane, must replace s;,).***" The sets of ring
currents, {J;}, and bond currents, {J,;}, are connected to
each other by their mutual compliance with the
microscopic analogy of Kirchhoff’s Law of Current
Conservation at a Junction in macroscopic electrical
Circuits.6,35,36,48—50

Overtly graph-theoretica versions of the
Hiickel-London'? approach have since been provided.
A much-neglected one, by Mitzoguchi,”' elegantly
exploited the Coulson contour-integral®® version of
Hiickel theory and applied it to diamagnetic suscepti-
bilities — quite independently of Coulson himself, who
had privately> investigated these matters (using his own
contour-integral method®”) as early as 1953; Coulson
did this by devising an approach that also involved
polarisabilities (which thus has interesting parallels to
the McWeeny formalism® of five years later, which is
the approach that the present authors will be concentrat-
ing on in this study). The intriguing story of Coulson’s
‘private’ contributions to this field is told in Ref. 45.
Another graph-theoretical formalism was proposed by
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Aihara and co-workers,”**” who presented a form of the

above equations couched in terms of graph-theoretical
characteristic-polynomials,”™*’ P;(E), of the molecular
graph, G, representing the conjugated network under
study, and of graphs obtained from it by appropriately
deleting certain circuits, 7. Thus:>’

I occ P—r E
i :18( % jz o ) (5)
benzene Cbenzene K IDG (E K )

In equation (5), /; is the current associated with the
k™ circuit, 7, within G and Zyepyene is the corresponding
current around the single circuit in benzene. Further-
more, ¢, and Cpenzene are the areas of the circuit 7, and of
a standard benzene-ring, respectively, G — r; is the
graph remaining when the circuit 7, is deleted from G,
and and Pg and Pg-,(E) are the characteristic polynomi-
als*®* of the graphs G and G — ry, respectively; P.(E)
is the derivative, with respect to E, of Pg(E). Ex is again
the K™ largest zero of Pg(E) and the summation runs
over all occupied molecular-orbitals, K, which are as-
sumed to be doubly occupied. (If Pg(F) has repeated
roots, this formula must be replaced by others.)™**
The ring-current intensity in the i™ ring, relative to
benzene (J; / Jpenzene — ¢f- €quation (1)), is then simply
obtained by (algebraically) adding the quantities
It/ Tvenzene, computed from equation (5), over all circuits,
r, that contain a specified ring, i, in which the ring
current is required.**’

McWeeny’s work! was simultaneous with, and
independent of, that of Pople.’ However, McWeeny"
chose not to give a general explicit expression for the
ring-current intensity in individual rings of a general
polycyclic system when describing his (equivalent)
representation of the London method” in his own (like-
wise seminal) paper, also published in the 1958 Molecu-
lar Physics.4 One of us has, however, shown that this is
easily done, in the context of the McWeeny method,” if
required.**® This expression will eventually be present-
ed as equation (14) of the present paper.

Ring-current and bond-current intensities may
thus be computed from a single equation, (such as (1)
and (3), above, and from equation (5) when the appro-
priate summations over circuits have been performed).
These involve both geometrical and topological aspects.
The present authors, however, choose to do the calcula-
tion in two distinct and separate stages:

(a) one (the Hiickel calculation) that computes

just the topological quantities required; and

(b) a second stage, which involves combining the

output from (a) with geometrical data about
the structure, which depends explicitly on the
areas of its constituent rings.

We now consider these two stages separately.

Croat. Chem. Acta 86 (2013) 387.
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(a) (i) The Hiickel Calculation

The vertices of the molecular grap are arbitrarily
labelled and a standard Hiickel calculation' is carried
out, with all Coulomb integrals, a, set equal to the
standard value in benzene; furthermore, when a ‘topo-
logical’ calculation is being performed, all resonance
integrals between pairs of bonded carbon-atoms are
likewise assigned the standard benzene value, . In
graph -theoretical terminologny1 we are effectively

h3741

.....

CJ2yenns C. JN) }J=12..n),and the famlly of eigenvalues,
{E J} J = 12..n, of the vertex-adjacency matrix* of
the associated molecular-graph®® which, in general, is
taken to have N vertices. Because the energy of the
J™ molecular-orbital is (o + BE,) and P is negative,
the eigenvalues are conventionally labelled so that
E\ > E,> ... > Ey The corresponding molecular-orbital
energy-levels are thereby labelled in increasing order —
as is required for an application of the Aufbau process
(as next described).

(ii) A m-Electron Ground-State Configuration Obtained
via the Aufbau Process

Application of the Aufbau Principal determines a set of
values for the eigenvalue/energy-level occupation-
numbers {V;} =12, .. The occupation number, v, is 2
if the J™ molecular-orbital (i.e., the J™largest eigenval-
ue of the molecular graph) is doubly occupied when the
Aufbau process** " has been applied, v, = 1 if the J®
molecular-orbital is singly occupied, and v, = 0 if the J®
molecular-orbital is entirely unoccupied by electrons. It
has been shown*'** % that, once the family of eigenval-
ues, {Es}=12...n, of the vertex-adjacency matrix* of
the associated molecular-graph®® has been established,
application of the Aufbau procedure’"* " to deter-
mine{Vs} =12, N, — that is, a ground-state electronic
configuration for the conjugated system in question —
is likewise an entirely topological process that depends
solely on the relative order of the eigenvalues,

{Ej} =10, N

(iii) Coulson Bond-Orders and Imaginary Self- and
Mutual Bond-Bond Polarisabilities Calculated from (i)
the Hiickel Quantities and (ii) the n-Electron Ground-
State Configuration
Starting from knowledge of (a) the set of eigenvec-
tors,{€s}s = 12..n, and the family of eigenvalues,
{E;}; = 12...n, of the vertex-adjacency matrix* of
the associated molecular-graph,® and (b) the occupa-
tion numbers, {V;}; = 12, n, devised by an applica-
tion*'"* " of the Aufbau Principle, it is straightforward
to define

(o) The Coulson Bond-Order,"®! Py, of the bond
joining the carbon-atoms labelled ‘#* and ‘s’ in the asso-
ciated molecular-graph

Croat. Chem. Acta 86 (2013) 387.

N
P(rs) = ZVJCJchs (6)
J=l

(B) The (real) mutual bond-bond polarisability,
T, DEtWeen bonds (rs) and (tu), which is*? the rate at
which the real part of the bond-order, P, of the bond
(rs) changes with respect to a variation in the real part
of the resonance integral, B, of the bond (7).

OP
(s
Trsyy = 3 (7)
ﬁ (tu)
This, in its turn, can be defined*
n(rs)(tu) = nm,m + nrs,ut + Tc.vr,ut + Tc.vr,m (8)

The individual entities on the right-hand side of
equation (8) are defined as follows**

2 M

€,.C,.C,C,
IIE‘ Js Z‘ u (9)
M+1

where the orbitals 1 to M are (doubly) occupied.

(y) The imaginary mutual bond-bond polarisabi-
lity, (5, between bonds (rs) and (fu) — the imagi-
nary aspect arising as a result of the influence of the
external magnetic-field® — is* the rate at which the
imaginary part of the bond-order, Py, of the bond (s)
changes with respect to a variation in the imaginary part
of the resonance integral, B, of the bond (). In terms
of the quantities defined in equation (9), this is*

n(rs)(m) = 7Trs,z‘u - 7Tm‘,m‘ + nsr,ut - nsr,ru (10)
The following relations hold:*
T(rs)tw) = —TWrs)ut) = —Tsr)(ru) = TsrYur) (11)

The above determines that, because this really is a
mutual imaginary bond-bond polarisability, the order in
which the two bonds are mentioned is immaterial, and
the following statement is true:

TC(rs) ) = TUtu)(rs) (12)
Finally, if bonds (rs) and (fu) are the same bond,
we have the imaginary self bond-bond polarisability,

E(rs)(rs):

T(rs)(rs) =T -7 +7 —T

rs,rs rS,Sr ST,S1 SIS

(13)
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Figure 3. The molecular graph of coronene (left), and (right) a
continuous (un-branched) spanning-tree of that molecular
graph.

(b) (i) Selection of an Un-branched Spanning-Tree,
Establishment of a Fundamental System of Circuits for
that Spanning Tree, and Use of the McWeeny Unitary-
Transformation on the Basis Orbitals. Calculation of
Ring Currents

The process of calculating a ring-current by the
HLPM approach' %3¢ is here illustrated by using
coronene as an example. The arbitrarily labelled
molecular-graph of coronene is shown on the left-hand
side of Figure 3.

A chemist would say that coronene is a structure
which has seven rings; a mathematician would say that
its carbon-carbon connectivity is a graph with circuit-
rank 7. If an edge (bond) is judiciously removed from
each ring in such a way as to destroy all what might
intuitively be called ‘closed loops’ of carbon atoms, the
graph that ultimately remains would still be connected
but would no longer contain any closed circuits of verti-
ces (carbon-atoms). Such a graph is called a spanning
tree of the original graph,”’ and an example is depicted
on the right-hand side of Figure 3. There are a large
number of ways in which this can be done. In the
Appendix it is shown that there are in fact precisely
176400 such spanning-trees for the coronene molecular-
graph (the example being considered here). Because the
coronene molecular-graph is planar (that is, it can be
drawn in a plane — for example, as in Figure 3 —
without requiring any edges to cross over each other)
this result is obtained in the Appendix by an application
of the theorem of Gutman er al.®* (1983), which is a
special case (applicable only to such planar graphs) of
the more-general ‘Cycle Theorem’ (2004) due to D. J.
Klein, the honorand of this issue of Croatica Chemica
Acta, and others (including one of us [RBM]).” In the
Appendix this value of 176400 for the number of
spanning trees in the coronene molecular-graph is also
confirmed by an application of the traditional Matrix
Tree Theorem.” However, the motto here is: ‘one is
enough’ — only a single one of these 176400 spanning-
trees is actually required in practice in order to able to
effect the ring-current calculation that is being carried
out here.

In his original treatment, McWeeny” prescribed
that the chosen spanning-tree on which the ring-current
calculation is to be based must be what he described as
‘any chain which is continuous and open (i.e. without
loops)’ — that is to say, it must be a tree that represents
what a graph theorist would call a semi-Hamiltonian
path®?® through the network represented by the
molecular graph. Such spanning trees will be referred
to as ‘un-branched’ (or as ‘continuous’) spanning-trees,
and an example is depicted on the right-hand side
of Figure 3. McWeeny also (arbitrarily) prescribed
that the vertices of the ‘continuous and open’ chain shall
be numbered consecutively — as indeed is done in
Figure 3.

Having obtained a spanning tree such as that on
the right-hand side of Figure 3, it would then be
possible to insert back into it one of the removed edges
— let us call it edge No (D— as in the upper-left part of
Figure 4. This would create a unique circuit, as shown
there. If edge (D were again removed and then edge 2)
(only) were re-inserted instead, another unique circuit
would be created (as is illustrated in the second drawing
in the first row of Figure 4). If this process were contin-
ued by subsequently inserting (separately, and one-at-a-
time) the edges @), @, @, ® and @), the unique cir-
cuits shown in the last five parts of Figure 4 would be
created. The edges that were removed to form the span-
ning tree were called by McWeeny ‘the bonds which
complete circuits in the molecule’;* graph-theoretically
they are referred to as ‘chords’.®* The set of (in this
case) seven circuits so-formed when the seven chords
are re-inserted back into the spanning tree in the process
just described is called a Fundamental System of Cir-
cuits® (of, in this case, the coronene molecular-graph,
depicted on the left-hand side of Figure 3).

It may be noted in passing that the above process
(imagined as having been effected at the microscopic,
molecular level) was exactly the one that Kirchhoff
invoked when enunciating his Laws of Electrical Cir-
cuits in a macroscopic network,””*® as long ago as
1845-1847.

The ‘circuit-completing bonds’/‘chords’ are de-
fined with an (arbitrary) direction assigned to them.
Following McWeeny," the present authors routinely
adopt the convention that such bonds/chords are defined
from the carbon atom (vertex) of the numerically higher
label to that of the numerically lower label. (For exam-
ple, chord @in Figure 4 is defined in the direction
‘6—1’.) However, the opposite (or no) convention
would have been equally suitable for our purposes.

Having chosen an un-branched (‘continuous’)
spanning-tree as described, and established the Funda-
mental System of Circuits associated with it, McWeeny
then proposed what the present authors consider to be
one of the most elegant applications of Hiickel Theory:

Croat. Chem. Acta 86 (2013) 387.
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& 24 8
Figure 4. The Fundamental System of Circuits® associated with the continuous (un-branched) spanning-tree (shown on the right-
hand side of Figure 3) of the coronene molecular-graph (depicted on the left-hand side of Figure 3).

McWeeny devised a clever unitary transformation* on
the basis orbitals in such a way that all the perturbation
brought about by the presence of the external magnetic-
field is concentrated into just the circuit-completing
bonds. As a result of this transformation, all the other
off-diagonal elements of the Hiickel Hamiltonian revert
to their ‘field-free’ form — that is, they are precisely
what they would be in the absence of any external mag-
netic-field. As McWeeny* stated, this result ‘...shows at
once that the perturbations to be applied depend on the
presence of closed circuits and that without such circuits
the field has no effect’.

With that preparation, McWeeny was able to
apply what will henceforth be referred to as McWeeny’s
‘Master Equation’, as follows

J
Jbenzene

In fact, McWeeny did not explicitly write this equation
in this way; casting the ring-current intensity in the /™
ring in this form is due to one of the present authors
(RBM), some years later.”>*® In the above simplified
form (suitable for calculating what the present authors
refer to as ‘topological’ ring-current intensities’'") it
is as equation (15) of Ref. 36, and, in a more-general
form — based on Veillard’s very aesthetic but seldom-
cited extension® of McWeeny’s formalism® to enable its
application to hetero-cyclic structures (see, for example,
Refs. 70 and 71) — it is as presented as equation (25) in
Ref. 35.

()

- o
> 2 B [ S Gy +CnS
(=) ®)

Z[P(/,) + Bt ] S Con
]: ] (14)
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In this ‘Master Equation’ (14), J; is the ring-
current intensity in the i ring of the conjugated system
and Jpenzene 18 the corresponding ring-current intensity
calculated, by the same method, for benzene. It is im-
mediately seen, therefore, that the quantities (J; / Joenzene)
are dimensionless, without units. The double summa-
tions in the above equation are over all combinations of
pairs of ‘circuit-completing bonds’, 1 and v (with u <v).
B is the standard Hiickel resonance-integral,' P, is the
Coulson bond-order,"®" previously defined in equation
(6), and the quantities P, and B,y are (respective-
ly) (B multiplied by) the self- and mutual imaginary
bond-bond polarisabilities of circuit-completing bonds x
and v (also previously defined, in equations (9), (10)
and (13)). All of these quantities may be calculated
(from the equations just stated) solely from a knowledge
of the molecular graph®”*' of the conjugated system in
question, via the eigenvalues and eigenvectors of its
adjacency matrix, which are latent in the structure and
which are, accordingly, pre-determined as soon as the
carbon-atom adjacencies are specified.”*® It should also
be noted that P, B, and Bmy., are calculable sole-
ly from knowledge of that molecular graph, without
recourse to any parameters. S, is the signed
(algebraical) area of the 4™ circuit — i.e., the enclosed
area formed when the 4™ circuit-completing bond, only,
is inserted into the spanning tree on which the calcula-
tion is being based.*®*!'#33¢ These areas are to be
counted positive if the arrow on the x™ circuit-
completing bond (which, as already observed, bears an
arbitrarily assigned direction) points in the anti-
clockwise sense around the circuit that it completes (the
1™ circuit), and are to be counted negative if that arrow
points in the clockwise sense around the circuit that the
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Table 1. Coulson bond-orders for the x™ circuit-completing
bond (middle column) and algebraical areas for the x™ funda-
mental circuit (right-hand column) (u = 1, 2, ..., 7) for the
‘continuous’ (‘un-branched’) spanning-tree of the coronene
molecular-graph depicted on the right-hand side of Figure 3

Labelling (1) of Coulson bond- Signed area of
fundamental order of u™ fundamental
circuit (see ,u”1 circuit-closing circuit (see
Figure 4) bond Figure 4)
©) 0.52189 1.00000
) 0.53802 —1.00000
® 0.53802 —2.00000
@ 0.53802 —3.00000
® 0.53802 —4.00000
® 0.53802 —5.00000
@ 0.53802 —7.00000

u™ circuit-closing bond completes. The quantities Co'
(effectively the elements of a (1 X u) matrix comprising
only the entries 0, +1 and —1) are likewise purely topo-
logical in nature and take on the values 0, +1 or —1 ac-
cording to whether (respectively) (a) the /" ring does not
lie within the x™ circuit, (b) the /™ ring lies within the
circuit completed by the 4™ circuit-completing bond and
that circuit-completing bond is directed in the anti-
clockwise sense around the circuit (the 4™ one) that it
completes, (c) the i™ ring lies within the ™ circuit but
the ™ circuit-completing bond points in the clockwise
direction around the ™ circuit. (For example, from
Figure 4, it can easily be verified by inspection that
C(])Cemral Ring _ + 1, C(Z)Central Ring _ 0, and C(7)Cemral Ring _
-1)

It may be noted in passing that, in the special case
of the mono-cyclic reference-structure, benzene, all the
summations over pairs of circuit-completing bonds on
the right-hand side of equation (14) collapse simply to

393

In expression (15), when areas are measured in
benzene ring-area units, either Spensene = +1 and
Cl(benzene) = +1 or S(benzene) = -1 and Cl(benzene) = -1
Either way, therefore, S(benzene)Cl(benzene) = 1. Further-
more, for a carbon-carbon bond in benzene,*

ID(benzene) Zg and Bn(benzene)(benzene) :_(gJ
Accordingly, it is clear from expression (15) that, in
these units, the ring-current intensity in benzene is 1/9,
and this therefore accounts for the factor of 9 when ring
currents are expressed as a ratio to the benzene value, as
in equation (14).

Tables 1 and 2 give all the necessary data on the
quantities P, BT, and Py, (all computed from
equations (6), (9), (10) and (13), above) and the S, (u =
1,2,...,7,and v=1, 2, ..., 7), together with knowledge
of the set of matrix elements {C'(}u=12,..7,i-12,.7
needed in order to apply McWeeny’s Master Equation
(14) to calculate the ring-currents in coronene based on
the un-branched spanning-tree illustrated on the right-
hand side of Figure 3. The data in Tables 1 and 2 are all
displayed in single precision — please see later for a
discussion on this aspect.

This all results in calculated ring-current intensi-
ties (relative to benzene) of 1.459 (for the outer rings
of coronene) and 1.038 (for the inner ring), in satisfac-
tory agreement with the well-established literature
values, /27323

(ii) Selection of a Branched Spanning-Tree, Establish-
ment of a Fundamental System of Circuits for that
Spanning Tree, and Use of the Gayoso-Boucekkine
Unitary-Transformation on the Basis Orbitals.
Calculation of Ring Currents

For the conjugated systems most commonly encoun-
tered,” to which attempts have been made to apply the
McWeeny method,* a continuous (un-branched) span-

- 1 . . . .

|:Ebcnzcnc) +[37T(benzene)(benzene)]S(bmzcnc)c(bmcnc) (I15)  ning-tree can, in general, easily be found, and so there is
usually no difficulty in effecting the procedure just

Table 2. Imaginary self- and mutual bond-bond polarisabilities (BEWW and BEW)(V), respectively) for the seven circuit-

completing bonds/chords of the continuous/un-branched spanning-tree of the coronene molecular-graph depicted on the right-

hand side of Figure 3

Label of circuit-
completing bond

0] ® ®

@ ® © @

©) —0.42838 0.00913 0.00509
@ 0.00913 —0.43560 —0.04208
® 0.00509 —0.04208 —0.43560
@ —0.00509 —0.00405 —0.04208
® —0.00913 —0.01017 —0.00405
® —0.05121 —0.00405 -0.01017
@) 0.06127 0.00913 0.00509

—0.00509 —0.00913 —0.05121 0.06127
—0.00405 —-0.01017 —0.00405 0.00913
—0.04208 —0.00405 —-0.01017 0.00509
—0.43560 —0.04208 —0.00405 —0.00509
—0.04208 —0.43560 —0.04208 —0.00913
—0.00405 —0.04208 —0.43560 —0.05121
—0.00509 —0.00913 —-0.05121 —0.46488
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Figure 5. The molecular graph of decacyclene.

described in the previous section. There are, however,
certain structures — albeit apparently rare — for which
it is not possible to devise an un-branched (continuous)
spanning-tree, representing a semi-Hamiltonian path*®%
through the molecular graph. To these, the original
McWeeny approach,’ just described, cannot, without
modification, be applied. An example® of such a conju-
gated system with a non-semi-Hamiltonian molecular-
graph is the ten-ring structure decacyclene, illustrated in
Figure 5. (It might be observed in passing that establish-
ing the necessary and sufficient conditions for a graph
to be Hamiltonian or semi-Hamiltonian is one of the
still-unsolved problems in Graph Theory.’*%®) In his
original paper, McWeeny did state* that *...the result is
also valid if the original chain contains branches...’
though he did not give any explicit details or examples.
In order explicitly to circumvent this problem,
Gayoso and Boucekkine,” in a seldom-cited and unde-
servedly neglected paper, proposed a generalisation of
McWeeny’s unitary transformation on the basis orbitals®
in the presence of the external magnetic-field in such a
way that the new transformation enables a ring-current
calculation to be based on a branched spanning-tree,
such as that illustrated on the right-hand side of

8

Figure 6. The molecular graph of coronene (left), and (right) a
branched spanning-tree of that molecular graph.

Figure 6. This means that not only are structures such as
decacyclene (Figure 5) now brought within the scope of
the method, but also that, even for structures like
coronene — on the left-hand side of Figures 3 and 6 —
for which a continuous (un-branched) spanning-tree is
available (such as that on the right-hand side of Figure
3), the ring-current calculation could still be based on a
branched spanning-tree, if so desired. Thus, if a
branched spanning-tree — such as that on the right-hand
side of Figure 6 — were adopted for the coronene mo-
lecular-graph (illustrated on the left-hand side of Figure
6), the required Fundamental System of Circuits®
would be that depicted in Figure 7. These, used in con-
junction with the data in Tables 3 and 4 and the ‘Master
Equation’ (equation (14)), again yield ring-current val-
ues of (c¢f. Refs. 72, 73, 22 and 23) of 1.459 (for the
outer rings of coronene) and 1.038 (for the central ring).

The numbers just quoted were computed in double
precision, whilst those computed from Figure 4 and
presented in Tables 1 and 2 were computed in single
precision. A discussion on performing these calculations
in single precision and in double precision now
follows.

8 24

Figure 7. The Fundamental System of Circuits®® associated with the branched spanning-tree (shown on the right-hand side of
Figure 6) of the coronene molecular-graph, depicted on the left-hand side of Figure 6.
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Table 3. Coulson bond-orders for the 4™ circuit-completing
bond (middle column) and algebraical areas for the u™ funda-
mental circuit (right-hand column) (¢ = 1,2,...,7) for the
branched spanning-tree of the coronene molecular-graph
depicted on the right-hand side of Figure 6

Labelling (¢) of Coulson bond- Signed area of
fundamental order of 1™ fundamental
circuit (see ™" circuit-closing circuit (see
Figure 7) bond Figure 7)
@) 0.5380176262 2.00000
Q 0.5380176263 1.00000
©) 0.5380176261 3.00000
@ 0.5218915077 —2.00000
©) 0.7450420228 1.00000
® 0.5218915079 1.00000
@ 0.5380176261 1.00000

(iii) Calculations Effected in Single- or Double
Precision.

Table 5 gives the results of calculations of the ring-
current intensities in the six symmetrically equivalent
peripheral-rings of coronene performed in single preci-
sion and in double precision, and using both continuous
(Figure 3) and branched (Figure 6) spanning-trees as the
starting point.

Examination of the results of calculations in single
precision (columns 1 and 2 of the main body of Table 5)
and in double precision (columns 3 and 4 of Table 5)
gives rise to what may superficially appear to be coun-

ter-intuitive trends. Namely, when the calculations are
performed in single precision seemingly identical results
are obtained whether a branched or a continuous (i.e.,
un-branched) spanning-tree is employed, even though a
smaller spread of ring-current values amongst the indi-
vidual symmetrically equivalent rings is obtained when
a branched spanning-tree is chosen. Working in double
precision yields both more variation in the average ring-
current in the six individual peripheral-rings in
coronene, as well as a larger standard-deviation. It is an
artefact of the method that, when all the contributions to
the total ring-current are summed up, some rings are
counted more times than others, depending on which
starting spanning-tree is chosen. In the example given in
Figure 4, the ring bounded by the carbon atoms
labelled 5-6-7-8-9-10-5 is counted six times, whereas
the ring described by the sequence of carbon atoms
22-23-24-7-6-1-22 is effectively counted only once. It
is for this reason that, wherever possible when perform-
ing HLPM calculations,"* branched spanning-trees
should in general be chosen in preference to continuous
spanning-trees, as circuit areas in the former tend, on
the whole, to be smaller. Since, in equation (14), these
circuit areas multiply the bond-orders and the various
polarisabilities defined in equations (6)—(13), there is a
general liability for round-off errors to be greater if
continuous spanning-trees are used. Furthermore,
whilst, in the example given here, it may seem prefera-
ble to work in single precision, this, too, should be
avoided as the reduced precision may yield less varia-
tion merely as an artefact of the hardware on which the

Table 4. Imaginary self- and mutual bond-bond polarisabilities (BEW(M and BE(,J)(V) , respectively) for the seven circuit-
completing bonds/chords of the branched spanning-tree of the coronene molecular-graph depicted on the right-hand side of Figure

6

Label of circuit-
completing bond

@

©)

©)

®

—-0.4648810239
—0.0512096967
0.0127924144
0.0009270662
0.0077058376
0.0009270662
0.0219269058

—0.0512096967
—0.4355982327
0.0091344912
0.0091344911
0.0050865769
—0.0050865769
—0.0091344912

0.0127924144
0.0091344912

—0.4648810240

0.0612712542
0.0219269056
0.0009270661
0.0077058376

0.0009270662
0.0091344911
0.0612712542
—0.4283833234
0.0100615576
0.0331639966
—0.0041595107

QPOO®OOOB

Label of circuit- ®
completing bond

® @

0.0077058376
0.0050865769
0.0219269056
0.0100615576
—0.6719054206
0.0100615575
0.0127924145

QPOO®OOO

0.0009270662 0.0219269058
—0.0050865769 —0.0091344912
0.0009270661 0.0077058376
0.0331639966 —0.0041595107
0.0100615575 0.0127924145
—0.4283833234 0.0100615574
0.0100615574 —0.4648810240
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Table 5. Ring-current intensities calculated for the outer rings of coronene carried out in both single precision (columns 1 and 2 of
the main body of the Table) and double precision (columns 3 and 4) and based on the continuous spanning-tree depicted on the
right-hand side of Figure 3 (row 1) and on the branched spanning-tree depicted on the right-hand side of Figure 6 (row 2)

Average ring-current
intensity expressed to
three decimal-places

Standard
deviation

Standard
deviation

Average ring-current
intensity expressed to
three decimal-places

Calculated in Single Precision

Calculated in Double Precision

Continuous spanning-tree
(Figure 3 — right-hand side)
Branched spanning-tree
(Figure 6 — right-hand side)

1.459

1.459

0.000429 1.463 0.002018

0.000121 1.459 0.000172

calculations are being performed. Double precision
should, therefore, be used at all times. This issue be-
comes more pertinent when investigating systems with
large rings or with large numbers of rings (as we shall
do later in this paper).

APPLICATION TO ‘SUPER-RING’ SYSTEMS IN
ORDER TO ASSESS THE AWA RULE

This HLPM approach," as described here in detail, has
been applied to the seven super-ring structures consid-
ered by Aihara in Ref. 27 and illustrated in Figure 2. In
view of the considerations of the previous section, the
calculation of all the ring currents and bond currents
reported here has, in each case, (a) been based on a
branched spanning-tree and (b) has been carried out in
double precision. The results for Aihara Structures 2, 4,
5 and 6 (of Figure 2) are displayed in Figure 8. Corre-
sponding results for single precision calculations based
on continuous spanning-trees in structures 1, 3 and 7 are
already available in Ref. 22.

Ring-current intensities are written (in black) in
the centre of each ring; when such ring currents are
positive (that is, diamagnetic), they are considered to be
circulating in the anti-clockwise sense around the ring in
question: when negative (paramagnetic), they are re-
garded as flowing in the clockwise direction around that
ring. The corresponding bond-currents are written (in
red, in the on-line version of the paper) along the re-
spective bonds, and they flow in the direction indicated
by the arrow on each bond. As the present authors have
pointed out previously,”***** bond currents and ring
currents are not independent quantities because the bond
currents can be deduced from the ring currents — as,
indeed, we do here — by (algebraical) addition®® by
virtue of the fact that, at the microscopic, molecular
level, the system of currents respects Kirchhoff’s Law
of Current Conservation at junctions in macroscopic,
classical electrical-networks.67:*%63342483075 1 jkewise,
the ring currents can be reconstituted from a complete
set of bond currents.

As is implied from equation (14), the intensities
both of bond currents and ring currents are expressed as

Croat. Chem. Acta 86 (2013) 387.

a ratio to the corresponding currents calculated, by the
same method, for benzene; they are thus dimensionless
quantities. It is emphasised again that, in this topolo-
gical model, all Coulomb integrals,l o, have been
assumed to be the same as that for a carbon atom in
benzene, and all resonance integrals,' B, are set equal to
the standard value appropriate' for a carbon-carbon
bond in benzene.

An aspect of the prescription for evaluating
strictly ‘topological’ ring-currents’ ' is that the areas
of [N]-membered rings in conjugated structures are
conventionally estimated from the formula that applies
to regular polygons of the same side length:

Area of a Regular Polygon T
. . Ncot| —
with V Sides B N (16)
Area of a Regular Hexagon 6ot ( T j

This is tantamount to invoking the simplification
of regarding all rings as being regular polygons of the
same side length. At least from a purely geometrical
point of view, this assumption is precisely correct for
the four, six and twelve-membered rings of Aihara
structure 7 (anti-kekulene), illustrated in Figure 2 and
discussed in Ref. 22, because all three types of rings in
that structure tessellate exactly, in the plane, as regular
polygons. The same is true for all of the geometrically
planar benzenoid structures dealt with in Ref. 9.
However, when considering some of these super-ring
structures,’®?’ such as the benzenoid hydrocarbons 1, 2,
5 and 6 (Figure 2) — whose central ring is, geometrical-
ly speaking, effectively a ‘hole’ in an otherwise perfect-
ly tessellated hexagonal-lattice — it seems logical to
estimate the area of this central ring as being the total
area of the ‘missing’ hexagons. We therefore take these
central-ring areas to be seven benzene-hexagon units in
the case of 1, six benzene-hexagon units in the case of
2, and four- and three benzene-hexagon units for 5 and
6, respectively. Structure 4 is not really a super-ring***’
structure at all, as six of its bonds may be thought of as
forming a part of both the ‘outer perimeter’ and the
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‘inner ring’; nevertheless, it was included in Aihara’s
list and, consequently, it is considered here, the area
of its central ring being taken to be that of seven
benzene hexagons. Assumptions made about the
areas of the central rings of structures 3 and 7 are
discussed in detail in Ref. 22. Very early studies’®”’
connected with the HLPM method showed that, in
any case, its conclusions are often remarkably insensi-
tive to the actual details of the assumptions made about
ring areas. A related point was very recently made
by Fowler and Myrvold in Ref. 44, and by ourselves in
Ref. 12.

It should be noted that some of the structures 1-7
might possibly be non-planar — either as a result of
proton-proton steric interactions and/or because of angle
strain arising from too large a deviation from the ideal-
ized sp>-hybridised 120° C—C—C angles. As previously
emphasised,”''*** the HLPM topological ring-currents
calculated for any conjugated systems dealt with
here that might be non-planar are, in effect, those
for a hypothetical structure having the same carbon-
carbon connectivity as the actual molecule under
consideration but envisaged as if it were geometrically
planar.

Finally, from the ring currents reported in
Figure 8 it is possible to deduce the quantities
(" "o (structure) / y, ™ “""(benzene)), given by the
expression' 34

n—London
structure - J, S;
[ X L ( ) j — ( i J X [ i J ( 1 7)
X1 (benzene) i=l benzene Sbenzene

n—London J

where

(@) 1 (structure) and y, (benzene) are
the calculated ‘London’ contributions to the n-electron
magnetic-susceptibility,” %  perpendicular to the
(assumed) molecular plane, of the conjugated structure
in question, and of benzene (respectively),

(b) (/i / Joenzene) 18 defined in equation (14), and

(¢) (5;/ Senzene) 18 the area of the i ring (expressed
as a multiple of the area of a standard benzene-hexagon)
of the conjugated structure in question (which, in all,
has 7 rings).

The summation on the right-hand side in equation
(17) runs up to r, the number of rings in the system
under study. As mentioned, these (idealised) ring-areas
were estimated from equation (16) in the case of struc-
tures 3 and 7 and, in the case of the central rings of 1, 2,
4, 5, and 6, by counting the number of hexagons that
would fill the ‘hole’ in the otherwise completely tessel-
lated hexagonal-network. The resulting ‘London’ sus-
ceptibility-ratios for 1-7 are presented in the right-hand
column of Table 6.

n—London n—London

DISCUSSION

Ring-current and bond-current data on the seven super-
ring structures (1-7) studied by Aihara®” (Figure 2) are
quantitatively presented in Figure 8 for systems 2, 4, 5
and 6 and in Figure 2 of Ref. 22 for 1, 3, and 7 (but
please see footnotes (e), (f) and (g) of Table 6 for the
quantitative influence that using single precision or
double precision and a continuous spanning-tree
or a branched spanning-tree has on the numerical values
of calculated ring-currents). Each of the structures 1,
2, 3 and 5 has a [4m + 2] carbon-atom periphery and a
[4n + 2]-membered central-ring; 6 and 7 have [4m]
carbon-atom peripheries and [4n]-membered central-
rings. (Hexa-m-phenylene (4) is a somewhat special
case, and it will separately be considered, later). It may
be noted from the right-hand column of Table 6 that the
overall ‘London’ magnetic susceptibilities' ***** of 1-7
are, overall, more-or-less strongly diamagnetic, with the
notable exception of the aptly named anti-kekulene (7),
which exhibits an overall paramagnetic susceptibility of
size more than 13 times that of the diamagnetic suscep-
tibility calculated for benzene.

It can be seen from Table 6 that all structures with
[4m + 2] peripheries and [4n + 2] central-rings (1-3 and
5) do indeed bear diamagnetic ring-currents in their
peripheral rings and a diamagnetic one in their central
rings. On first (but superficial) consideration, therefore,
the m-electron magnetic properties of these structures
seem intuitively to be in accord with the AWA model.
However, when the data are examined in more detail it
is seen that the intensity of the diamagnetic ring-current
in the central ring is, in every case, smaller than the
diamagnetic ring-current intensity in any of the outer,
peripheral rings. The consequence of this is that, for
every single one of the bonds in the central rings of
these four structures, the net flow of current is in the
clockwise (that is, paramagnetic) direction around that
central ring, as a result of this competition between the
diamagnetic current in the outer rings and the (smaller)
diamagnetic ring-current in the central rings. Despite
initial intuition, therefore, it should properly be conclu-
ded that the AWA model is — after all — violated by
structures 1-3 and 5, all of which have [4m + 2] periph-
eries and [4n + 2]-membered central-rings.

We next consider the analogous situation in the
case of the two structures considered ([9]-coronaphene
(6) and anti-kekulene (7)) that have a [4m] periphery
and a [4n] central-ring. The present authors have
already noted* that the AWA rule does not hold in the
case of 7 — at least, when judged by calculations based
on this HLPM formalism."**"'* The peripheral rings of
7 do bear avowedly paramagnetic topological n-electron
ring-currents (—1.656 for the four-membered rings on
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the perimeter and -0.606 for the peripheral six-
membered rings”> — please see footnote (g) in Table 6);
the peripheral bonds in these rings are (by definition)
unshared with any other rings and thus carry paramag-
netic bond-currents — as would be expected from the
AWA model. The central ring also supports a strong
paramagnetic ring-current (—1.386 — please see foot-
note (g) of Table 6). However, since the magnitude of
the paramagnetic ring-current intensity in the central
ring is smaller than that of the paramagnetic ring-current
sustained by the six-membered rings on the periphery,
the end result is that the bond currents along those
bonds shared between the central ring and the six-
membered rings on the periphery are diamagnetic (that
is, are anti-clockwise) in nature when considered from
the point of view of the central ring.”> As was argued in
Ref. 22, for those bonds shared between the (18-
membered) central-ring and the four-membered rings on
the perimeter, exactly the opposite is the case and these
bonds bear currents flowing in the paramagnetic (that is,

clockwise) direction in the central ring. Half of the
bonds in the central ring are thus predicted” to bear
topological m-electron currents that, from the point of
view of the central ring, are diamagnetic, and the other
half of the bonds in that central ring are predicted to
bear paramagnetic currents. Accordingly, in Ref. 22,
and in the fifth column of Table 6, here, the topological
bond-currents in the central ring of 7 are described as
‘mixed’; structure 7, therefore, likewise does not obey
the strict provisions of the AWA rule.'*%*

By contrast, we present new results (in Figure 8
and Table 6) for another structure ([9]-coronaphene (6))
which, like anti-kekulene (7), has a [4m] carbon-atom
periphery and also a [4n]-membered central-ring. This is
seen (Figure 8 and Table 6) to exhibit diamagnetic ring-
currents in the peripheral rings and a paramagnetic ring-
current in the central ring. Unlike in 7, the algebraical
competition for direction of current-flow in the central
ring of [9]-coronaphene (6) determines that currents in
all bonds in the central ring flow in the paramagnetic

Figure 8. Ring currents (in black) and the associated bond-currents (in red, in the on-line edition) in structures 2, 4, 5 and 6 calcu-

lated by the HLPM'™* approach,”'' as described in the text. The ring currents and bond currents are dimensionless

quantities; accordingly, all are appropriately depicted here as pure numbers, without units. Positive (diamagnetic) ring-currents are

considered to circulate anti-clockwise around their respective rings whilst negative (paramagnetic) ring-currents flow in the

clockwise sense around those rings. The numerous bond-currents flow in the direction indicated by the arrow pointing along each

bond.
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Table 6. Qualitative summary of the HLPM calculations on structures 1-7 and quantitative assessment of their overall ‘London’
n-electron magnetic-susceptibilities

Structure Number of ~ Number of Nature of the Nature of the Is this ‘London’ n-Electron
(labelled and carbon carbon atoms  individual bond-  individual bond-  compliant magnetic-
displayed in atoms in in the central currents for currents for bonds ~ with the susceptibility ex-

Figure 2) the outer ring bonds on the in the central ring AWA pressed as a ratio to

periphery outer periphery rule? the benzene value®©
Kekulene®™ 30 18
1) (4m +2) (4n+2) Diamagnetic Paramagnetic NO 15.5@©
Triangular- 30 18
kekulene (4m+2) (4n+2) Diamagnetic Paramagnetic NO 15.6
(2)
Azulenoid- 30 18
kekulene® (4m+2) (4n+2) Diamagnetic Paramagnetic NO 18.69
3)
Hexa-m- 30 18
phenylene (4m+2) (4n+2) Diamagnetic and  Paramagnetic and NO 53
4) (virtually) zero (virtually) zero
[10]- 26 14
Coronaphene (4m+2) (4n+2) Diamagnetic Paramagnetic NO 14.0
(5)
[91- 24 12
Coronaphene (4m) (4n) Diamagnetic Paramagnetic NO 7.7
(6)
Anti- 24 12 Mixed (Overall
kekulene® (4m) (4n) Paramagnetic Average: Para- NO -13.49
(@) magnetic)

@ Data for kekulene (1), azulenoid-kekulene (3), and anti-kekulene (7) were initially given in Table 1 of Ref. 22. (Please also see
footnotes (d), (f) and (g) to this Table.)

® This is the quantity (y,™ “"(structure) / y,™ ~"**(benzene)) calculated from equation (17), with topological ring-currents,
(i / Jvenzene), deduced from equation (14) and relative ring-areas, (S; / Spenzene), €valuated via equation (16) (for 3 and 7) or (in the
case of structures 1, 2, 4, 5 and 6) according to the procedures described in the paragraph following equation (16), in the text.

© A positive value (found for structures 1-6) indicates overall diamagnetic ‘London’ susceptibility: a negative value (as in the
sole case of anti-kekulene (7)) indicates an overall paramagnetic ‘London’ susceptibility (all in a direction at right angles to their
assumed molecular-planes).

@ 1t might be observed in passing that kekulene (1) could be thought of as being the likewise hexagonally symmetric
dodecabenzocoronene (CgH;s, the last structure in Table XIII — page 244 — of Ref. 9) but with seven symmetrically configured
interior-rings excised. The HLPM ring-currents appropriate for this latter structure were published by Maddox and McWeeny,
some fifty years ago.”” When these are used, in conjunction with equation (17), to estimate the London diamagnetic-susceptibility
for the 19-ring structure CyHig, a value of about 35 times the benzene value is obtained — twice that of kekulene (1), even
though dodecabenzocoronene has only 50 % more rings than does kekulene.

© Kekulene (1). The same value of this susceptibility ratio (to one decimal-place) was estimated from ring currents reported in
Ref. 22 that were calculated in single precision and based on a continuous spanning-tree. With the several rings as depicted in
structure 4 in Figure 2 of Ref. 22, the ring-current intensities calculated in double precision and based on a branched spanning-tree
(in bold), used here, compared with those (in brackets) in single precision and based on an un-branched spanning-tree (from Ref.
22), are as follows. For the six-membered rings on the perimeter: 1.359 (1.360) and 0.998 (0.999); and for the central ring: 0.190
(0.191).

® Azulenoid-kekulene (3). The value 18.3 (to one decimal-place) was estimated for this susceptibility ratio from ring currents
reported in Ref. 22 that were calculated in single precision and based on an un-branched spanning-tree, which are all slightly
smaller than those (employed here) that are calculated in double precision and are based on a branched spanning-tree. With the
various rings as depicted in structure 5 in Figure 2 of Ref. 22, the ring-current intensities calculated in double precision starting
with a branched spanning-tree (in bold), used here, compared with those (in brackets) in single precision based on a continuous
spanning-tree (from Ref. 22), are as follows. For the pentagonal rings on the perimeter: 1.066 (1.060); for the heptagonal rings on
the perimeter: 1.286 (1.279); and for the eighteen-membered central-ring: 0.360 (0.345).

©® Anti-kekulene (7). The value —13.5 (to one decimal-place) was estimated from the (paramagnetic) ring-currents reported in Ref.
22, which were calculated in single precision and based on a continuous spanning-tree, and which were all marginally larger in
magnitude than the paramagnetic ring-currents calculated in double precision and based on a branched spanning-tree (used here).
With the several rings as depicted in structure 6 in Figure 2 of Ref. 22, the ring-current intensities (in bold) calculated in double
precision and based on a branched spanning-tree, compared with those (in brackets, from Ref. 22) in single precision based on an
un-branched spanning-tree, are as follows. For the peripheral six-membered rings: —0.606 (—0.609); for the four-membered rings
that lie on the periphery: —1.656 (—1.660); and for the twelve-sided central-ring: —1.386 (—1.393).
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sense (that is, clockwise). This much would be expected
if the AWA rule held. However, in the case of 6,
compliance with the AWA model fails because of the
outer, peripheral rings. Despite the 24-carbon-atom
perimeter ([4m], with m = 6), all nine rings on that
perimeter bear m-electron ring-currents that are unam-
biguously diamagnetic. The consequence of this obser-
vation is that the unshared bonds that form the periphery
of 6 support diamagnetic m-electron bond-currents.
Accordingly, although the central ring of 6 behaves
magnetically as would be anticipated if the AWA model
were respected, the peripheral rings do not.

Hexa-m-phenylene (4) was included in Aihara’s
list”” of super-ring®*’ molecules (all depicted in Figure
2) but it is fundamentally different from the other six
structures so far considered here. Six of its bonds, which
are all formally single and effectively carry zero ring-
current, may be considered to form a part of both the
inner ring and the outer ring. As can be seen from
Figure 8, Hexa-m-phenylene (4) essentially consists
(from a ring-current point of view) of six, completely
isolated benzenoid rings (each bearing a ring current of
intensity just less than 90 % of the benzene value) and
an 18-membered inner-ring supporting (to three deci-
mal-places) zero ring-current, according to the single-
precision calculation, and a negligible 0.001, according
to the calculation carried out in double precision, the
results of which are shown in Figure 8. (It should be
pointed out that hexa-m-phenylene is one of those struc-
tures, like decacyclene depicted in Figure 5, for which a
continuous spanning-tree cannot be drawn; accordingly,
both the single-precision and the double-precision cal-
culations being discussed here were based on a
branched spanning-tree.) In order to investigate whether
this 0.001 was just a ‘round-off” error for what is in fact
precisely zero, the latter calculation was checked by
means of repeat calculations based on three different
branched spanning-trees; each of these computations,
when rounded to three decimal places, gave rise to ring-
current values of 0.877 for the six-membered rings and
verified the value of 0.001 for the central ring, as de-
picted in structure 4 of Figure 8.

8 9
Figure 9. Two super-ring systems, C;gHs (8) and CyyHg (9),
each having precisely four Kekulé structures, discussed by
Agranat et al.”®
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The outer ring ([4m + 2], m = 7) is seen (Figure 8,
structure 4) to exhibit diamagnetic bond-currents (of
magnitude ca. 0.88) in 24 of its bonds, and virtually no
current at all in the remaining six of its bonds. The
central ring is likewise [4n + 2]-membered (with, here,
n = 4). Its essentially zero ring-current does virtually
nothing to oppose the current of ca. 0.88 extant in the
bonds that it shares with the six-membered rings.
Hence, this central, 18-membered ring bears clockwise
(that is, paramagnetic) currents in 12 of its bonds, and
what may be considered to be virtually zero current in
its remaining six bonds.

Thus, even on the somewhat limited interpretation
of hexa-m-phenylene (4) as a ‘super-ring’ molecule®**’
that has been entertained here, this structure also
violates the AWA model.

It is seen, therefore, that none of the seven super-
ring structures of Figure 2, discussed by Aihara in Ref.
27, obeys the AWA ‘rule’.

As a postscript, it would perhaps be useful to ex-
amine two carefully ‘designed’ structures — an adjec-
tive deliberately invoked by Monaco et al. in Ref. 20 —
mentioned many years ago by Agranat, Hess and
Schaad,”™ which, according to our arguments recently
outlined in Refs. 12 and 13, are prima facie cases for
respecting the AWA rule — but see also the very recent
Ref. 24, for a contrary view based on ipso-centric ab-
initio calculations.'”2°*** These arguments followed
the lead started by Fowler ez al.,'”*' that such structures
are more likely to obey the AWA ‘rule’ if the outer
periphery and the inner ring are what Fowler et al. call
‘decoupled’.'”?'  This means that the trans-
verse”/spokes’' bonds (Figure 1) that connect the outer
perimeter to the inner ring never appear as anything
other than single bonds in any Kekulé structure that can
be devised for the conjugated system as a whole. An-
other way of stating this is to say that the Pauling bond-
order”™ of such bonds must be zero. Yet another
equivalent way of saying this is to remark that super-
ring structures of this type have precisely four Kekulé
structures (such as are displayed, for example, for the
structure 7-coronene in Figure 2 of Ref. 12.) The struc-
tures in question, C;gHg and C,4Hg (labelled 8 and 9,
respectively, in Figure 9), were described by Agranat et
al.™ (implicitly in the case of 8, and explicitly so in the
case of 9) as having only four Kekulé structures.

These networks have therefore been subjected to
an HLPM topological calculation as described in the
first half of this paper. The computation for structure 8
proceeded routinely, and the results are shown in the
ring-current and bond-current maps of Figure 10. With
structure 9, however, there was a difficulty: the eigen-
vectors were obtained as usual, and the eigenvalues
displayed the expected ‘pairing’ around zero — as is
appropriate for a bipartite graph/alternant hydrocarbon
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3.233 3.233

Figure 10. Ring-current and bond-current maps for structure
8, with a six-membered central ring ([4n+2], with n = 1) and
12-membered periphery ([4m], with m = 3). For conventions
on ring currents (black) and bond currents (red, in the on-line
version of the paper) please see the caption to Figure 8.

as a result of the Coulson-Rushbrooke Theorem"®' —
but application of the Aufbau process*** " yielded a
triplet ground-state. This meant, therefore, that the re-
quired MO quantities — the Coulson bond-orders
(equation (6)), and self- and mutual imaginary bond-
bond polarisabi-lities (equations (9), (10) and (13)) —
could not be evaluated. As a result, ring-current intensi-
ties by the HLPM approach were not accessible for this
structure 9. (An analogous problem was encountered in
Ref. 13 when trying to compute the topological ring-
currents in the first member of the [r,s]-coronene se-
ries,”* [3,12]-coronene.)

Nevertheless, as indicated by the bond-current
map in Figure 10, the symmetrical, decoupled structure
8 does indeed respect the AWA rule, as anticipated,
when judged by the HLPM'™* ‘topological’® "
approach, in that the current around the (unshared)
bonds that constitute the 12-membered perimeter is in
the clockwise (paramagnetic) direction and that around
the (shared) bonds of the six-membered central-ring is
in the anti-clockwise (diamagnetic) sense. This former
arises because the five-membered rings, each contrib-
uting two unshared bonds to the perimeter, themselves
actually support paramagnetic ring-currents; the dia-
magnetic circulation around the central ring arises not
because that ring actually bears a diamagnetic ring-
current per se, but because it bears a paramagnetic ring-
current which is however smaller in magnitude than the
paramagnetic ring-current carried by the peripheral five-
membered rings with each of which it shares a bond.
The paramagnetic ring-current (of magnitude 2.314)
that the six-membered ring drives around the shared
bonds in its own ring is, accordingly, swamped by the
larger current (of size 3.233) that is being driven
through those bonds in the opposite direction by the
peripheral five-membered rings, each sharing an edge
with the central ring. The net result of this internal
competition in the shared bonds that constitute the

six-membered central-ring is that current flows in the
anti-clockwise (diamagnetic) direction around that ring.
Hence, the HLPM' ™ “topological’ ring-currents indicate
that the AWA rule is complied with, in the case of struc-
ture 8.

CONCLUSIONS

Superficially — judged merely on the basis of their
structural formulae — the Aihara super-ring structures
of Figure 2 would appear to have been viable candidates
for conjugated systems respecting the AWA rule. How-
ever, the present authors have recently argued'*" that
such structures are most likely to obey the AWA ‘rule’
if the outer periphery and the inner ring are decoupled
(but see also Ref. 24). It can be shown by actually
attempting to draw Kekulé structures and thus creating
practical counter-examples that none of these conjugat-
ed systems (1-7) is decoupled, in this sense; further-
more, as we have demonstrated here, none of them (at
least, according to our HLPM' ™ calculations) obeys the
AWA ‘rule’. Structure 8 (Figure 9), on the other hand,
is decoupled (and, incidentally, it has symmetrically
equivalent peripheral-rings) and, as its HLPM'™* “topo-
logical’”® " current-map displayed in Figure 10 con-
firms, it does respect the AWA model, when judged
according to the calculations based on this formalism.

It is therefore once again concluded that

(a) most coupled super-ring structures that have
been tested by the HLPM approach seem not
to obey the AWA ‘rule’;

(b) those super-ring systems that are decoupled
seem to be more likely candidates for respect-
ing the AWA model, when tested by HLPM
ring-current and bond-current calculations.

Statement (a), above, is verified by our calcula-
tions on the Aihara?’ Structures 1-7, studied here, as
well as by all the calculations reported in Refs. 22 and
23. Statement (b) is verified by our calculations on
structure 8, here, and by those reported on the recently-
defined p-coronenes in Ref. 12 — but see also the very
recent Ref. 24 for a contrary view — and the long-
known [r,s]-coronenes, considered in Ref. 13.

We must, however, caution that exceptions have
been noted to both of the above; they are especially to
be found amongst the eighteen isomers of coronene,
initially studied by Balaban, Bean and Fowler®' by their
ab-initio, ‘pseudo-n’ approach,* and later tested by the
present authors using the topological’ > HLPM'* pro-
cess described in this paper; the same structures have
also since been studied by Randi¢ et al.* by application
of their method involving circuits of conjuga-
tion. #4448 Each of these eighteen structures is a [6]-
annulene-within-an-[18]-annulene super-ring structure
— i.e. they are all ‘[4n+ 2]-annulenes-within-[4m + 2]-
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annulenes’. All topological ring-current intensities in all
(7 x 18 = 126) rings in these eighteen structures are
diamagnetic,” and so the AWA rule is obeyed in these
structures only when the diamagnetic topological ring-
current intensity in the central ring is larger than all of
the diamagnetic ring-currents in the peripheral rings;
(see, for example, Figure 3 of Ref. 22 and the discussion
therein concerning coronene itself.) The exceptions
found so far (based on the HLPM tests reported in Fig-
ure 1 of Ref. 23) are as follows:

(a) Structures (numbered as in Refs. 21 and 23)
that, despite being coupled (that is, having
more than four Kekulé structures), appear to
conform to the AWA model: structures 5
(with 7 Kekulé structures),”’ 6 (with 8 Kekulé
structures),”’ 7 (with 9 Kekulé structures),”' 8
(with 7 Kekulé structures)”’ and 9 (with 8
Kekulé structures).”!

(b) One structure that is decoupled but, neverthe-
less, does not appear to respect the provisions
of the AWA ‘rule’ when tested by the HLPM
topological approach — or, indeed, by the ab-
initio ‘pseudo-m’ formalism®'** (though this is
contradicted®® when the Randi¢ ‘conjugation-
circuit’®™ approach is applied): structure 18
(with 4 Kekulé structures).”'

The overall statistics concerning this sample of
eighteen isomers of coronene®'**** when treated by the
HLPM approach may thus be summarised as follows: (i)
of 15 coupled structures (1-15 of Refs. 21 and 23), five
(listed above) obey the AWA rule (with a ratio, there-
fore, of 1 : 2, for structures in this set that respect the
rule), and (ii) of three decoupled structures (16—18 of
Refs. 21 and 23), two (16 and 17) obey the AWA rule
(with, a correspondingly reversed ratio of 2 : 1 of struc-
tures of this type that respect the AWA rule).

It is seen, therefore, the AWA rule is by no means
universal. All that can properly be conjectured from the
data considered here is that there appears to be a greater
probability of compliance with the AWA rule in decou-
pled super-ring structures than in coupled ones.

It may, however, be noted finally that all of the
decoupled structures so far examined by the HLPM'™*
approach that do, in addition, possess symmetrically
equivalent peripheral-rings (such as the p-coronenes
discussed in Ref. 12 and structure 8 considered here
(Figure 10)), obey the AWA rule; and yet neither of the
two (likewise symmetrical) de-coupled [r,s]-coronenes
— [4,8]-coronene and [6,6]-coronene (coronene itself)"”
— is compliant with the AWA rule. However, it should
be pointed out that very recent calculations® on the p-
coronenes'? by the ipso-centric ab-initio method'”2**>*
have disagreed with those'? based on the rudimentary
graph-theoretical HLPM formalism' ™! being exploit-
ed here.
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The HLPM topological approach has had consid-
erable exposure in the literature during the last five or
six years.” *#2%4% Because of this, in addition to outlin-
ing our conclusions above concerning the applicability
of the AWA rule to super-ring structures, we have taken
the opportunity, in this analysis, to use these calcula-
tions — on the seven Aihara®’ super-ring structures (1-7
of Figure 1), and one of the decoupled structures (8 of
Figure 9) discussed by Agranat et al.”® — as a vehicle
for presenting step-by-step practical details of how
actually to carry out an HLPM'™* topological’ "' ring-
current calculation on a given conjugated system. The
complete intermediate stages of such a computation —
set out in such a way that any interested reader could, if
desired, perform such calculations for himself — have
not, to our knowledge, previously been conveniently
presented, as they are here, all in one place.

We are motivated to do all this because of our be-
lief that, as Haigh and one of the present authors assert-
ed many years ago,’” the rudimentary ring-current pic-
ture is ‘...so pictorial that one can almost feel what is
happening when a [conjugated] molecule is subjected to
a magnetic field’ and that, as they put it,” *...this is one
of its inherent strengths.” Furthermore, as the present
authors have recently emphasised,'” certain more-
sophisticated approaches, despite their being ‘ab initio’,
still require prescriptions for specific wave-functions
and possibly other assumptions and parameterisations.
Accordingly, Gomes and one of us, in Ref. 8, were of
the opinion that ‘...the semi-empirical approaches still
have something to contribute, at least conceptually.’
Those authors observed® that, although the ab-initio
formulations are of course potentially of considerable
value in making accurate predictions of experimentally
verifiable quantities, the problem with them is that
‘...the more complex they are the more difficult they
become to interpret and visualise.” More-simplistic and
intuitive approaches, by contrast, frequently encapsulate
what Coulson®™ once memorably called ‘primitive
patterns of understanding’.

That said, it should, however, be borne in mind
that, in this discussion, we have deliberately eschewed
versions® * of the Hiickel-London—Pople-McWeeny
approach'™ in which resonance integrals between adja-
cent carbon-atoms are made iteratively self-consistent
with respect to the corresponding calculated bond-
orders. We have recently re-emphasised'? that if realis-
tic paramagnetic ring-currents are needed in systems
like these — for example, for the purposes of predicting
'H-NMR chemical-shifts’® — then such an iterative
calculation ‘is vital’."> A similar point has been made in
Ref. 24. As in Refs. 12 and 13, however, such refine-
ments are outside the scope of the present study, which
is designed to establish how far applicability of the
AWA model can be determined solely from knowledge
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of the carbon-carbon connectivity and the ring areas of a
given conjugated system.

Overall, however, in our view, the beauty of the
HLPM'™* topological’'' method — which, it is hoped,
has been demonstrated here — is that ring-current inten-
sities calculated by applying this formalism are entirely
independent of any subjectively chosen (or, indeed, any
other) parameterisations, wave functions or schemes of
calculation; their numerical values are immediately pre-
determined (albeit only implicitly) once the carbon-
atom connectivities of the hydrocarbon under study, and
the assumed areas of its constituent rings, have been
specified.
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APPENDIX

The number of spanning trees in a molecular graph such
as that of coronene (with its vertices labelled as illus-
trated on the left-hand side of Figures 3 and 6) may be
evaluated by any of the following methods:

The Matrix Tree Theorem®**?

In this approach, the matrix K is formed, defined as
K=D-A,

where (a) D is a diagonal matrix in which D;; = the de-
gree of the vertex labelled i, and D;= 0 if i #j and (b) A
is the vertex-adjacency matrix,*’ defined

) 4;=0

(i1) A; (i #j) = 1 if the vertices labelled i and

J are connected by an edge
(1ii) A; (i #j) = 0 if the vertices labelled i and
J are not connected by an edge.

The Matrix Tree Theorem then states®*** that the
absolute size of any co-factor of K is equal to the
number of spanning trees in the graph under study. For
example, the matrix K for the coronene molecular-
graph, labelled as in Figures 3 and 6, is

3(-t 00 0-100OO0OO0OOOOOOOTOUOUOOS-100
-3 -10 00 0 0 0 0 0 00O OO0OOOOS-10200 00
0o|-1t3-100 000 0O0OO0OOOO0O-10200U000 0 0
of0 -1 3-100 00 00 O0-100O0O0UO0OUOUOOO0OO0O0
ofo 0 .13 -1000-10000O00O0OCO0OUOUOUOOO0OO0O0
-0 0 0 -1 3 -1 0 0 0 O0OOOOOOOOO0OO0OO0OO0 O
0jo 0o 0 0-13-10200O00O0O0O0CO0OTO0OUO0OUO0OTO0OTO0OO0 -1
ofo o 0o 00 -1 2-1002000O0O0O0OO0OTUO0OTO0OTO0OTO0OTO0O0
ofo oo 00o0-12-1020100°000O00O0O0O0O0O0TO0TO0TO0
ofo 0o 6 -1o 0 o0-13-102000O00000O0O0O0O0
0jo 0o 0o 000 0 0-12-1020202000200000 0 0
ofo o o oo 00 0 0-12-102000U00 00000
ofo 0o -1to oo o0oo0o0o0-13-100000 00000
ofo o 0o 00000 060 0-12-10202020000 00
0jo 0o 0o 00000 0O0O0O0OGO-12-10202020°020 00
of0 -1t o 0o o000 06000 O0O0-13-1020000 00
ofo o 0o 00000 000 0 O0O0O-12-102002000
ofo o 0o 00000 060 0O0OOGOCS-12-10202000
0o|-to 000000 0O0O0OOOO0OOOS-13-12020 00
ofo o 0o 00000 000 O0OOGOCO0OTOS-2-12000
ofo o 0o 00000 0600 0 0 O0O0OO0OOTUOS-2-100
-1f0 0 0 00000 0 0O0OOOO0OGOOTO0OOO0OS-3-120
0jo 0o 00000 0 0O0O0OOOO0OOCOTO0OOO0OTO0OS-12 -
0jo 0o 00 0-10000O0OO0OOO0OOOO0OOO0OO0O0-1 2

The magnitude of any co-factor of it — for ex-
ample, the (1,1) co-factor, obtained by deleting the first
row and the first column (ruled off, as shown) — is
176400, which is, accordingly, the number of spanning
trees in the coronene molecular-graph, illustrated on the
left-hand side of Figures 3 and 6.

The Theorem of Gutman, Mallion & Essam®

Because the molecular graph of coronene is planar (in
the graph-theoretical sense), it is possible to exploit the
theorem of Gutman et al.,** which reduces the size of
the determinant involved from one of the order of (one
less than) the number of vertices in the graph (that is, in
the present case, a co-factor of a (24 x 24) matrix) when
the Matrix-Tree Theorem is applied, to one of the order
of the number of rings in the graph — (7 x 7), in the
case under discussion. The process of constructing the
(arbitrarily labelled) so-called ‘inner-dual’® for the
coronene molecular-graph is depicted in Figure 11, and
the appropriate matrix G that features in the theorem of
Gutman et al.** is

-1 0 0 0 -1 6 -1
0 0 -1 6

According to the theorem,* |G| is the number of
spanning trees of the original graph. Here, |G| = 176400,
confirming the previous result obtained via the Matrix
Tree Theorem.***>

The Theorem of Kirby, Klein, Mallion, Pollak & Sachs®
The theorem of Gutman et al.** is a special case —
applicable only to (graph-theoretically) planar graphs —
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(@)

(b) (c)

Figure 11. (a) Molecular graph of coronene; (b) process of formation of the inner dual (in red in the on-line version of the paper)

of the coronene molecular-graph; (c) labelled inner-dual of the coronene molecular-graph, needed for an application of the theo-

rem of Gutman, Mallion and Essam.**

of a more-general theorem,” named ‘the Cycle Theo-
rem’, published twenty years later by Klein (the hono-
rand of this issue of the Croatica Chemica Acta) and
collaborators (including one of the present authors
[RBM]). As has been observed, the molecular-graph of
coronene (on the left-hand sides of Figures 3 and 6) is
planar and it is thus possible (according to the Cycle
Theorem),” by judicious selection of an appropriate set
of what are called ‘patch’ cycles,” to give rise to the
matrix M, featuring in the theorem of Kirby et al.,*”
which is identical with the matrix G, just encountered in
the theorem of Gutman ez al.* Since, in the Cycle Theo-
rem,”>” |M] is (at least in the special case of the Theo-
rem that is being considered here)*>** numerically equal
to the number of spanning trees in the original graph,
the answer of 176400 is, thereby, guaranteed, once
again, to be obtained.

It should, however, be pointed out that an HLPM
ring-current calculation' * that capitalises on the
McWeeny' and the Gayoso—Boucekkine’* unitary-
transformations on the basis orbitals can be effected by
beginning the computation starting from any spanning-
tree whatsoever. This means, in the case of coronene,
that any one of 176400 spanning trees may be selected
as the starting point. Furthermore, the remarkable fact is
that, because of the myriad of relationships**>*""* that
exist amongst the Coulson bond-orders and the self- and
mutual imaginary bond-bond polarisabilities for the
‘circuit-completing” bonds, the final calculated ring-
current intensities are independent of this overwhelming
choice of starting spanning-tree that is available. No
matter what spanning tree is chosen, the same ring-
current intensities will, in the end, always result. This is
why one of the present authors [RBM] has described the
McWeeny method* (in the pages of this journal) as ‘one
of the most exquisite applications of Hiickel Theory”.’

Croat. Chem. Acta 86 (2013) 387.
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