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ON QUALITATIVE PROPERTIES OF SOLUTIONS OF
QUASILINEAR ELLIPTIC EQUATIONS WITH STRONG
DEPENDENCE ON THE GRADIENT

JADRANKA KRALJEVIC
University of Zagreb, Croatia

ABSTRACT. We are interested in the regularity of positive, spherically
symmetric solutions of a class of quasilinear elliptic equations involving
the p-Laplace operator, with an arbitrary positive growth rate egp on the
gradient on the right-hand side. We study the regularity of a class of strong
and weak solutions at the origin. Furthermore, we find some conditions
under which strong solutions are classical.

1. INTRODUCTION

This work is a continuation of studies of spherically symmetric solutions
of quasilinear elliptic equations in the ball, see [3-7]. Also, some results of
this studies has been applied in [2]. While in these references the emphasis
was put mostly on the problem of existence and nonexistence of solutions,
here we concentrate on the problem of regularity of solutions near the origin.
The main results are contained in Theorem 1.3 and Corollaries 1.5 and 1.7.
The proofs make use of a suitable integral representation of solutions (see [6]),
introduced in [5], and further extended in [3].

This paper provides some generalizations of the main results in [7], where
the problem of existence of positive symmetric strong solutions of quasilinear
elliptic equations has been studied, involving p-Laplacian in the ball. These
equations allowed simultaneous strong dependence of the right-hand on both
the unknown function and its gradient and also studied a posteriori regularity
of solutions. Here, we consider some qualitative properties of a class of strong
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and weak solutions of quasilinear elliptic equations with strong dependence on
the gradient such that the exponent on the gradient is any positive number.

In this paper we study the regularity of positive, spherically symmetric
solutions of the following quasilinear elliptic problem:

—Apu = golz|™ + fo|Vul® in B\ {0},
(1.1) u=0on 0B,
u(z) spherically symmetric and decreasing.

Here B is an open ball of radius R centered at the origin in RY, 1 < p <
o0, and Ayu = div(|Vu|P~2Vu) is the p-Laplacian. The Lebesgue measure
(volume) of B in RY is denoted by |B|, and the volume of the unit ball is
denoted by Cx. The dual exponent of p > 1 is defined by p’ = %. We
assume that go, fo and ey are positive real numbers. By a strong solution we
mean a function u € C?(B \ {0}) N C(B) which satisfies (1.1) pointwise.

In [4] we showed that the exponent eg = p — 1 on the gradient in (1.1)
is critical in the following sense: if 0 < ey < p — 1 problem (1.1) is solvable
for all positive go and fo (which is known result), while for eg > p — 1 we
have nontrivial existence and nonexistence regions in the positive quadrant
of (§o, fo)-plane. The main results in [4] have been given in the next two
theorems.

THEOREM 1.1. (see [4]). Assume that m > max{—p,—N}, N > 2.
(a) If0 <eg <p—1and m < ey/(p—eo — 1), then the problem (1.1)
possesses a strong solution for all positive gy and fy. .
(b) Let eg > p—1. Then there exist two explicit positive constants C1 and
Cy, Cy < Cy, such that
(bl) if m<eg/(p—eop—1), m#—1 and if
~ €0
(1.2) fogs™
then there exists a strong solution of quasilinear elliptic problem
(1.1);
(b2) if m <eo/(p—1—eo) and
€0

(1.3) foag™

then problem (1.1) has no strong solutions.

S 017

> Cy,

The explicit values of C~’1 and C’g can be expressed in dependence on N,
p, m, T and eq (see [3,4]).
We have proved the existence result stated in Theorem 1.1 by studying
the corresponding singular ODE, (see [3,4]):
w(t)®

dw _
(14) E :gofyt’y 1+f0t—6 , te (OvT)a
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where 7, 9, €, go, fo, are positive constants, depending on N, p, m, fo, go and
€0.

For € > 0 this equation is singular at t = 0. An existence result of ODE
(1.4) was obtained for w in the set:

(1.5) Dy ={p e C([0,T]) : 0 <¢(t) < Mt™},

for v > 0 and for suitably chosen constant M, which enables to apply
Schauder’s fixed point theorem.

Following the terminology introduced in [3], we say that  is an w- solution
of a quasilinear elliptic problem (1.1), if it is a strong solution which can be
obtained as an integral representation

Bl ()P 1
(1.6) u(z) :/ (t)idt

Cnlaly tP'0=N)

generated by a solution w of equation (1.4), with additional requirement that
0 < w(t) < Mt7, for suitably chosen constant M > 0. Furthermore, the
following relation holds for all r € (0, R]:

1
si-~

w(s) \*' !
17 @) =—|Vul = —NCYV (—) , s =CnlalN,
where @(r) is defined by a(r) = w(z), r = |z|. Under some additional
conditions, strong solutions of (1.1) described above are also weak solutions

in the Sobolev space W1?(B).

THEOREM 1.2 ([4]). Assume that N > 2, m > max{—p,—N}, and m >
—-1- w. Then any w-solution of quasilinear elliptic problem (1.1) is also

0
a weak solution.

2. MAIN RESULTS

In Theorem 1.1 we have proved more than just existence of strong
solutions: there exist w-solutions of quasilinear elliptic problem (1.1). Tt is
easy to see that w-solutions are in C*°(B \ {0}). Indeed, from (1.4) for any
solution w € D of (1.4) we can see inductively that w € C¥((0,T)) for all
k € N. Using integral representation (1.6) for any strong w-solution u we see
to be in C¥(B\ {0}) for all k € N, hence it is in C>°(B\ {0}). The main result
of this section is Theorem 1.3 about the regularity of w-solutions of (1.1) at
the origin. This result extends [7, Theorem 3.2]. Namely, in [7], the author in
discussion of regularity of solutions at the origin considered equations with the
natural growth on the gradient, that is, when the exponent on the gradient
is eg = p. Here, we allow that the exponent on the gradient ey could be
any positive number. Also in Theorem 1.3, and in Lemma 1.9, we give some
results about the higher order derivative of the solutions at the origin. As a
special case of this generalisation, for the second order derivative, with some
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other assumptions given in Lemma 1.6, we find the conditions under which
the strong solution is classical.

THEOREM 1.3 (Regularity of w-solutions at the origin). Let m >
max{—p,—N}, N > 2, m < p7§371 and k € N. Assume that for a
given k > 2, we have m ¢ {0,N,2N,...,(k — 2)N}. Let u be any w-
solution of quasilinear elliptic problem (1.1) and let @ be the function given
by a(r) = u(x), where r = |x|. Let dy, be a real constant depends on m, p and

N defined in Lemma 1.9 below.

(a) If m < k(p —1) —p and di, # 0, then lim, o a® (r) = (sign dy) - co
(b) Ifm > k(p—1)—p, then

r—0 0 me>k/’(p—1)—p

We shall give the proof of this theorem in the next section.

REMARK 1.4. We see that if m increases, then the regularity of w-solution
u at = 0 also increases. Let us mention that (see Lemma 1.9 below):

1 m+1

1.2 - _ .
(1.2) dy (T NP1 <0 and ds = 1)mt N1

It follows that for m > —1 we have dy < 0, while for m < —1 we have
dy > 0. We can consider this case because N > 2 and m > max{—p, —N}. We
have the following conclusion about the qualitative properties of w-solution
of quasilinear elliptic problem (1.1):

(a) If m < —1, then there exists & > 0, such that @ is strictly convex for
0 < r <€, since then @”(r) > 0 on (0, €).

(b) If m > —1, then there exists £ > 0, such that @ is strictly concave for
0 < r < g, since then @”(r) < 0 on (0,€).

In the case k = 1 we obtain from Theorem 1.3 a result on the sharpness of
the spike of the graph of the solution u of (1.1) at the origin in dependence
on the m. It is interesting that the sharpness of the spike does not depend of
the coefficient fy near the gradient.

COROLLARY 1.5. Let m > max{—p,—N}, N > 2.

(a) Assume that 0 < ey <p—1 and m < piﬁfl- Let u be any w-solution

of (1.1) and u(r) = u(x), for r = |x|. Then:

—00, form < —1,
(1.3) lim i (r) = § (=g~ form=-1,
0 form > —1.
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(b) Assume that eg > p—1, m < 5 <0 and m # —1. Let u be any

—ep—17

w-solution of (1.1) and u(r), defined below. Then:

. | —oo, form < -1,
(1.4) ?—%u (r) = { 0 for m > —1.
ProOF. The proof follows directly from Theorem 1.3, using (1.1). For
m = —1 in the case for 0 < ey < p — 1, we have

’

g g\
()=~ (m) |
o

For k = 2 we obtain sufficient conditions for existence of a classical solution of
(1.1), which is a special case of Theorem 1.3. Let us recall that u is a classical
solution of (1.1) if u € C%(B) and if u satisfies (1.1) pointwise.

We shall need the following lemma.

LEMMA 1.6. Let u € C?(B\{0})NC(B) and let a(r) = u(x), for r = |z|.
Iflim,_,o @ (r) = 0 and if |4/ (r)] < Cre, where o > 1, and C is some positive
constant, then u € C?(B).

COROLLARY 1.7. Let k =2, m # 0 and let m > max{—p,—N}, N > 2,
m < —<= Let u be any w-solution of (1.1) and a(r) = u(zx), for r = |z|.

— p—ep—1"
Then:
—00, for—1<m<p-—2,
. " 1 = ’_q1
lm () = ) 25 G Jrm=p 2
0 form >p—2.

In particular for m > p—2 any w-solution of (1.1) is also a classical solution.

ProOOF. The proof follows directly from Theorem 1.3, using (1.1) and
(1.2). For the w- solution u to be also the classical solution, we have to prove
that all partial derivatives of the second order are continuous at z = 0. This
follows directly from Lemma 1.6 and Theorem 1.3, from which it follows that
for m > p — 2, we have @”(r) = 0 when r — 0, and

1 1~ » - m

—a(r) ~ SRry MY Z il 0,

r r
where K is some positive constant, if and only if ’;Tﬂl — 1 > 0, that is, for
m>p—2. O

3. PROOFS OF THEOREM 1.3 AND OF AUXILIARY RESULTS

Let us first introduce some notation. For v € R and n € N we define
Nn=79—=1(y—=2)...(y—n+1) and (7)o = 1. For any two real functions
a,b:(0,T] = R, we write a(t) ~ b(t) when t — 0, if lim;_,¢ % =1

The next two lemmas will be used in the proof of Theorem 1.3.
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LEMMA 1.8. Assume that 6 > 0,8 > % +1,v>0, N > 2. Let w,
0 < w(t) < MtY be a solution of (1.4). Assume that n € NU{0} and for
n > 3 we assume that v ¢ {1,2,...,n—1}. Then

(1.1) W™ (1) = (7))t "go + O =) when t — 0.
In particular:

(1.2) W™ (t) ~ ()’ g0, when t — 0.

LEMMA 1.9. Let m > max{—p,—N}, N > 2, m < p_zg_l and k € N. If
k > 2, we assume that m ¢ {0, N,2N,---(k—2)N}. Then for any w-solution

u of quasilinear elliptic problem (1.1) we have

,a(k) (r) _p'—1

1. lim —~2 —
( 3) r1~r>r(l) T%’(m+1)7k+1 dkgo ’

where d, = di(m, N, p) is a real constant, depending on k, m, p and N and
the function @ : (0, R] — R is given by a(r) = u(z), r = |z|, r € (0, R].

The proofs of the results of Lemmas 1.8 and 1.9 easily follow by induction,
so we omit it. In the proof of Lemma 1.9 we can obtain the explicit values of
the real constant dj depending on k, m, p and N. For some conclusion about
the qualitative properties of w-solutions of quasilinear elliptic problem (1.1),
we have the values of d; and ds:

m—+1

h PRV TR

T <0 and o=

Now we prove Theorem 1.3.

PrOOF OF THEOREM 1.3. The claim follows directly from Lemma 1.9.
Namely, from m < k(p—1)—p it follows that %(erl)f(kfl) = %karl <
0. Then from (1.3) and dj # 0 we have that lim, o a* (r) = (sign dy,) - cc.
If m = k(p — 1) — p (which is equivalent with %(m +1)—k+1=0), then

lim, o a(® (1) = dkgglfl. For m > k(p — 1) — p we have lim,_,o @ () = 0.
O

Now we prove Lemma 1.6.

PrOOF OF LEMMA 1.6. It suffices to see that all partial derivatives of
the second order of the function w are continuous at = 0. Since r = |z| =
Vr?+x+ -+ 2%, we have

0%u o /., . x e NTE
527 = 7, () =005+ 0)

r r 73

2 752_%2
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z2 z? .
From ¥z = m S ]., it follows that
2
a"(r)= — 0, whenr — 0.
r
Also,
2 2 2
Tt —x; T 1
0< —r < —=-.
73 rr

We conclude that |@/(r)| < Cr®, where > 1 and C' is some positive constant.
We see that 1]@/(r)] < 2Cr®* = Cr®~!. Since o > 1, we have

r? —a?
i'(r)——5— —0, whenr — 0.
r
For any 7,7 = 1,..., N we obtain the same conclusion for
0%u - TiTi ., \TiTj
= u”(r)—JQz — u’(r)—zgj
0z;0z; r r
Since ‘lf;’ ‘ < 1, we have
- T, XX
@' (r)=5- —d/(r)=5% =0, when r — 0.
r
O
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