GLASNIK MATEMATICKI
Vol. 49(69)(2014), 447 — 466

COMPLETE CONVERGENCE AND COMPLETE MOMENT
CONVERGENCE FOR ARRAYS OF ROWWISE END
RANDOM VARIABLES

YONGFENG WU, MANUEL ORDONEZ CABRERA AND ANDREI VOLODIN

Soochow University and Tongling University, China, University of Sevilla,
Spain and University of Regina, Canada

ABSTRACT. The authors study complete convergence and complete
moment convergence for arrays of rowwise extended negatively dependent
(END) random variables and obtain some new results. The results extend
and improve the corresponding theorems by Sung (2005), Hu and Taylor
(1997), Hu et al. (1989), and Chow (1988).

1. INTRODUCTION

The concept of negatively orthant dependent (NOD) random variables
was introduced by Ebrahimi and Ghosh ([4]).

DEFINITION 1.1. The random variables X1, ..., Xy are said to be negati-

vely upper orthant dependent (NUOD) if for all real x1,. .., x,

—

Il
—

K2

and negatively lower orthant dependent (NLOD) if

—.

s
Il
-

Random variables X1, ..., Xy are said to be NOD if they are both NUOD and
NLOD.
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The concept of extended negatively dependent (END) random variables
was introduced by Liu ([11]).

DEFINITION 1.2. We call random variables {X;,i > 1} END if there exists
a constant M > 0 such that both
P(X; <m;,i=1,2,...,n) < M [ P(X; < z3)
i=1

and
n

P(Xi>xi,i=1,2,...,n) < M[[ P(Xi > ),
i=1
hold for each m =1,2,... and all x1,...,Ty.

Clearly the END structure is substantially more comprehensive than the
NOD structure in that it can reflect not only a negative dependence structure
but also a positive one, to some extent. Joag-Dev and Proschan ([10]) also
pointed out that negatively associated (NA) random variables must be NOD
and NOD is not necessarily NA, thus NA random variables are END. Liu
[11] also provided some interesting examples to illustrate that the extended
negative dependence indeed allows a wide range of dependence structures.
Since the article of Liu ([11]) appeared, Chen et al. ([2]), Wu and Guan ([14])
and Qiu et al. ([12]) studied the convergence properties for END random
variables.

A sequence of random variables {U,,,n > 1} is said to converge completely
to a constant a if for any € > 0,

o0
ZP(|Un —al >e¢) < 0.
n=1

In this case we write U,, — a completely. This notion was given by Hsu and
Robbins ([5]).

Let {Z,,n > 1} be a sequence of random variables and a,, > 0, b, > 0,
qg>0.1If

(o)
ZanE{b;1|Zn| — e} < oo for some or all € > 0,

n=1

then the result was called the complete moment convergence by Chow ([3]).
In the following we let {X,x,1 < k < ky,,n > 1} be an array of random
variables defined on a probability space (2, F, P), {kn,n > 1} be a sequence
of positive integers such that lim,,_, o k, = 00, and {¢,,n > 1} be a sequence
of positive constants such that Zzozl Cp = 00.
An array of rowwise random variables {X,x,1 < k < k,,n > 1} is said
to be uniformly bounded by a random variable X (denoted by {X,r} < X)
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if there exists a constant C' > 0 such that
sup P(|Xpi| > 2) < CP(|X| > z), forall x> 0.
n,k

Clearly if {Xpx} < X, for 0 < p < oo and any 1 < k < n,n > 1, then
E|X.kP < CE|XIP.

Hu et al. ([7]) stated the following complete convergence theorem for
arrays of rowwise independent random variables.

THEOREM 1.3. Let {X,k,1 < k < k,,n > 1} be an array of rowwise
independent random wvariables and {c,,n > 1} be a sequence of positive
constants such that ZZOZI ¢, = 00. Suppose that for every € > 0, some
0>0andn>2,

0o kn
> en Y P(|Xpk| > €) < oo,
n=1 =1
o kn n
ch(ZE 2 1I( |Xnk|<5) < o0
n=1 k=1
and
o
(1.1) > EXukI(|Xpk| £6) >0 as n— oo.
k=1
Then

00 kn
(1.2) chP<‘ZXnk >5> < oo foralle > 0.
n=1 k=1
The proof by Hu et al. given in [7] is mistakenly based on the fact that
the assumptions of Theorem 1.3 imply

kn
(1.3) > Xk — 0 in probability
k=1

as n — co. Hu and Volodin ([9]) found that (1.3) does not necessarily follow
from the assumptions of Theorem 1.3. Therefore, they replaced condition
ZZOZI ¢, = oo by the condition liminf, .. ¢, > 0. In this case the
assumptions of Theorem 1.3 imply (1.3).

Sung ([13]) proved Theorem 1.3 without the assumption liminf,, o ¢y >
0. Chen et al. ([1]) extended Theorem 1.3 for the case of arrays of rowwise
negatively associated random variables.

Hu and Taylor ([8]) proved the following results.

THEOREM 1.4. Let {X,k,1 < k < n,n > 1} be an array of rowwise
independent random wvariables and let {a,,n > 1} be a sequence of positive
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real numbers with a, T co. Assume that U(t) is a positive even function that
satisfies

() ()
(1.4) 7 T and el b oas |t 1
for some integer p > 2. If
(1.5) EXp=0,1<k<n,n>1,
[e.e] n
EY(X,1)
1.6 —_—
(1.6) >0 U(an) <
n=1 k=1
and
oo n 2k
Xnk 2
(L7) Z(Z B ) <o,
n=1 k=1
where k is a positive integer, then (1.5), (1.6), and (1.7) imply
1 n
(1.8) = ;Xnk =0 a.s.

THEOREM 1.5. Let {Xpk,1 < k < n,n > 1} be an array of rowwise
independent random variables and let {a,,n > 1} be a sequence of positive

real numbers with a, 1T oco. If U(t) is a positive even function that satisfies
(1.4) for p=1, then (1.5) and (1.6) imply (1.8).

In addition, Hu et al. ([6]) obtained the following complete convergence.

THEOREM 1.6. Let {X,k,1 < k < n,n > 1} be an array of rowwise
independent random variables with (1.5) and assume that {X,r} < X. If
E|X|?P < oo for some 1 < p < 2, then

(1.9) n~t/p Z Xnk — 0 completely.
k=1

Chow ([3]) obtained the following complete moment convergence.

THEOREM 1.7. Suppose that {X,,,n > 1} is a sequence of independent
and identically distributed random variables with EX1 =0, a > 1/2, p > 1
and ap > 1. If E{|X1|P + | X1|log(1l + | X1|)} < oo, then

o0 n
(1.10) Zno‘p_Q_o‘E{‘ZXk‘ 5n0‘} < oo foralle > 0.
n=1 k=1 +
In this work, we shall extend and improve Theorem 1.3 to END instead
of independent or NA, and shall extend and improve Theorem 1.4-1.7 under
some weaker conditions. It is worthy to point out that we study complete
moment convergence for the arrays of END random variables under some
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similar conditions, which were not considered in Hu et al. ([7]), Sung ([13])
and Chen et al. ([1]).
In the paper, C will denote generic positive constants, whose value may

vary from one application to another, I(A) will indicate the indicator function
of A.

2. MAIN RESULTS

We will present the main results of the paper and the proofs will be
detailed in the next section.

THEOREM 2.1. Let {X,i,1 < k < kp,n > 1} be an array of rowwise
END random variables and let {c,,n > 1} be a sequence of positive constants.
Suppose that the following conditions hold:

(i) for everye >0

o0 kn,
(2.1) D en > PIXuk| > €) < oo;
k=1

n=1
(ii) there exists n > 1 and 6 > 0 such that
) n n
(2.2) > e (ZEXnkI(|Xnk| < 6) ) < 00.
n=1 =
Then

(2.3) ch (‘Z Xnk — EXpi I (| X k| <96) ‘>5)<oo for alle > 0.

n=1

COROLLARY 2.2. Let {X,k,1 < k < ky,n > 1} be an array of rowwise

END random variables and let {c,,n > 1} be a sequence of positive constants.
Then (2.1), (2.2) and (1.1) imply (1.2).

REMARK 2.3. Since independence implies END and we consider n >
1 instead of n > 2, Corollary 2.2 extends and improves Theorem 1.3. In
addition, compared with the results of Qiu et al. ([12, Theorem 1}), Corollary
2.2 and Theorem 1 of Qiu et al. ([12]) do not completely overlap with each
other, although the conditions of our result have some similarities to those of
Qiu et al. in [12].

Let ¢, =1, kn, = n for n > 1 and let {a,,n > 1} be a sequence of positive
real numbers with a,, T co. Assuming that (1.5) holds and replacing X, by
Xnk/an in formulation of Corollary 2.2, we can obtain the following corollary.

COROLLARY 2.4. Let {Xpk,1 < k < n,n > 1} be an array of rowwise
END random variables with (1.5) and let {an,n > 1} be a sequence of positive
real numbers with a, 1 co. Suppose that the following conditions hold:
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(i) for everye >0

(2.4) >N P(IXnk] > ane) < oo;
n=1k=1
(ii) there exists n > 1 and 6 > 0 such that
o n n
(2.5) > (a;Q > EX2I(| Xk < ané)) < 00;
n=1 k=1
(iii)
n
(2.6) a," Y " EXpiI (| Xnk| < and) — 0.
k=1
Then
1 n
— Xne — 0 completely.
i

REMARK 2.5. The following statements show that the conditions of
Corollary 2.4 are weaker than those of Theorems 1.4 and 1.5.

Firstly, we state that (1.4)-(1.6) imply (2.4). Without loss of generality
we may assume 0 <e < 1. If p>2orp=1, by (1.4) and (1.6), we have

oo n
> P(|Xok| > ane)
n=1 k=1
[ee] n (o] n
E| Xk
- ZZE(I(|Xnk| > ape)) < ZZ LnZ |I(|Xnk| > ane)
n=1k=1 n=1k=1
o n Eank|p
<> (ane)rtt Hane < [Xni| < an)
n=1 k=1
c© n BE|X,,.|P
IR0 3) D10 (COHEN
n=1k=1 "

Secondly, we take § = 1 and show that (1.4), (1.6) and (1.7) imply (2.5).
By (1.4) and (1.6), we can get easily

k=1 n=1 k=1
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If p > 2, take n = 2k, where k is a positive integer. By (1.7), we can get

[eS) n n oo n 2k
z( S EX2 (X < an)) < Z( zExgk> < oo,
n=1 k=1 n=1 k=1

Finally, we take 0 = 1 and show that (1.4)-(1.6) imply (2.6). By (1.4)-
(1.6), we have

> EXuk (1 Xkl < an)| = a,"| > EXpid (|Xk| > an)
k=1 k=1

" EU(X )
¥(an)

To sum up, we know that Corollary 2.4 improve Theorems 1.4 and 1.5.
Obviously, complete convergence implies almost sure convergence. Therefore,
our conclusions are much stronger and conditions are much weaker.

Taking a, = n'/? for 1 < p < 2 in Corollary 2.4, we can obtain the
following corollary.

-1
an,

<ay' Y B Xkl I(1Xnk| > an) <
k=1 k=1

—0 as n— oo.

COROLLARY 2.6. Let {Xpk,1 < k < n,n > 1} be an array of rowwise

END random variables satisfying (1.5). Suppose that the following conditions
hold:

(i) for everye >0

S (Xl > n'/7e) < oo;
k=1

2—p) and § > 0 such that

00 n n
> (n_Q/p > EXZI(| Xk < nl/pé)) < o0;

k=1

gk

—~ =

(ii) there exists n > p/

n=1
(iii)
n= PN " EXI(|Xnk| < n'/P6) =0,
k=1
where 1 < p < 2.
Then (1.9) holds.

REMARK 2.7. The following statements show that the conditions of
Corollary 2.6 are weaker than those of Theorem 1.6.
Firstly, by {X,+} < X and E|X|?* < 0o, we have

(oo} n [ee]
>N P(IXuk| > n'/Pe) < C Y nP(IX| > n'/Pe) < CE|X|* < o0,

n=1k=1 n=1
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Secondly, since E|X|* < oo for 1 < p < 2, we know E|X|? < co. Hence, by
n>p/(2—p) and {X,;} < X, we have

S n n oo
Z (n_Q/p Z EX2I(| Xuk| < nl/pé)) <C Z n(=2/Pn(B|X %) < co.

n=1 k=1 n=1

Finally, by (1.5), {X,x} < X and E|X|?’ < oo, we have

n n
n_l/p‘ S EXo(| X < nl/pé)’ < 0 VS B X I Xk] > n'/76)
k=1 k=1

< gt zn: wmx | > nl/P8) < 06 E|X PP = 0
>~ n2 nk >
k=1
as n — oQ.

To sum up, we know that Corollary 2.6 extends and improves Theorem
1.6.

The following theorem shows that, under some appropriate conditions,
we can obtain complete moment convergence for the array of rowwise END
random variables.

THEOREM 2.8. Let {X,k,1 < k < kp,n > 1} be an array of rowwise
END random variables and let {c,,n > 1} be a sequence of positive constants.
Suppose that (2.2) and the following conditions hold:

(i) for everye >0

o0 kn
(2.7) D en > ElXnklI(|Xnk| > €) < o0;
k=1

n=1
(ii) there exists n > 1 and 6 > 0 such that
k

(2.8) > B|Xnk (| Xnk| > 6/160) — 0 asn — oo.
k=1

Then

oo kn
(2.9) Z an{‘Z(Xnk — EXp (| Xnk| < 5))‘ — 5} < oo for alle > 0.
k=1 +

n=1

COROLLARY 2.9. Let {X,k,1 < k < kp,n > 1} be an array of rowwise
END random variables with (1.5). Then conditions (2.2), (2.7) and (2.8)
imply

0o kn
3 E{ > X
n=1 k=1

6} < oo foralle > 0.
+
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PRrROOF. Note that, from (1.5) and (2.8), we can get

‘i EXouI (| Xoi| < 0)| = ‘i EXouI (| Xok| > 0)|
k=1 =

kol
K =
—_

< E\ Xkl I(| Xnk]| >06) =0 as n — oo.
1

B
Il

Then for every given € > 0, while n is sufficiently large, ‘Z:Zl EX,p (| Xnk| <
§)| < e. Therefore, by (2.9), we have

oo kn
00 > chE{ > (Xnk = EXpid (| Xoi| < 5))‘ - 5}+
n=1 k=1

>y an{ 3 X - ‘Z EXpi (| Xun| < 5)‘ - 5}
n=1 k=1 k=1
00 kn

> chE{ ZXnk — 25} .
n=1 k=1 +

The proof is complete. O

+

Let ¢, = 1, kp = n for n > 1 and let {a,,n > 1} be a sequence of
positive real numbers with a,, T co. Replacing X, by X,/a, in formulation
of Corollary 2.9, we can obtain the following corollary.

COROLLARY 2.10. Let {Xpk,1 < k < mn,n > 1} be an array of rowwise
END random wvariables satisfying (1.5) and let {a,,n > 1} be a sequence

of positive real numbers with a, 1T co. Suppose that (2.5) and the following
conditions hold:

(i) for everye >0

[ee] n
(2.10) > a" Y EIXuk| (| Xnk| > ane) < oo

n=1 k=1
(ii) there exists n > 1 and § > 0 such that

(2.11) a," Y E| Xkl I(| X k| > an6/16n) — 0 asn — oc.
k=1

iiia;llf{‘ji:kgm
n=1 k=1

REMARK 2.11. Wu and Zhu ([15]) discussed complete convergence and
complete moment convergence for arrays of rowwise NOD random variables.
The conditions in Wu and Zhu ([15]) are similar to those of Hu and Taylor

Then

ans} < oo foralle > 0.
+
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([8])). By some similar arguments in Remark 2.5, we can show that the
conditions of Wu and Zhu ([15]) imply (2.4)-(2.6), (2.10) and (2.11). Here
we omit the details. Since NOD implies END and the conditions in this
paper are weaker than those of Wu and Zhu in [15], Corollary 2.4 and 2.10
improve Theorem 1.1 and 1.3 in [15] by Wu and Zhu, respectively.

Taking k,, = n and ¢,, = n®~2 and replacing X, by X;/n® for 1 < k <
n in Corollary 2.9, we can obtain the following corollary.

COROLLARY 2.12. Let {Xj,k > 1} be a sequence of END random
variables with EXy = 0. Suppose that the following conditions hold:

(i) for everye >0

oo n
(2.12) > 2N B X[ I(|Xk| > n%e) < o0

n=1 k=1

(ii) there exists n > max{1, gg:}} and § > 0 such that

n*O‘ZE|Xk|I(|Xk| >n%*§/16m) — 0 asn — oo
k=1
and

00 n n
(2.13) > nor? (n_QO‘ > EXRI(1X| < nO‘(S)) < 00,
n=1 k=1
where a > 1/2, p > 1 and ap > 1.

Then conditions (2.12)-(2.13) imply (1.10).

REMARK 2.13. The following statements show that the conditions of
Corollary 2.12 are weaker than those of Theorem 1.7.

Firstly, we state the conditions of Theorem 1.7 imply (2.12). If p > 1, by
E|X;|P < oo, we have

D 02N BIXG (| Xk > ) = Y T OB X (| X | > ne)

n=1 k=1 n=1
<Y 0T N BIXG | I(mfe < | Xa| < (m+1)%)
n=1 m=n

E|X1|I(m% < |X1| < (m+1)%) Y _nP~ '@
1 n=1

3
I

(oo}
C Y mP O E|Xi[I(m®e < |X;1| < (m+ 1))

m=1

IN

o0
<C Y EIXiPI(m% < [X1| < (m+1)%) < E|X3]P < oc.

m=1
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If p=1, by E{|X1] + | X1|log(1l + | X1|)} < oo, we have

oo n
> n I N " BIXG[I(|Xk| > ne)

n=1 k=1

iE|X1|Im e <Xy < (m+1)* i

n=1

oo
<C Y (1+logm)E|X1[I(m® < |X:| < (m + 1)%)
m=1

< CE|Xi|+C Z logmE|X 1 |I(m% < |X;| < (m +1)%)

m=2

< CE|X1|+ Cla Y E{|Xi|log(|X1]/e)H (m®e < |X1| < (m + 1))
< C(1 + 1/alog(1/2)) EIX4|
+C/a Y B{|Xi|log | X1 [} (m®e < |X1| < (m+1)%)
m=2

< CE{|Xy] + [X1]log(1 + [ X1])} < oo.

Secondly, by E|X;|P < oo and ap > 1, we have

n=* > " E|Xk|I(|Xk| > n“5/16n)
k=1

n

< (6/160)' Pn=P > " E|Xg[PI(|Xx| > n®5/16n)
k=1

< C’nl_o‘pE|X1|p —0 as n— oo.

Finally, we state the conditions of Theorem 1.7 imply (2.13). If p > 2,
from E|X;|P < oo, we know EX? < oo. By 1 > max{1, 22=1}, we have

o0 n n
> ner=? <n2a > EXFI(|IX)| < naa))
n=1

k=1

o0
< Z nap727(20‘*1)’7(EX12)" < 00.

n=1
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If1<p<2 byap>1andn>1, wehave

o0 n n
> ner? <n—2a > EXFI(|IX)| < n“é))
n=1

k=1

= nor 27 Qe (EXPI(|X,| < n®5))"
n=1

< §2=p)m Z n P D=1 (B X, 7)< oo

n=1

To sum up, we know that Corollary 2.12 extends and improves Theorem
1.7.

3. PROOFS
To prove main results in this paper, we need the following lemmas.

LeMMA 3.1 ([11)). If random wvariables {X,,n > 1} are END, then
{gn(Xn), n > 1} are still END, where {gn(-), n > 1} are either all monotone
increasing or all monotone decreasing.

LEMMA 3.2. Let {X,,,n > 1} be a sequence of END random variables
with mean zero and 0 < B, = > _}'_| EX} < co. If Sy, = > 1_, Xk, then there
exists a constant M > 0 such that

r T Ty
> < > - — = il
P(Sul 2 ) < P(max [X5] > y) + 2Mexp(" ~ “log(1+ 37))

for Vo >0,y > 0.

REMARK 3.3. Wu and Guan ([14]) established a similar conclusion, in
which the term P(maxi<k<, |Xk| > y) was magnified as >, _; P(|Xx| > y).
Here we omit the details of the proof.

We first state the proof of Theorem 2.1.

PROOF. Let € > 0 be given. Without loss of generality, we may assume
0<e<d. Forany 1 <k <k,,n>1, we have

0o kn
> cnP(\Z(Xnk — EXpi (| Xnk| < 6))\ > s)
n=1 k=1

P(‘;(Xnk — EXpnel (| Xk < 5))‘ > g, U{|Xnk| > 5})

k=1

< i Cn
+> cnP(‘Z(Xnk — EXo (| Xk < 5))‘ > e, (I Xnkl < 5})
n=1

k=1 k=1
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oo kn
<D en ) P(Xuil >9)
k=1

n=1

oo kn
+3 eP (Z Xk (| X k| < 8) = EXppI(| X | < 6)) ‘ > 5>

n=1 ‘k_l
= Il + IQ.

By (2.1), we can get I; < co. To prove (2.3), it suffices to show I < co. Let

Yo = —5I(Xnk < _5) + XnkI(|Xnk| < 5) + 5I(Xnk > 5);
Zpie = —01( Xy < —06) + 61Xk > 9).
Then

Iy

SZ (‘Z Yoi — EY,p ‘>g/2)
kn

> (Zor - Ean)‘ > 5/2)

k=1

00 kn
Se P(\Z(Ynk — EYuk = Zu + EZy) | > s)
=1

e
n=1
=: Ig + I4.
By Markov inequality and (2.1), we have

I4<CZ‘3"E‘Z (Zok — EZoi) ‘ < C’chZP | Xok| > 0) <
n=1

For any € > 0, let

Nl{n.

=

n

P( Xkl > ¢/67) > s/<246n>}, N, =N N,.

E
Il

1

We know
kn
3 cnPOZ(Ynk ~ EYu)| > 5/2)
neN; k=1

00 kn
< Y ca<240n/e Yy cny  P(IXuk| > e/6n) < oo
k=1

neNy n=1

Then it suffices to show that Zn€N2 cn P (‘Z:Zl (Ynk — EYnk)‘ > 5/2) < 0.

Let B, = I,:’;l E(Yy, — EYy)?. Take x = /2, y = ¢/2np and n > 1. By
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Lemma 3.2, we have

3 cnP( i(ynk ~ BYu)| > 5/2)

n€N3 k=1
< Z cnP | max |Ynk — EY,i| > 5/277 —|—2C’ Z cn(ﬁy
= =, B, +¢2/4n
=I5+ Is

For any n € Ny, by S5, P(|X 1| > €/6n) < ¢/(240n) and € < &, we can get

max |EYnk|< max E|[Y|
1<k<k 1<k<kn

- B X[ I(| Xk <
 max {E[ Xk (| Xux| < £/6m)

+ E| Xk (/6 < | Xnk| < 0) + 6P (| Xnk| > 6)}
kn kn

<O P Xkl > 6)+ 6> P(IXnk| >e/6n)+/6n < c/4n.
k=1 k=1
Therefore, for any n € Ny, we have

Is < Z cnP( max |Y,x| > 5/47)) (since |Yni| < | Xnk|)

1<k<k
neNy
0o kn
<> en Y P(IXuk| > e/4n)< oo, (by (2.1))
n=1 k=1
Note that for any n € Ny
kn kn
(3.1) > P(I Xkl > 0) <Y P(|Xk| > £/6n) < /(246m).
k=1 =1

Note that 240n/e le P(|Xnk| > d) < 1if n € Ny. By Cy-inequality, (3.1),
(2.1) and (2.2), we have

L<CY e(B)'<C Y cn<ZE )

neNsy n€ENy
<c Yy cn(ZE 2 1(| X o] <5) +cy cn(ZP |Xnk|>6)
n€N>2 n€N>2
00 kn
<O en(SBEXZI( Xl < 5))’7
n=1 k=1
oo kn

5/ 24577 n 12%2]’ (| Xnk| > 6) <

n=1 k=1
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The proof is complete. O
Finally we state the proof of Theorem 2.8.

PROOF. Let S, = S5, (X — EXnrI(|Xor| < 0)) and & > 0 be given.
Without loss of generality, we may assume 0 < € < §. We have

> enB{|Sul — ¢}, ch/ (1Sn| — & > t)dt
n=1
Z {/ (1S |>5+t)dt—|—/ P(|Sn|>s+t)dt}
<6ch (1Sn] > €) +ch/ (ISn] > t)d

_.17+18.

To prove (2.9), it suffices to show that Iy < oo and Ig < oco. Noting that
(2.7) implies (2.1), by Theorem 2.1, we have I7 < co. Then we prove Ig < oo.
Clearly

P(|Sn| > t)
kn kn
= P(ISu] > t, tIXarl > 1) + P(1Sul > &, (V{1 Xarl <1})
k=1 k=1
kn kn
<> PUXurl > 0+ P(| D (K (1Xoi] < 6) = EX kI ( Xoi] < 9))[> ¢).
k=1 k=1
Then we have
e’} kn 00
Is< > cn / P(| X | > t)dt
n=1 k=179
00 00 kn
+ch/ (‘Z Xk L (|X k| < 1) — EXoe (| X k| < 0)) ‘>t)
n=1 k=1
=:Ig+ I

oo kn
gz_: Z | Xk [ I(| X k| > 0) <

Then we prove I < co. Let
Yo = 7tI(Xnk < 7t) + XnkI(|Xnk| < t) + tI(Xnk > t),
Lk = 7tI(Xnk < 7t) + tI(Xnk > t),



462 Y. WU, M. ORDONEZ CABRERA AND A. VOLODIN

we have

P(| 35tk (] < 1)~ BXod (k] < 8)]> )
k=1

kn
_ p(‘ > (Yar = EYa — Zuk + EZug + EXupI(6 < | Xore| < t))‘> t)

kn
(Yak = Bk = Zoie + BZu) [ 4] 32 BXod (6 < [Xui] < )] 1).
k=1

From (2.8), we know

k‘n kn
-1 < ‘ < -1 <
maxt ‘ ];1: BXuel (6 < |Xui| <1)] < maxt ,;,1: EIXou 106 < | Xoi| < 1)

kn kn
<D P(I Xk > 6) < Y EIXk| (| Xk| > 6) = 0 as n— oo
k=1 k=1

Therefore, while n is sufficiently large,

kW,
\ S EX (6 < [ Xl < t)‘< t/2
k=1

holds uniformly for ¢ > §. Hence

P(‘ 3 (XL (|X k] < 1) — EXpiI(|1 X o] < 0)) \> t)
k=1
<P S (Vi BY)= S (Zos — 1) > 1/2)
k=1 k=1
< P(’ i(ym _ EYnk)’> t/4)+P(‘ 3 (Zok — Ean)’> t/4).
k=1 k=1

Then we have

n icn /;OPO 3 (Yo — EYnk)}> t/4)dt

k=1
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For I11, by Markov inequality and (2.7), we have

I <C’ch2/ t 1E|an|dt<C’chZ/ P(|Xyx| > t)dt
n=1 n=1

0o kn

<CY en > ElXpklI(|Xnk| > 6) < 00

n=1 k=1

Next we consider I;5. Let B, = k"1 E(Yor — EY,)?, o = t/4, y = t/4n
and n > 1. By Lemma 3.2, we have

max |Ynk — EY,i| > t/4n)

oo 00
<
Lz < nz=:1 c”/6 1<k<
0 e
B n
S
' ;c"/a By, +12/16n

=:Ii3+ 114

From (2.8), we know that, while n is sufficiently large

kn
Z | Xk | (| X | > 6/16m) < 1/32n.

kn
(32) > P(IXuk| > d/16m) <
k=1

Hence, by (3.2), we have

max max t |EY| <max max ¢t E|Y|
t>6 1<k<kn t>6 1<k<kn

< 1 <
max max {t” EIXnklf(ankl §/16m)
+ 7 B X0k [1(6/160 < | Xpk| < 1) 4+ P(|Xnk| > t)}

< 1
< max max {t716/160 + P(|Xyi| > 6/16n) + P(| Xk > t)}
K kn
<1/16n+ Y P(IXuk| > 6/160) + Y P(|Xuk| > 0)
k=1 k=1
kﬂ,

<1/16n+2) " P(|Xnk| > 6/16n) < 1/8n.
k=1
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Therefore, while n is sufficiently large, we know that maxi<p<g, |EYnk| <
t/8n holds uniformly for ¢ > §. Hence, by (2.7), we have

o0

P(lg}cagulin Y| > t/8n)dt  (since |V < [Xnk|)

NE

S—

Iz < Cn

3
I
A

o

P(lg}gag)](gn | Xni| > t/8n)dt

S—

Cn

3

Il

—
>

n

Fﬂ

/5 P(|Xok| > t/8n)dt
1

3

I

A
-
S

ea 3 Bl Xl (1 X k] > 5/8m) < oo,
k=1

3
I
A

Finally, we prove I14 < co. By Cj-inequality, we have
oo 00 0 [e%s} kn n
N < Cch/ (t2B,)"dt<Cy cn/ (72> BvE)
n—=1 J n=1 3 k=1

o 00 kn
_ an_:lcn/é (t—2;EX§kI(|Xnk| <4)

kn kn
n
+72 5 EXZI(6 < [ Xl <)+ > P(1Xo| > t)) dt
k=1 k=1

0 0 kn n
< Cch/ (t—QZEX,%kankI < 6)) dt
n=1 4 k=1
0 oo kn n
+C’ch/ (fl > BIXukl (5 < [ Xl < t)) dt
n=1 9 k=1

0o oo  kn
n
+CZC"/,; (ZP(|XM| >t)> dt =: Ii, + 17, + 17}
n=1 k=1

By n > 1 and (2.2), we have
oo kn n [o°
I,=C) cn (Z EX2I(| Xk < 5)) / t=2ndt
n=1 k=1 o

00 kn
<O (S EXBI( Xl < 5))" < o0,
n=1 k=1
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From (2.8), while n is sufficiently large, we can get ZZL E\ Xkl I(| X nk| >
d) < 1. Hence, by n > 1 and (2.7), we have

< C’ch (Z B Xl I(| X k| > 5)) /;Ot”dt

n=1
kn
Z ZE|Xnk|I(|Xnk| > )
n=1 k=1
From (2.8), while n is sufficiently large, we know

Ko kn kn
S OP( Xkl > 1) Y P(1Xnk| > 6) < B Xk (| Xnk| > 6) < 1
k=1 k=1 k=1

holds uniformly for ¢ > §. Hence, by (2.7), we have

oo kn

<Cch/ S P(|X] > t)dt
k=1

Z ZE|Xnk|I(|Xnk| > 8) <

n=1 k=1

The proof is complete. O
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