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Strong convergence of an explicit iterative process
with mean errors for a finite family of Ciri¢
quasi-contractive operators in normed spaces”

FENG Guf

Abstract. The purpose of this paper is to establish a strong conver-
gence of an explicit iteration scheme with mean errors to a common fixed
point for a finite family of Ciri¢ quasi-contractive operators in normed
spaces. The results presented in this paper generalize and improve the
corresponding results of V. Berinde [1], A. Rafiq [9], B. E. Rhoades [10]
and T. Zamfirescu [12].
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1. Introduction and preliminaries
Let (X, d) be a metric space. A mapping T : X — X is said to be a-contraction, if
d(Tz,Ty) < ad(z,y) Vz,y € X, (1.1)

where a € (0,1).
A mapping T : X — X is said to be a Kannan mapping [7], if there exists
b€ (0,1/2) such that

d(Tz,Ty) < bld(z, Tx) +d(y, Ty)] Vz,y € X. (1.2)

A mapping T : X — X is said to be Chatterjea mapping [3], if there exists
¢ € (0,1/2) such that

d(Tz,Ty) < cld(z, Ty) +d(y, Tz)] Vz,y € X. (1.3)
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Combining these three definitions, Zamfirescu [12] proved the following impor-
tant result.

Theorem Z([12]). Let (X,d) be a complete metric space and T : X — X a
mapping for which there exist real numbers a,b and c satisfying a € (0,1), b,c €
(0,1/2) such that for each pair x,y € X, at least one of the following conditions
holds:

(21) d(
(22) d(T'z, Ty) < bld(z, Tx) + d(y, Ty)],
(23) d(

Then T has a unique fized point p and the Picard iteration {x,} defined by

Tz, Ty) < ad(z,y),

Tz, Ty) < cld(z, Ty) + d(y, Tz)].

Tpy1 = Txy, neEN, (1.4)

converges to p for any arbitrary but fixed x1 € X.

Remark 1.1. An operator T satisfying the contractive conditions (z1) — (z3) in
the above theorem is called a Z-operator.

Remark 1.2. The conditions (z1) — (z3) can be written in the following equiv-
alent form

ATz, Ty) < hmax {d(x,y), d(z,Tz) + d(y, Ty) d(z,Ty)+ d(y,Tz) } 7

2 ’ 2

Va,ye€ X,0 < h < 1. Thus, a class of mappings satisfying the contractive condi-
tions (z1) — (z3) is a subclass of mappings satisfying the following condition

(T, Ty) < hmax {d(ac, o), d(a, T, d(y, Ty), 2 TY) ‘; dly, Tz) } (o)

0 < h < 1. The class of mappings satisfying (CG) was introduced and investigated
by Ciric [5] in 1971.
Remark 1.3. A mapping satisfying (CG) is commonly called a Ciri¢ generalized
contraction.
In 2000, Berinde [1] introduced a new class of operators on a normed space E
satisfying
[Tz = Ty|| < 6|lx — yl| + LTz — x|, (1.5)

forany z,y e £, 0<d<1land L >0.
It may be noted that (1.5) is equivalent to

[Tz — Ty|| < 6lle — yl| + Lmin{||[Tz — |, [Ty — |}, (1.6)

forany z,y e £, 0<d<1land L >0.

Berinde [1] proved that this class is wider than the class of Zamfiresu operators
and used the Mann [8] iteration process to approximate fixed points of this class of
operators in a normed space given in the form of following theorem:
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Theorem B([1]). Let C be a nonempty closed convez subset of a normed space
E. Let T : C — C be an operator satisfying (1.5) and F(T) # 0. For given z € C,
let {x,,} be generated by the algorithm

Tn+l = (1 - an)xn +apTxyn, n >0, (17)

where {ay,} is a real sequence in [0, 1]. If >°7 | an = 00, then {x,}52, converges
strongly to the unique fized point of T'.
Recently, Rafiq [9] considered a class of mappings satisfying the following con-
dition
|z —Tz| + |ly — Tyl
2

| Tz—Tyl|| < hmax{”x —yl, Mz =Tyl lly - Txll} , (CR)

0 < h < 1. This class of mappings is a subclass of mappings satisfying the following
condition

|Tx — Tyl < hmax {||z —yl|, |z — Tz, |y — Tyll, |l= — Ty, |ly — Tz||}, (CQ)

0 < h < 1. The class of mappings satisfying (CQ) was introduced and investi-
gated by Cirié¢ [6] in 1974 and a mapping satisfying is commonly called Ciri¢ quasi
contraction.

Rafiq [9] proved the following result:

Theorem R([9]). Let C be a nonempty closed convex subset of a normed space
E. Let T : C — C be an operator satisfying the condition (CR). For given xo € C,
let {x,,} be generated by the algorithm

Tn41 = OpnTnp + ﬁnTxn + YnUn, T Z Oa (18)

where {an}, {Bn} and {y,} are three real sequences in [0, 1] satisfying cu, + B +
Yo =1 for alln > 1, {u,} is a bounded sequences in C. If >0 B, = oo and
Tn = 0(ay), then {x,}22, converges strongly to the unique fizved point of T.

Let C' be a nonempty closed convex subset of a normed space F.

In [11], Xu and Ori introduced the following implicit iteration process for a finite
family of nonexpansive mappings {T; }icr (here I = {1,2,--- , N}), with {a,} a real
sequence in (0, 1), and an initial point = € C:

Tn =1 —ap)rn—1+anThr,, Yn>1, (1.9)

where T, = Tjy(moan) (here the modN function takes values in I). Xu and Ori
proved the weak convergence of this process to a common fixed point of the finite
family defined in a Hilbert space. They further remarked that it is yet unclear
what assumptions on the mappings and/or the parameters {a,,} are sufficient to
guarantee the strong convergence of the sequence {x,,}.

Zhou-Chang [13] and Chidume-Shahzad [4] studied the weak and strong con-
vergences of this implicit process to a common fixed point for a finite family of
nonexpansive mappings, respectively.
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Inspired and motivated by the above said facts, we introduced an explicit iter-
ation process with mean errors as follows:

Tn4+1 = OpTy + ﬂnTnxn + Ynln, N > 17 (110)

where T, = Tp(moan), {@n}, {Bn} and {v,} are three real sequences in [0, 1]
satisfying o, + B + v = 1 for all n > 1, {u,} is a bounded sequences in C and zg
is a given point.

The purpose of this paper is to study the convergence of an explicit iterative
sequence {z,} defined by (1.10) to a common fixed point for a finite family of Ciri¢
quasi-contractive operators in normed spaces. The results presented in this paper
generalized and extend the corresponding results of Berinde [1], Rafiq [9], Rhoades
[10] and Zamfirescu [12].

In order to prove the main results of this paper, we need the following Lemma:

Lemma 1.1([2]). Suppose that {a,}, {bn} and {c,} are three nonnegative real
sequences satisfying the following condition:

Gp41 < (]- - tn)an + bn + ¢p, vn > no,

where ng is some nonnegative integer, t, € [0,1], 3> jt, = 00, by = o(t,) and
>0 o cn < 00. Then lim, .o an = 0.

2. Main results

We are now in a position to prove our main results in this paper.

Theorem 2.1. Let C' be a nonempty closed convex subset of a normed space
E. Let {T;}Y, : C — C be N operators satisfying the condition (CR) with F =
NN, F(T;) # 0 (the set of common fized points of {T;}Y.,). Let {an}, {8n} and
{Vn} be three real sequences in [0, 1] satisfying o+ Bn+vn =1 for alln > 1, {u,}
is a bounded sequences in C satisfying the following conditions:

(i) ZZ; Bn = 00;
(i) D02, vn <00 or v, = o(Bn).

Suppose further that xo € C is any giwen point and {x,} is an explicit iteration
sequence defined by (1.10), then {x,} converges strongly to a common fized point

of {Tz}fL

Proof. Since {T;}Y,:C — Cisan N Ciri¢ operator satisfying the condition
(CR), hence there exists 0 < h; <1 (i € I ={1,2,---,N}) such that

[z = Tiz]| + |ly — Tyl
2

|Te—Toyl| < b max{x—y, e =Tyl y—mn}. (2.1)

For each fixed i € I = {1,2,---,N}. Denote h = max{hy,hz2,---,hn}, then
0<h<1and

|z — Tix| + [ly — Thyl|
2

| T — Tyl < hmax{x—y, e =Tyl y—Tixn} (2.2)
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hold for each fixed i € I = {1,2,--- , N}. If from (2.2) we have

h
ITix = Tiyll < Sz — Tizll + lly — Tiyll],

then
h
ITix = Tiyll < 5z = Tizll + [ly — Tiyll]
h
< gllz = Tizl + lly — 2|l + llo = Tzl + | Tiw — Tiy|l]-
Hence
h h
(1 = )T = Ty < Gz — ol + hlla — T
which yields (using the fact that 0 < h < 1)
h
i = Tiy|| < 2l =yl + T lle— Tl (2:3)
T2 T2
Also, from (2.2), if
1Tix — Tiyl| < hmax{||z — Toyll, [ly — Tiz||} (2.4)

holds, then
(a) ||Tix — Tyyl| < h|lz — Tyyll, which implies || Tiz — Tyy|| < hl|lz — Tiz|| +
h||T;x — Tyy|| and hence, as h < 1,

h
e Tyl <

or
(b) |Tiz — Tyyll < h|ly — Tiz|| , which implies

[Tz = Tiyll < hlly — 2| + hlle — Tix]|. (2.6)

Thus, if (2.4) holds, then from (2.5) and (2.6) we have

[ = Ti]] (2.7)

h
Tyx — Tyl < h|ly —
ITiz = Tyl < hlly — 2l + 7—

Denote

Then we have 0 < § < 1 and L > 0. In view of (2.2), (2.3) and (2.7) it results that
the inequality
| Tix — Tyl < élla — yl| + Lo — Tix||. (2.8)
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holds for all x,y € C and ¢ € I.
Let p € F =NY, F(T;), using (1.10) we have

[Zn+1 = pll < anllen —pll + BullTnzn — pll + Yallun — pl|
< aonn —pll + ﬂnHTnmn _pH + M, (2.9)

where M = sup,,~{||un — p|[}. Now for y = z,, and = = p, (2.8) gives
[ Tnan — pll = | Tnzn — Topll < 6ljzn — pl|. (2.10)
Substituting (2.10) into (2.9), we obtain that

||xn+1 —p|| < (an +5n5)||$n —p|| + M
= (1= B — v+ Bnd)l|zn — pll + 7 M
< [1 =Bl =)llzn —pll + 1M (2.11)

From the conditions (i)-(ii), using (2.11) and Lemma 1.1 we have lim,_, ||z, —p|| =
0, and so lim,,_, o, x,, = p. This completes the proof of Theorem 2.1. O

Corollary 2.1([9]). Let C be a nonempty closed convex subset of a normed
space E. Let T : C — C be an operator satisfying the condition (CR). Let {an},
{Bn} and {7y} be three real sequences in [0, 1] satisfying oy, + Bpn + vn = 1 for all
n > 1, {u,} is a bounded sequence in C satisfying the following conditions:

(i) Zzozl ﬂn = 005
(i) D02, vn <00 or v, = o(Bn).

Suppose further that xo € C is any giwen point and {x,} is an explicit iteration
sequence as follows:

Tp41 = Qpdnp + ﬂnT Tn + Ynln, T > 17 (212)

then {x,} converges strongly to the unique fizved point of T.

Proof. By Ciri¢ [6], we know that T" has a unique fixed point in C'. Taking N =1
in Theorem 2.1, the conclusion of Corollary 2.1 can be obtained from Theorem 2.1
immediately. This completes the proof of Corollary 2.1. O

Theorem 2.2. Let C' be a nonempty closed convex subset of a normed space
E. Let {T;}Y, : C — C be N operators satisfying the condition (CR) with F =
NN, F(T;) # 0 (the set of common fized points of {T;}N.,). Let {a,} and {3,} be
two real sequences in [0, 1] with a, + By, = 1 for all n > 1 satisfying the following
condition:

(i) ZZ; Bn = 0.

Suppose further that zo € C is any given point and {x,} is an explicit iteration
sequence as follows:

Tn+l = Opdn + ﬂnTnxna n 2 ]-7 (213)

then {x,} converges strongly to a common fived point of {T;}V .
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Proof. Taking v, =0, Vn > 1 in Theorem 2.1, the conclusion of Theorem 2.2
can be obtained from Theorem 2.1 immediately. This completes the proof of The-
orem 2.2. O

Corollary 2.2. Let C be a nonempty closed convex subset of a normed space
E. Let {T;}Y, : C — C be N operators satisfying the condition (2.8) with F =
NN, F(T;) # O (the set of common fized points of {T;}Y,). Let {an}, {8n} and
{Vn} be three real sequences in [0, 1] satisfying o+ Bn+vn =1 for alln > 1, {u,}
s a bounded sequences in C' satisfying the following conditions:

(i) ZZ; Brn = 00;

(i) D02 vn <00 or v, = o(Bn).

Suppose further that xo € C'is any given point and {x,} is explicit iteration sequence

defined by (1.10), then {x,} converges strongly to a common fized point of {T;} N ;.
Remark 2.1. Theorem 2.2 and Corollary 2.2 improve and extend the corre-

sponding results of Berinde [1], Rafiq [9], Rhoades [10] and Zamfirescu [12].
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