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An iterative method for fixed point problems and
variational inequality problems*

MUHAMMAD ASLAM NOOR! YONGHONG Yaof
RuUDONG CHEN® AND YEONG-CHENG Liou¥

Abstract. In this paper, we present an iterative method for fired
point problems and variational inequality problems. Our method is based
on the so-called extragradient method and viscosity approrimation method.
Using this method, we can find the common element of the set of fized
points of a nonexrpansive mapping and the set of solutions of the varia-
tional inequality for monotone mapping.
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1. Introduction

Let C be a closed convex subset of a real Hilbert space H. A mapping A of C into
H is called monotone if
(Az — Ay,z —y) > 0,

for all x,y € C. A is called a-inverse-strongly-monotone if there exists a positive
real number a such that

(Az — Ay, z —y) > al| Az — Ay|)?,

for all x,y € C. It is clear that an a-inverse-strongly-monotone mapping A is
monotone and Lipschitz continuous.
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It is well known that the variational inequality problem VI(A,C) is to find z € C
such that

VI(A,C): (Az,y —x) >0,

for all y € C (see [1-3]). The variational inequality has been extensively studied in
the literature; see, e.g., [9-20] and the references therein. A mapping S of C into
itself is called nonexpansive if

1Sz = Sy|| < [lz = yll,

for all z,y € C. We denote by F(S) the set of fixed points of S. Recall that a
mapping f : C — C is called contractive if there exists a constant § € (0, 1) such
that

1f (@) = FWll < Bllz —yll, Vo,yeC.

For finding an element of F(S) N VI(A,C) under the assumption that a set
C C H is closed and convex, a mapping S of C into itself is nonexpansive and a
mapping A of C into H is a-inverse-strongly-monotone, Takahashi and Toyoda [4]
introduced the following iterative scheme:

Tnt1 = WnTpn + (1 — an)SPe(z, — A\ Azy,), (1)

foreveryn =0,1,2,---, where P¢ is the metric projection of H onto C, zyg = x € C,
{an} is a sequence in (0,1), and {A,} is a sequence in (0,2«). They showed that, if
F(S)NVI(A,C) is nonempty, then the sequence {x,} generated by (1) converges
weakly to some z € F(S)NVI(A,C). Recently, Nadezhkina and Takahashi [12]
introduced a so-called extragradient method motivated by the idea of Korpelevich
[5] for finding a common element of the set of fixed points of a nonexpansive mapping
and the set of solutions of a variational inequality problem. They obtained the
following weak convergence theorem.

Theorem NT ([12]). Let C' be a nonempty closed convex subset of a real
Hilbert space H. Let A : C — H be a monotone, k-Lipschitz continuous mapping
and S : C — C be a nonexpansive mapping such that F(S)NVI(A,C) # 0. Let the
sequences {x,}, {yn} be generated by

ro=x € H,
Yn = PC(xn - /\nAxn)a (2)
Tpi1 = QpTn + (1 - a’ﬂ)SPC(xn - )\nAyn) Vn >0,

where {\p} C [a,b] for some a,b € (0,1/k) and {a,} C [c,d] for some ¢,d € (0,1).
Then the sequences {xy}, {yn} converge weakly to the same point Pr(s)nvi(a,c)(Zo)-

Recently, inspired by Nadezhkina and Takahashi’s results, Zeng and Yao [13]
introduced another iterative scheme for finding a common element of the set of
fixed points of a nonexpansive mapping and the set of solutions of a variational
inequality problem. They obtained the following strong convergence theorem.

Theorem ZY1 ([13]). Let C be a nonempty closed convex subset of a real
Hilbert space H. Let A: C — H be a monotone, k-Lipschitz continuous mapping
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and S : C — C be a nonexpansive mapping such that F(S)NVI(A,C) # 0. Let the
sequences {x,}, {yn} be generated by

o =T € H,
Yn = Po(xn, — A\pAxy,), (3)
Tnt1 = QnZo + (1 - a’ﬂ)SPC(xn - )\nAyn) Vn >0,

where { A} and {an} satisfy the conditions:
(a) {\k} C (0,1 —0) for some § € (0,1);
(b) {an} C (0,1),3 07 5 on = 00, limy o0 @y, = 0.

Then the sequences {x,} and {y,} converge strongly to the same point

Ppsynvica,c)(wo)

provided
nh—>Holo [#n41 — an| = 0. (4)

Further, very recently, Zeng and Yao [14] introduced an extragradient-like ap-
proximation method basing on the extragradient method and viscosity approxima-
tion method and obtained the following very interesting result.

Theorem ZY2 ([14]). Let C be a nonempty closed convex subset of a real
Hilbert space. Let f : C' — C be a contractive mapping, A : C — H be a monotone,
L-Lipschitz continuous mapping and S : C — C' be a nonexrpansive mapping such
that F(S)NVI(A,C) #0. Let {x,},{yn} be the sequence generated by

ro=x € C,
Yn = (1 = ) Tn + Po(xn — AMAxy), (5)
Tn+1 = (1 — Opn — ﬁn)xn + anf(yn) + ﬂnSPC(xn - /\nAyn) Vn > O,

where {\,} is a sequence in (0,1) with > 2 A < 00, and {an}, {Bn}, {1} are
three sequences in [0, 1] satisfying the conditions:

(i) an + Bn < 1 for all n > 0;
(i) limp o0 ain = 0,5ty = 007
(i1i) 0 < liminf, .o B, < limsup,_,. Bn < 1.

Then the sequences {xy}, {yn} converge strongly to ¢ = Pp(s)nvia,c)f(q) if and
only if
{Ax,} is bounded and liminf(Azx,,y — z,) > 0,Vy € C. (6)

Remark 1. (1) The authors think that all of the above results are very inter-
esting and tmportant.

(2) We note that the iterative scheme (2) in Theorem NT has only weak con-
vergence. The iterative scheme (3) in Theorem ZY1 has strong convergence but
imposed the assumption (4) on the sequence {x,}. The iterative scheme (5) has
strong convergence but also imposed the assumption (6) on the sequence {x,}.
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This natural bring us the following question?

Question 2. Could we construct an iterative algorithm to approximate the
common element of the set of fixzed points of a nonexpansive mapping and the set of
solutions of the variational inequality for monotone mapping without any assump-
tions on the sequence {x,}?

In this paper, motivated by the iterative schemes (2), (3) and (5), we introduced
an new iterative method for finding a common element of the set of fixed points
of a nonexpansive mapping and the set of solutions of the variational inequality
problem for monotone mapping. We obtain a strong convergence theorem under
the some mild conditions.

2. Preliminaries

Let H be a real Hilbert space with inner product (-,-) and norm || - || and let C
be a closed convex subset of H. It is well known that, for any = € H, there exists
unique yg € C such that

[ = yol| = nf{llz —y[| : y € C}-

We denote yy by Poz, where P is called the metric projection of H onto C. The
metric projection Po of H onto C has the following basic properties:

(i

) [1Pox = Poy| < ||z — yl| for all 2,y € H,
(i) (x —y, Pcx — Poy) > ||Pox — Pcyl|? for every z,y € H,
)

(ii) (z — Pcx,y — Pcx) <Oforallz € H,y € C,

(iv) |z —y||? > ||z — Pox|* + ||y — Pox||? for all x € H,y € C.

Such properties of Po will be crucial in the proof of our main results. Let A be
a monotone mapping of C into H. In the context of the variational inequality
problem, it is easy to see from (iv) that

2 € VI(A,C) & z* = Po(x" — Nzx™), YA >0.

A set-valued mapping T : H — 2% is called monotone if, for all 2,y € H, f € Tx
and g € Ty imply (z —y, f —g) > 0. A monotone mapping T : H — 2 is maximal
if its graph G(T') is not properly contained in the graph of any other monotone
mapping. It is known that a monotone mapping 7T is maximal if and only if, for
(x,f)e Hx H,{x—y, f—g) >0 forevery (y,g9) € G(T) implies f € Txz. Let A be
a monotone mapping of C' into H and let Nov be the normal cone to C' at v € C;
ie.,

Nev={we H: (v—u,w)>0,YueC}.
Define
{AU—!—NCU, if v e C,
Tv = .
0, ifvégC.
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Then T is maximal monotone and 0 € Tv if and only if v € VI(C, A) (see [6]).

Now, we introduce several lemmas for our main results in this paper. The first
lemma is an immediate consequence of an inner product. The second lemma is well
known demiclosedness principle.

Lemma 2.1. In a real Hilbert space H, there holds the inequality

lz+yl? < ||z|® +2(y,z +y), Va,y€H.

Lemma 2.2. Assume that S is a nonexpansive self-mapping of a nonempty
closed conver subset of C of a real Hilbert space H. If F(S) # 0, then Ig is
demiclosed; that is, whenever {x,} is a sequence in C weakly converging to some
x € C and the sequence {(I — S)x,} strongly converges to some y, it follows that
(I — S)x =vy. Here I is the identity operator of H.

Lemma 2.3. ([7]) Let {z,} and {y,} be bounded sequences in a Banach space X
and let {B,} be a sequence in [0, 1] with 0 < liminf, o G, < limsup,,_, . OBn < 1.
Suppose Tpt+1 = (1 — Bpn)yn + By for all integers n > 0 and limsup,, . (||yn+1 —
Ynll = |Zn+1 — znl]) < 0. Then, lim,_oo ||y — x| = 0.

Lemma 2.4. ([8]) Assume {an} is a sequence of nonnegative real numbers such
that

An+41 S (1 - Un)an + 6n7

where {o,} is a sequence in (0,1) and {0,} is a sequence such that

(1) 32521 0n = 00;
(2) imsup,, .. 6n/on <0 or Y 07 |6n] < oo.

Then lim,,_, s a, = 0.

3. Main results

In this section, we will state and prove our main results.

Theorem 3.1. Let C be a nonempty closed conver subset of a real Hilbert
space H. Let A be a monotone, L-Lipschitz continuous mapping of C into H, S
be a nonexpansive mapping of C into itself such that F(S)NVI(A,C) # 0 and
f:C — C be a contraction. For given xo € C arbitrary, let the sequences {xn},
{yn}, {zn} be generated by

Zn = PC(xn - AnAAxn);
Yn = (1 = Yn)Tn + 1 Po(¥n — AnAzy), (7)
LTn+1 = (1 - O‘n)xn + ans[ﬂnf(xn) + (1 - ﬁn)yn],

where {A,} is a sequence in (0,1) with limy_00 A, = 0, and {an}, {Bn}, {1} are
three sequences in [0, 1] satisfying the conditions:

(i) imy,— 00 B = 0,307 B = 00,

(ii) 0 < liminf,,_, o o, < limsup,, ., a, < 1;
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(i) Timy, o0 (Yn1 — 1m) = 0.

Then the sequences {xn}, {yn}, {2n} converge strongly to the same point q¢ =
Ppsynvica,c)f(q)-
Proof. We divide the proof into several steps.

Step 1. {z,} is bounded.

Let z* € F(S)NVI(A,C), then * = Po(z* — N\, Az*). Put t, = Po(z, —
AnAzy). Substituting x by x, — A, Az, and y by * in (iv), we have

[tn — 2|1 < [l2n = AnAzn — 2|1 = |20 — AnAzy — ta?
= ||zn — 2%]|% = 22 (Azn, T — ) + X2 || Az, |2
—|zn = tall? + 220 Az, 2 — tn) — N2 || Az, |2
= llzn — 2|1 + 20 (Azp, 2% — tn) — |20 — tal|® (8)
= |lzn — 2*||® = |20 — tal* + 2\ (Az, — Az*, 2" — 2,)

+20, (Ax™, 2" — 2,) 4+ 20 (Azp, 2 — ).

Using the fact that A is monotonic and z* is a solution of the variational inequality
problem VI(A,C), we have

(Azy — Az™ 2" — z,) <0 and (Az™, 2" — z,) <0. 9)
It follows from (8) and (9) that

ltn — x*H2 < oy — x*||2 — |z — th2 + 22X (Azp, 20 — tn)
= ||zn — x*”Q — l(zn — 2n) + (20 — tn)HQ
F20, Az, 20 — tn)

= Hxn—x*||2 = ||lzs _Zn”2 — 2(®n — Zn, 2n — tn) (10)
_”Zn - tn||2 + 2)\n<Aznazn - tn>
= [|@, — x*”Q — |zn — Zn||2 — |lzn — tn”2

+2(xp — ApAzy — 2n,tn — Zn).
Substituting « by =, — A\, Az, and y by ¢, in (iii), we have

(X, — A ATy — 2yt — 25) < 0. (11)
It follows that

(AnAxp — MyAzn, ty — 2)

<
< MLlzn = zalll[tn = zall-
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By (10) and (12), we obtain

l[tn — x*H2 < l@n — x*||2 — |2 — Zn||2 — lzn — tn”Q
+2X\, Lz, — zn||||tn — 2all
< lzn — x*”Q —lzn — Zn||2 — l2n — tn”2
+AnL([|zn — Zn||2 + llzn — tn”z) (13)

< Hxn - x*||2 + (AL — 1)Hxn - Zn||2
+(AnL = 1)||2n — tal?.

Since A\, — 0 as n — oo, there exists a positive integer Ny such that A\, L —1 < —%
when n > Ny. It follows from (13) that

[t — 2" < [lzn — 7.
From (7), we have
lyn — 2" = [|(1 = ) (@n — 2%) + Yn(tn — 27|
< (I =v)llzn — 2| + ynllzn — 2%
= [|n — x|
Write W,, = Bnf(2n) + (1 — B1)yn, then we have
[Wa = 2™ = 1Bn(f(@n) = 27) + (1 = Bn) (yn — ") ||
< Bl flzn) — ™| + (1 = Bo)llyn — ™|
< Bullf(@n) = f@) + Bull f(2") — 2| + (1 = Bn)l|lzn — 27|
< BBnllan — 2™ + Bullf(27) — 2| + (1 = Bn)lzn — 27|
= Bnllf(@") — 2™+ [L = (1 = B)Bn]llzn — 7.
From (7), we have
[Zn+1 — 2| = (1 — an)(@n — 27) + an(SWy, — Sz¥)||
< (1 —ap)llzn — 2| + an||W, — 2%
< (1= an)llon — 2| + anfull f(z7) — 2|
d+an[l — (1= 8)Bu]l|zn — 7|
=[1 =1 = B)anbull|zn — 27|
+H(1 = Banbu 5 7") =)

1
< max{lzo — 27|, m\\f(x*) -z}

Therefore, {x,} is bounded. Hence {t,}, {Stn}, {Az,} and { Az, } are also bounded.
Step 2. lim, o0 ||Zn+1 — zn] = 0.
For all z,y € C, we get

(I = AnA)z — (I = M Ayl < [lz =yl + Anfl Az — Ay
< (L4 LAn)[lz = yll- (14)
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By (7) and (14), we have

[tn+1 = tall = [[Po(zns1 — Ans1d2n41) — Po(zn — Andzn)||

< N(@nt1 = Anr1Aznt1) — (T — A Az ||

= [(@nt+1 = Ant14Zn41) = (Tn — Anr1475)
Fhns1 (AT — Az — Axy) + M Azl

< [(@n41 — Ans1A2p41) — (Tn — AngrAzn) || (15)
A1 ([Azng1 ]l + [[Aznia || + [[Azall) + Anl[Azn|

< U+ Ausr D) s — 2l + A ([ A
Azl + [[Azn]]) + Anl[Azn -

Put w, = SW,, then x,+1 = (1 — a,)xy, + apu,. We can obtain

[unt1 = unll = [|SWiq1 = SWa|| < [Wiisr — Wyl
= [1Bns1f (@ns1) + (1 = Brg1)ynt1 — Bnf (@n) — (L = Br)yn|l (16)
< Brr(1F @na )L+ lynsall) + Bu(I1f (@)l + llynll)

HlYynt1 — yall
We note that
lYnt1 — Z‘/nH = (1 = Yng1)Tnt1 + Yngrtnsr — (L= yn)zn — 'Vnth
= ”(1 - 'Yn+1)(xn+1 - xn) =+ ('Yn - 'Yn—o—l)xn
+'7n+1(tn+1 - tn) + ('Yn—‘—l - 'Yn)tn” (17)

< (1- ’Yn+1)Hxn+1 = n| + [Yn41 — '7n|Han
+’Yn+1||tn+1 - tn” + |'7n+1 - %H\th

Combining (15) and (17), we have

[Yn+1 = Unll < Znt1 — 2ol + [t — yalllzall + [[Eal]) + Al Azn |
FAnt1(Lllznt1 — zoll + [[ATpg1 ]| + | Aznga || + [[Aznl]),

this together with (16) implies that

|Unt1 — Unll = [| 201 — 20|
< Bt (I1f @nt )| + yn1ll) + BallLf (@a) | + [lynl)
+n+1 = Wl([@nll + [[Enl]) + AnllAzn|
FAnt1 (Ll Tnt1 — znll + |Aznga || + Azt || + [[Azn ).

It follows that
limsup([|[tnt1 — tn| = [[Znr1 — 2znal]) < 0.
n—0oo

Hence by Lemma 2.3, we obtain ||u, — z,|| — 0 as n — oo. Consequently,

lim ||zp41 — zn|| = lim ap||u, — 2] = 0.
n—oo n—oo
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Noting that (15), we also have ||t,4+1 — tn|| — 0 as n — oc.

Step 3. lim, . ||Sz, — 2p| = limy— oo || St — tn] = 0.
Indeed, we observe that
[Szs — znll < [|Szn — SWa| + [|SWy — 24
< ln = Wall + [[un — 24|
< Bullf(zn) — znll + (1 = Ba)llyn — zull + [Jun — @n-
Noting that z,, = Po(x,), then we have
[tn — znll = [[Po(zn — AnAzy) — Ponll < Anl|Azn|| — 0,
and hence
yn — Zull = [y (tn — 20|l < Yalltn — znll — 0.
Thus from the last three inequalities we conclude that
|Sz, — xn|| — 0.
At the same time, we have
[Stn — tull < (St — S|l + |Szn — Zull + (20 — tall
< 2l|zn — tall + [|S2n — 20| — 0.

Step 4. limsup,,_,(f(q) — ¢, n —q) < 0.

Indeed, we pick a subsequence {z,,} of {x,} so that

limsup(f(q) = g;xn — ¢) = lim (f(q) = ¢,2n; — ). (18)

n—oo

Without loss of generality, let x,,, = & € C. Then (18) reduces to
limsup(f(q) = ¢, 20 —q) = (f(@) =@, % —q).

n—oo

In order to show (f(q) — ¢, % — ¢) < 0, it suffices to show that & € F(S)NVI(A,C).
Note that by Lemma 2.2 and Step 3, we have & € F(S). Now we claim that
&€ VI(A,C). Let

T — Av+ New, ifv e C,

v 0, ifveC.
Then T is maximal monotone and 0 € Tv if and only if v € VI(C, A). Let (v, w) €
G(T). Then we have w € Tv = Av + Ncov and hence w — Av € Newv. Therefore we
have (v —y,w — Av) > 0 for all y € C. In particular, taking y = z,,,, we get
(v — 2, w) = liminf{v — ,,, w)

> liminf(v — z,,, Av)

1—00

= hm inf[(v — ap,, Av — Axy,) + (v — zp,, Axy,)]

1—00

(
[

> hm mf(U — T, ATp,)
(

> liminf(v — x,, Az,)

1—00

>0
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and so (v — &,w) > 0. Since T is maximal monotone, we have & € T10 and
hence & € VI(A,C). This shows that & € F(S)NVI(A,C). Therefore, we derive
(f(g) —q,& —q) < 0. Then we obtain limsup,,_,..(f(¢) — ¢,z — ¢) < 0. At the
same time, it is easily seen that [|W,, — z,| — 0, it follows that

limsup(f(q) — ¢, Wn —q) < 0. (19)

n—oo

Step 5. lim,—.co |75, — g|| = 0 where ¢ = Pp(s)nvia,c)f(q)-

First we observe that

I f(xn) = F(@IIWn —qll < Bllzn — qlllBa(f(2n) —q) + (1 = Bn)(yn — 9
< BuBllzn — qllllf () —qll
+(1 = Bn)Bllzn — qllllyn — qll (20)
< BubBllzn — qllllf (@n) — gl + (1 = B)Bllzn — ql?
< Bullzn — qllll f (@n) = gqll + Bllzn — ql>.

From (7), (20) and Lemma 2.1, we get

[2ns1 = qlI* = (1 — ) (zn — ) + an(SWs — @) |1?

(1= an)llzn — ql” + anl|Wy — ql?

= (1= an)llzn — qlI* + anllBa(f(zn) — @) + (1 = Bn)(yn — @) |7

(1= an)llzn = ql* + anl(1 = Ba)*lyn — al?
+28n(f(xn) — ¢, Wi — q)]

< (1 - 20‘nﬁn)”xn - Q||2 + 20‘nﬁn<f(xn) - f(Q)a Wy — Q>
+20 80 (f (@) — 4, W — @) + o B2 llyn — al?

< (1= 2008 |20 — qlI? + 200 Bn || f(0) = F(@IWn — 4
+200Bn (f (@) — @ W — @) + B2 lyn — |

< 1 =201 = B)anbulllzn — qlI* + 2008 |2 — qll || f (zn) — 4l
+20 80 (f (@) — 4, W — @) + o Ballyn — ql?

= [1—2(1 = B)anBa]llzn — ql?

1
+2(1 = B)an B ¥ {mU(Q) —q,Wn—q)
ﬂn ﬁn 2
Tn = qllf(zn) —dll + o7 lyn — ¢
Sl = alllf ) = all + g e — al)
= (1_0n)“xn_QH2+§m (21)
where 0, = 2(1—3)n /3, and 6, = 2(1—3)n B x { 125 (£ (0) =@ W — )+ {225 | n —
allllf(zn) — ql + %Hyn — q|I*}. It is easily seen that limsup,, . 6,/0, < 0.
There fore, according to Lemma 2.4 we conclude from (21) that ||z, — ¢| — 0.
Further from ||y, — 2| — 0 and
[2n — @n|| = [[Po(zn — AnAzn) — Po(z)|
< Al Azn| =0,

IN

IA

+
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we get ||y, — ¢|| — 0 and ||z, — ¢|| — 0. This completes the proof. ]

Corollary 3.2. Let C' be a nonempty closed convex subset of a real Hilbert space
H. Let A be a monotone, L-Lipschitz continuous mapping of C' into H such that
F(S) £ 0 and f : C — C be a contraction. For gwen xo € C arbitrary, let the
sequences {xn}, {yn}, {2n} be generated by

zn = Po(xn — A\pAxy,),
Yn = (1 - lyn)xn + lynPC(xn - )\nAZn)7
Tn1 = (1 - an)xn + an[ﬁnf(xn) + (1 - 5n)yn]7

where {A\,} is a sequence in (0,1) with lim, 0o A\, = 0, and {an}, {Bn}, {7n} are
three sequences in [0, 1] satisfying the conditions:

(i) im,, o Bn, = 0, EZO:O Bn = 00,
(i1) 0 < liminf,,_, o o, < limsup,,_, ., a, < 1;
(44i) limp— o0 (Ynt+1 — ) = 0.

Then the sequences {xn}, {yn}, {zn} converge strongly to the same point q¢ =
Prs)f(q).
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