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A condition that a tangential quadrilateral is also
a chordal one

MIRKO RADICY ZORAN KALIMANT AND VLADIMIR KADUM?

Abstract. In this article we present a condition that a tangential
quadrilateral is also a chordal one. The main result is given by Theo-
rem 1 and Theorem 2.
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1. Introduction

A polygon which is both tangential and chordal will be called a bicentric polygon.

The following notation will be used.

If A1 A3A3A, is a considered bicentric quadrilateral, then its incircle is denoted
by C, circumcircle by Cy, radius of Cy by r, radius of Cs by R, center of Cy by I,
center of Cy by O, distance between I and O by d.

Figure 1.1
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The first one who was concerned with bicentric quadrilaterals was a German
mathematician Nicolaus Fuss (1755-1826), see [2]. He found that C; is the incircle
and Cy the circumcircle of a bicentric quadrilateral Ay Ay A3 Ay iff

(R? — d?)* = 2r*(R? + d?). (1.1)

The problem of findings relation (1.1) has ranged in [1] as one of 100 great
problems of elementary mathematics.

A very remarkable theorem concerning bicentric polygons is given by a French
mathematician Poncelet (1788-1867). This theorem is known as the Poncelet’s
closure theorem. For the case when conics are circles, one inside the other, this
theorem can be stated as follows:

If there is a bicentric n-gon whose incircle is C; and circumcircle Cs, then there
are infinitely many bicentric n-gons whose incircle is C; and circumcircle Cy. For
every point P, on C5 there are points Ps, ..., P, on Cs such that P, ... P, are a
bicentric n-gon whose incircle is C; and circumcircle Cs.

In the following (Section 3) bicentric quadrilaterals will also be considered, where
instead of an incircle there is an excircle. As will be seen, there is a great analogy
between those two kinds of bicentric quadrilaterals.

2. About one condition concerning bicentric quadrilaterals

First, let us briefly discuss the notations to be used.
If A1A3A3A, is a given tangential quadrilateral, then by t1, to, t3, t4 we denote
its tangent lengths such that

ti + i1 = |AiAi+1|7 i=1,2,3,4. (2.1)

By (1, B2, B3, B4 we denote angles £ TA; A;11, i = 1,2,3,4, where [ is the center
of the incircle of Ay AsA3Ay4. (See Figure 2.1)

Figure 2.1.

The following theorem will be proved.
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Theorem 1. Let A1 AsA3Ay be any given tangential quadrilateral, and let tq,
la, ts, ty be its tangent lengths such that (2.1) holds. Then this quadrilateral is also
a chordal one if and only if

[Aids| _ Ao Aal
f— pr— k
t1+t3  tattiy ’

(2.2)

where
1< k<2 (2.3)

Proof. First we suppose that (2.2) holds. From Figure 2.1 we see that the
equality |A; A3|? = k(t1 + t3)? can be written as

| A1 Ag|? + |Ag As|? — 2| A1 As||As As| cos 2By = K(ty + t3)?

or

2 g2
(t1 +t2)? + (ta +t3)% — 2(ty + t2)(t2 + zeg)tr;‘Jr—r2 =k(ti+1t3)%,  (24)
2
since )
1 — tan”® (B T
cos2fy = ———— ta = —.
Pz 1 + tan? 165 n 2 to

The equality |A; A3|? = k(t1 + t3)? can also be written as

12 p2
(ty +t4)? + (tg +13)% — 2(ts +ta)(ts + tg)t;‘Jr—TQ =k(t1 +1t3)%,  (2.5)
4

where
204 = measure of <A; A4 A3, cos2By = (13 —r?)/(t5 +1?).

In the same way can see that the equality |AsA4|?> = k(ts + t4)? can be written
in the following two ways:

t2 2
(t1 +t2)2 + (t1 +t2)2 — 2(t1 + t2)(t1 + t4)t§+—:2 = k(ts +t2)%  (2.6)
1
2 2 t% —r? 2
(tg + t2) + (tg + t4) — 2(t3 + t2)(t3 + t4)t2+—7“2 = k‘(tz + t4) . (2.7)
3

Solving equation (2.4) for to we get

(tz)l = [— 4’/‘2t1 — 4T2t3 —
((4r2t1 Fdr2ts)? — A(dr? 13 — Kt — ity — 2ktyts + 2 — kt2)
1
(P22 — kr?t? + 2r2tyts — 2krtyts + 123 — kr2t§)> 2]/
(2(4r® + 11 — kt] — 2t1t5 — 2kt1ts + 13 — kt3)), (2.8)
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—4r?ty — 4rits +

((4r2t1 Fdr2ts)? — A(dr? 12 — Kt — 2ty — 2ktits + 2 — kt2)

-

(t2)2 =
(

r?t] — kr*t] + 2r¥tits — 2kr*tits + rt3 — kr2t§)> E]/
(2(4r® + 11 — Kkt — 2t1t3 — 2kt1ts + 13 — kt3)). (2.9)

It is easy to see that equation (2.4) in t5 has the same solutions as equation (2.5)
in t4, that is

{(t2)1, (t2)2} = {(ta)1, (ta)2}-
Since equation (2.4) has t9 as one solution, and equation (2.5) has ¢4 as one solution,
it follows that
{(t2)1, (t2)2} = {(ta)1, (ta)2} = {t2, 24} (2.10)
Putting t2 = (t2)1, t4 = (t2)2 in (26) we get

(14 k)r2(t1 + t3)?
—4r2 + (—1+ Rt} + 2(1 + k)tats + (—1 + k)13

= t1ts. (2.11)

Solving this equation for t3 yields

. e{ﬁ —t; —2Vk t; — kty —t1+2\/Et1—kt1}
5 ~

ty’ —1+k ’ —1+k

Thus, the only positive t3 is given by

ty = —. (2.12)
31

Now we find that from (2.8) and (2.9) there follows

’/‘2(t1 + t3)2(1 — ki)
(t —t3)? + 412 — k(ty + t3)?’

(t2), - (t2)2 =

which according to (2.10) and (2.12) can be written as
toty =12, (2.13)

That also t;t3 = r2, that is
t1t3 = t2t4 = 7“2, (214)
follows from (tl +i2+13 —|—t4)7‘2 = t1tots +tatsts +13tat +t4tyto putting t4 = r2/t2.
Namely, we get 72(ta + t4) = tit3(t2 + t4), from which follows t1t3 = r2.
We shall prove that these relations are sufficient for a tangential quadrilateral
to be a chordal one. The proof is as follows.

Since
t% —7r?
2 +r2’

2 2
ty—r

208y = -
cos 235 25

cos204 =
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using (2.14) we can write

(r?/ty)? — r? 2 — 12
20,4 = = - = —cos2fs.
S = ey T g s

In the same way we find that cos 233 = — cos 2.

Thus, from (2.2) it follows that the given tangential quadrilateral A; As A3Ay is
also a chordal one since 231 +2033 = 2032+ 234 = 7. In this connection let us remark
that it is not difficult to check that identically holds

r(ty +to +t3 +tg) = /(t1 +t2)(t2 +t3)(ts + ta)(ts +t1)

for every positive numbers r, t1, to, t3, t4 such that tits = toty = 72

Now we prove that relations (2.14) are necessarily for a tangential quadrilateral
to be a chordal one. The proof is easy; namely, it is easy to see that

cos 239 = —cos 234

or 2 2 2 2
ty —r _ ty—r

242 3402

is valid only if toty = 72.

In the same way it can be seen that cos23; = — cos 233 only if t1t3 = r2.
Here let us remark that the following holds. If Ay A;A3A, and B;BsB3B, are
two bicentric quadrilaterals which have the same incircle and

123 +ti+1 = |A1A1+1| ) 1= 172a374
u; + Uj4+1 = |BlB1+1| y 1= 1,2,3,4
t1t3 = t2t4 = 7"27

Uru3 = UgUq = 7"2,
then these quadrilateral need not have the same circumcirle. It will be only if
t1te + tols + t3ts + t4l1 = urug + ususz + usug + uguy = 2(R2 — d2).

(See Theorem 3.2 in [3].)

In this connection may be interesting how radius R can be obtained and some
other relations. In short about this.

Let Cy and C5 denote the incircle and the circumcircle of the considered bicentric
quadrilateral A1 A A3 Ay, and let the other notation be as stated in the introduction.

The radius of C5 can be obtained using well-known relations which hold for a
bicentric quadrilateral:

ayas + asaq)(aras + azaq)(arays + azas)
16J2 ’

where a1 = t1 +ta, ag = to +t3, a3 =tz +ty4, ag = t4 +t1, J = area of AjAsA3Ay.
It can be found that

R2 = ( J2 = 41020304

10203 (203G4 430461 — G400
2_ 2, 92, 2 2 1a2a3 20304 30401 40102
16R" = aj + a3 + a3 +aj + + + +

2.15
a4 ay ag as ( )
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or, using relations (2.14),

g2 o (P2 + B[ + 21%%2)0"2 +13) + 4r’tita] (2.16)
16726212
Now we shall prove that
2R?
k= ———. 2.17
R? +d? (217)

For this purpose, in (2.8) and (2.9) we shall put % instead of k, and % instead
of t3. It can be found that

(R? — d®)t; + VD

ta)1 = 2.18
(t2)1 e : (2.18)

(R? —d*)t, — VD
ta)o = 2.19
(t2)2 e : (2.19)

where
D = (R* — d**t; —r*(r* +1])% (2.20)
It is easy to check that (t2)1 - (t2)2 = r? or, since (2.10) holds,

toty = 12 (2.21)

Besides, we have to prove one lemma. In this lemma will be used values ¢,, and
tyr given by
tm =V (R—d)? =12, ty =+ (R+d)? —r2. (2.22)

See Figure2.2. As can be seen, t,, and tj; are the lengths of the least and the
largest tangent that can be drawn from Cs to Cf.

Figure 2.2

Lemma 1. Let uqy be any given value (tangent length) such that

tm S (5] S t]\47 (223)
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and let us, us, uy be given by

= 2.24
U2 7"2 +’LL% ) ( )
2
r
= 2.25
us 'Uzl, ( )
2
r
= 2.26
Uy ’LLQ, ( )
where
D = (R? —d*)?u? — r?(r? +u?)?. (2.27)

Then the bicentric quadrilateral ByBoBsBy, where |BiBiv1| = w; + w1, © =
1,2,3,4, has the same incircle and circumcircle as the considered quadrilateral
A1 A3 A3A,.

Proof. Since in the expression of us appears the term v/D, we have to prove
that D > 0 for every u; such that t¢,, < u; < tj;. For this purpose, as can be
readily seen, it is sufficient to prove that D = 0 for u; = ¢,, and u; = tp;. The
proof is as follows:

(R? — &)t — (" +t2,)* = (R— d)*[(R* — d°)* — 2r*(R* + d*)] = 0,
because of (1.1)
(R* — d?*)?*t3, — r?(r* +13,)° = (R — d)*[(R* — d*)* — 2r*(R* + d*)] = 0.
That C is incircle of B;B>B3Bj, it is clear from

2
(U1 4 ug + us + ug) = ugugus + UgUsUg + USULUT + ULUL U2

= 7”2(’LL2 + us + ug + u1), since ujus = usuy = r2.

To prove that Cs is circumcircle of By By B3 B4 we have to prove that

[(r2 + ud) (r? + ud)][(r® + ud) (r® + u3) + dr?uus]
16r2ufu3

= R% (2.28)

First, using us given by (2.24), we find that (r? 4+ u3)(r? + u3) in (2.28) can be
written as 2(R? — d?)ujus.
Now, it is easy to see that

2(R? — d*)ujus [2(R? — d*)ujus + 4r’uyug| = 16R*r*uiuj

is equivalent to Fuss’ relation (1.1).
Thus, Lemma 1 is proved. (Cf. with Theorem 3.3 in [3].) O
It remains to prove that k given by (2.17) is not only sufficient but also necessary
for AjAs A3 A, to be a bicentric one. It will be proved using one of the relations
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(2.4)-(2.7). So, starting from (2.4) we can write

t3[(t1 + t3)% — k(t1 + t3)%] + 4r%(ty + t3)tate + r2(t1 +t3)*(1 — k) = 0,
t2(ty +t3)(1 — k) 4+ 4r%tyty +1r2(ty +t3)(1 — k) = 0,

1— /{3 - —4T2t1t2
()2 +83)
1— /{3 - —4T2t1t2 o 2’/‘2
- _ - 2 _ 2
2(R2 — d?)t, - & Tcﬁt;;\/ﬁ R? —d
since to = (t2)1 given by (2.18) .
Now, we have
1 2R? 272 o R? — 2 272
_ - _ I - _
R2 1 42 R2 _ 2 R2 1 42 RZ _ g2’

since Fuss’ relation (1.1) holds.
At the end we prove the following assertion: If A; A; A3Ay is a bicentric quadri-

[A1As| _ |A2A4| _
lateral, then s = G = VEk.

Proof. Let denote by F relation obtained from (2.4) putting

(R? —d*)t, + VD r’ r? 2R?

to = L ts=—, ta=—, k= =
: 2+ 13 ’ ! R? + d2

where
D = (R? — d*)*t2 — r2(r? +t3)2.
Using computer algebra it is easy to show that

F < (R* - d*)? - 2r*(R* + d*) = 0,

which proves |A; As| = (t1 + t3)v/k. In the same way can be proved that |AsAy|
(t2 + ta)Vk.

This completes the proof of Theorem 1.

Now some of its corollaries will be stated.

Corollary 1. Let ty, ta, t3, t4 be any given lengths (in fact positive numbers)
such that tits = toty = r2, and let R?> and d? be given by

ool

g2 o L2 )+ B2 + )2 + 85) + 4t 599
B 16r2t3t3 ’ (2.29)

1t
2 L0224 B + B2 4 1) — ity -
B 16726713 ' (2:30)

Tty

Then holds Fuss’ relation (1.1).
Proof. From (2.29) and (2.30) it follows

(B - )2 = el 231

2%2(R? + d?) — [(r2+2) (r2 +45))2

232
4212
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O
Corollary 2. Under the condition of Corollary 1 it holds
t1to + tots + taty + 14t = 2(R2 — dz)
Proof. Since (2.31) holds we can write
2 2 _ (PP (P4 t5)
2(R? — d?) ) (2.32)
7’2 7‘2
= (tl + H)(tg + E)
= (tl + t3)(t2 + t4)( since t3 = §7t4 = g)
= l1l2 + oty + tata + taty.
O
2
Corollary 3. If k = Rz%dz and (1.1) hold, then every positive solution of the
system with equations (2.4)-(2.7) can be expressed such that there holds
b <t1 <1lm,
(R? —d*)t, + VD r2 r?
ta = ) D) ) t3 = — ’ ty = —
re 417 t1 to

where D = (R? — d?)*t3 — r?(r? +12)2.
Corollary 4. Let A1AsA3A4 be any given tangential quadrilateral and let tq,
ta, t3, t4 be lengths of its tangents such that
ti +tiy1 = |A1'Ai+1|, 1=1,2,3,4.
Then this quadrilateral is also a chordal one iff

t1t3 = ’/‘2, (233)

where r is radius of the incircle of A1 AsA3Ay.
Proof. From (t1 +t2 + t3 + t4)7”2 = t1toty + totsty + tgtaty + tatits it follows

. t1t2t3 — T2(t1 + t2 + t3)

A
Putting t3 = % we get
L) s
(2 +1r2)ty b
Thus, (2.14) it holds and Corollary 4 is proved. O

Corollary 5. Instead of (2.33) in Corollary 4 it can be put taoty = r2.
Corollary 6. Instead of (2.33) in Corollary 4 it can be put
tq ts

= . 2.34
2+r2 3412 ( )
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Proof. From (2.34) it follows

tltg(tl — t3) = ’/‘2(t1 — t3).

O

Let us remark that ¢; = t3 only if d = 0, and in this case it holds t; = t3 = r,

t1t3 = 7"2.

Corollary 7. Instead of (2.33) in Corollary 4 can be put

P
242 342

Corollary 8. Instead of (2.33) in Corollary 4 can be put

t%—rQ _r2—t§
242 r24427

Corollary 9. If (2.33) is fulfilled, then

ﬁsin(x = 2r?
4t ‘R24 a2

where c; = measure of <A;—1A;Air1 (Of course, Ag = Ay).

Proof. As
. 2rt; 2rt; 2r
sina; = — 5 =13 = )
ti +r ti + titi+2 t; + ti+2
we can write
ﬁ . 167 4r
sino; = = = ,
Py ! [(t1 + t3)(t2 + t4)]? (R? —d?)? R?+d?

since (t1 + t3)(t2 + t4) = tita + tots + tsts + tat; = 2(R? — d?) and holds (1.1).

Corollary 10. It holds

4
8r2

E SIN O SIN G411 = m .

i=1

Corollary 11. It holds

4
E cos a; cos ai+1 = 0.
i=1

? — 72 r? — t?

Proof. cosa; = 55 COSQiyp =

ty+r

r2+12

(2.35)

O
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Corollary 12. Let ty1,to,t3 be any given lengths (in fact positive numbers).
Then there are lengths t4 and r such that
4 4

O tr? = titiativn,  titatsts =1, (2.36)
i=1 i=1
Proof. From
b= titats — 12 (1 + b2 + t3) ‘o rt
4 ’/‘2 — t1t2 — t2t3 — t3t1 ’ 1T t1t2t3

we get the following cubic equation for 72

8 — pd(tity + tots + taty) + 12 (t + to + t3)titats — t3t5t2 = 0.

Its roots are given by

(7”2)1 = t112, (7”2)2 = tot3, (7“2)3 = t3ty.

O
Corollary 13. If (2.36) holds, then there are three possibilities:
tity = taty, tolg =tat1, t1lz =1ols.
Proof. According to Corollary 12, it holds
t1t tol t3t
(ta)1 = -2, (ta)2 = 23, (ta)s = =2
t3 t1 to
O

In the third case we have a bicentric quadrilateral.
Corollary 14. If the first part of (2.36) holds, then
4 4

r ti
t1t2t3t4=r4<:>2;:2f.
=1 =1

3

Corollary 15. All of the bicentric quadrilaterals which have the same incircle
and the same circumcircle have the same product of diagonals. In other words, if
A Ay A3 Ay is a bicentric quadrilateral, then

|A; As| - |AsAy| = 2(R% 4 2r2 — d?)

Proof. Since
2R? 2R?
A As| - |As Ay = (t1 4+ t3)(ta 4+ ty) ————= = 2(R? — d*) ——
| A1 As| - [Az Ayl (1+3)(2+4)R2+d2 (R )R2+d2

it is easy to show that

2 2
2(R? — d%) - R?i;d? —2R*+2r* —d*) =0 += (R* - d*)? - 2r*(R* +d*) = 0.
O
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3. The case when a quadrilateral is a tangential one in rela-
tion to an excircle

Let A; As A3 A4 be a tangential quadrilateral such that there is a circle C; with the

property that
|AiAii1| = |t; — tiga], 1=1,2,3,4 (3.1)

where ¢; is the length of the tangent drawn from A; to C; (see Figure 3.1).

Figure 3.1.

Such a tangential quadrilateral, for convenience in the following expression, will
be called ex-tangential quadrilateral. In the case when A; As A3Ay is also a chordal
one, then such a quadrilateral will be called ex-bicentric quadrilateral. The following
notation will be used.

If AjAsA3A, is a considered ex-bicentric quadrilateral, then its excircle is de-
noted by C1, circumcircle by Cs, radius of Cy by r, radius of Cs by R, center of Cy
by I, center of Cy by O, distance between I and O by d.

As it is well-known, the Fuss’ relation (1.1) also holds for ex-bicentric quadri-
laterals. In this connection let us remark that from (1.1) it follows

d® = R* +r® £ \/AR?r? + 14,
and that for ex-bicentric quadrilaterals holds

d? = R? +r? + \ARr2 4 r4, (3.2)
whereas for bicentric quadrilateral considered in the preceding section holds

d* = R® + 1% — \/4R%r? 4 14, (3.3)

Also let us remark that circles C7 and Cs are not intersecting in the case of
ex-bicentric quadrilateral since from (3.2) it follows

d>>R>+r>+2Rr or d>R+r.

Now we can prove the following theorem.
Theorem 2. Let A; As A3Ay be any given ex-tangential quadrilateral and let tq,
ta, t3, t4 be its tangent lengths such that

lti — tip1] = |Aidipa|, i=1,2,3,4. (3.4)
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Then this quadrilateral is also a chordal one if and only if

[A1ds| _ |A2Asl _

- , (3.5)
t1 + t3 to + t4
where
0<k<l1. (3.6)

Proof. First we suppose that (3.5) holds. From Figure 3.2 we see that the
equality |A; A3|? = k(t1 + t3)? can be written as

|A1A2|2 + |A2A3|2 — 2|A1A2||A2A3| COS Qvg = k(tl + t3)2

or

2 2
(t1 —to)? + (ta — t3)> + 2(t1 — to)(t2 — t?’)t§+—r2 = k(t; +t3)?, (3.7)
2
since
t% —r?
= — ‘2 = — .
COS vy cos 23 t% e

The equality |A; Az|> = k(t; + t3)? can also be written as

ti—rQ
2+ r2

(t1 —ta)? + (tg — t3)* + 2(t1 — t4)(ts — t3) = k(t, +t3)* (3.8)

Figure 3.2.
In the same way can be seen that equality |AzA4]? = k(t2 +t4)? can be written
in the following two ways:

2 2
ti—r

(t1 —t2)? + (t1 — t4)? — 2(t1 — t2)(t1 — ta) e = k(t2 + t1)?, (3.9)

2_,2
(t3 —t2)? + (t3 — t4)? — 2(t3 — t2)(t3 — t4)§§+—r2 = k(t2 + t4)% (3.10)
Solving equation(3.7) for to we get

27"2(tl + t3) + \/5

11
(tl — t3)2 _ k(tl + t3)2 + 472 (3 )

(t2)12 =
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where
D = drt(ty +t3)% — [(t1 — t3)* — k(ty +t3)* + 477 [ (L 3)* (1 — k). (3.12)

It is easy to see that equation (3.7) in t5 has the same solutions as equation
(3.8) in t4, that is

{(t2)1, (t2)2} = {(ta)1, (ta)2}-
Since equation (3.7) has t2 as one solution, and equation (3.8) has ¢4 as one solution,
it follows that
{(t2)1, (t2)2} = {(ta)1, (ta)2} = {ta, ta}- (3.13)
Putting to = (t2)1, ta = (f2)2 in (3.9) we get

T2(t1 + t3)2(1 — k’)
(tl — t3)2 — k(tl + t3)2 + 472

= tits. (3.14)

From (3.11) it follows

r2(t; +t3)%(1 — k)

(E2)1(t2)2 = (t — t3)2 — k(t1 + t3)% + 4r2 (3.15)
which according to (3.13) and (3.14) can be written as
tits = toty. (3.16)
Solving equation (3.14) for t3 we get
n=t (e= TRy Ao gy
First we consider the case when t3 is given by
ty = g . (3.18)
In this case, according to (3.16), it holds
tits = toty = 2. (3.19)

The proof that A; As A3 A, is in this case also a chordal one is done in the same way
as that in Theorem 1.

Let C5 denote the circumcircle of A; A3 A3 A4 and let the other notation be stated
as in the beginning of this section. The radius of Cy is given by

(ab + cd)(ac + bd)(ad + be)
16.J2 '

where a =t —t9, b =1ty —t3, c = t4 —t3, d = t; — t4. It can be found that

R? = J? = abed

(2 + 026 + B2 + B0 + ta)* — r?ts]

R? =
167r2t2t3

(3.20)
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Now we shall prove that
_ 2R?
R4 d?
For this purpose in (t2); and (t2)2, given by (3.11), we shall put R%Lj_; instead of
k, and g instead of t3. It can be found that

(3.21)

(d2 — R2)t1 + \/5
r2 +t? ’

(d?> — R*)t; — /D

t p—
(t2)1 r2 +t?

(t2)2 =

(3.22)
where
D = (d® — Rt —r*(r® +13)% (3.23)
It is easy to check that (t2); - (t2)2 = r2 or, since (3.13) holds,
toty =12
In the following lemma will be used lengths t,, and t;; given by
tm=+({d—R)3Z2—72, ty=+/(d+R)?—r2 (3.24)

See Figure 3.3. 1t holds

tm = [MN| = V= RE =72, tar = |PQ| = /A RE— 12

Figure 3.3.

Lemma 2. Let uy be any given value (tangent length) such that

tm < ur < tar, (3.25)

and let us, us, ug be given by

2_R2Vu

Uy = %@ 7 (3.26)
us =, (3.27)
uy =, (3.28)

where
D = (d® — R*)?u? — r?(r? +u?)?. (3.29)
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Then the ex-bicentric quadrilateral By BaBsBy, where |B;Biy1| = |u; — uiq1], @ =
1,2,3,4, has the same excircle and circumcircle as the considered quadrilateral
A1 AsA3A,.

Proof. Since in the expression of uy there appears the term /D, we have to
prove that D > 0 for every u; such that ¢,, < uy < tp. For this purpose, as can
be readily seen, it is sufficient to prove that D = 0 for w; = ¢,, and u; = tp;. The
proof is as follows:

(d? — R®22, —r?(r* +12)? = (d — R)*[(d* — R*)* — 2r*(d* + R?)] = 0,
(d® — RH*63, — r*(r* +13,)* = (d — R)*[(d* — R?)? — 2r?(d® + R?)] = 0.
That C; is the excircle of B1ByB3By is clear from
72 (U — Ug + Uz — Ug) = —ULUUZ + UpU3Uy — U3ULUT + UgU1 Us,

since ujus = usug = 2. (See relation (3.10) in [4].)
To prove that Cs is the circumcircle of By By B3B,s we have to prove that

(02 + ) (0 + )] + ) (0 +uF) — druyug)

= R?. 3.30
16r2u?u? ( )

The proof is analogous to the proof of (2.28). The Lemma 2 is proved. O

In connection with the relation (3.21) let us remark that in the case when (3.19)
holds, then from each of the relations (3.7)-(3.10) follows & given by (3.21). So,
starting from the relation (3.7), we can write:

(12 +72)(1 — k)3 — 4rtite + r2(t3 +1r2)(1 — k) = 0,
o 4r’tqt
L=k = ey

(d27R2)t1+\/5

from which, since ty = o

, we get

2r2

S 25

Putting k = diim we have the equality

1 2R* 22
d2+R? 42— R?’
since Fuss’ relation (d? — R?)? = 2r%(d? + R?) holds.
Now we shall consider the other two solutions for 3 given by (3.17), that is

1+ VR 1+ V)t
(t3)2 = N (t3)s = Yy

Putting (3)2 instead of ¢3 in (3.11) we get

(t2)1 = M (t2)2 = t1.

1—VEk
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It is not difficult to see that from

1-vE = 1-Vk

follows that Cs must be a point, that is, ¢t; = 0.

In the same way can be seen that (¢3)s is possible only if ¢; = 0.

At the end we prove the following assertion: If A;AsA3A, is an ex-bicentric
quadrilateral, then

bt t4) = {tl, 1+ VRt (1+VE)t 7t1}

A A AsA
[A14s| _ [A2dd]
t1 +13 to + 14
Proof. Let denote by F relation obtained from (3.8) putting

(d* = Rty + VD r? r? 2R?
ty = D) P} y t3=——, ta=——, k:ﬁ7
e 417 R 4-d

where
D = (d® — R®)*t2 —r?(r? +t3)°.
Using computer algebra it is easy to show that

F < (d* — R*)? — 2*(d* + R?),

which proves |A; As| = (t; + t3)V/k. In the same way can be proved that [Ay Ay =
(t2 + ta)Vk. O
This completes the proof of Theorem 2. O
Here are some of its corollaries.
Corollary 16. Let Ay As A3 Ay be an ex-bicentric quadrilateral and let |A; Aiyq1] =
|ti - t¢+1|, 1= 1,2,3,4. Then

g2 o L2+ )2+ B[ + ) (r? + 83) — 4r¥tat]

31
16721713 ’ (3:31)

2= [+ R)? + B[ + ) (r? 4 8) + drPtits]
1672212 ’
The proof is analogous to the proof of Corollary 1.
Corollary 17. It holds

(3.32)

r? +8)(r? + 1)

2(d2 _ RQ) — ( tltz

= tilo + tots + tsty + taty.

The proof is analogous to the proof of Corollary 2.
Corollary 18. Ifk = (pa_im and (1.1) holds, then every positive solution of
the system with equations (3.7)-(3.10) can be expressed such that following holds

tmgtlgtMa

(d® — R)t1 +vD r? r?
lo = D) y lz=—, tyg=—
’I“2 + tl tl tg




50 M. RADIC, Z. KALIMAN AND V. KADUM

where D = (d? — R?)%t2 — r2(r? +t3)2.
Corollary 19. Let A1 AsA3A, be any given ex-tangential quadrilateral and let
t1, ta, t3, t4 be lengths of its tangents such that

[ti — tiva1] = |[Aidipa], 1=1,2,3,4.
Then this quadrilateral is also a chordal one iff
tity =12, (3.33)

where r is the radius of the excircle of A1 As AsAy.
Proof. From

(ty — b + t3 — t)r? = —tylols + totsty — tstaty + tatyto

it follows
 titats + 12t — ta 4 13)

4 7‘2+t1t2+t2t3—t3t1 '

Putting t3 = % we get
B r2(ty +r?) B r2
R CET I
O
Corollary 20. Instead of the relation given by (3.33) each of the following five
relations can be put:
tots =12,
31 i3 12 21
2+ 24127 242 2443
t2—r2 22 32 213
42 24137 342 24ty

Corollary 21. Let (3.33) be fulfilled. Then

sinq; = ——,
— d2 + R2

where a; = measure of <A;_1A;Air1, Ag = Ayg.
Proof. Analogous to the proof of Corollary 9. O
Corollary 22. It holds

4
Z . . 8r?
SIN & SIN G341 = d272
—-T
i=1

Corollary 23. It holds

4

E cos a; cos i1 = 0.
i=1
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Corollary 24. Let t1, to, ts be any given lengths (in fact positive numbers).
Then there are lengths t4 and r such that

(t1 —to +t3 — t4)7“2 = —t1tols + totsty — talaty + tatito, (3.34)

t1t2t3t4 = T4 (335)

Proof. Analogous to the proof of Corollary 12. Here we have the equation
8ttty + toty — taty) — r2(t) — to + t3)titats — t3t3t2 = 0,

whose roots for 72 are given by

(7‘2)1 = —tltg, (7"2)2 = —t2t3, (7"2)3 = t1t3.

Corollary 25. Let (3.34) and (3.35) be fulfilled. Then

4

4
.r t1
titotsty = rt — Z(—l)l; => (1)’

: : T
i=1 =1

Corollary 26. All of ex-bicentric quadrilaterals which have the same excircle
and the same circumcircle have the same product of diagonals. In other words, if
A A5 A3 Ay is an ex-bicentric quadrilateral, then

|A1A3| . |A2A4| = 2(d2 - 27"2 - R2)

Proof. The proof is obtained in the same way as the proof of Corollary 15,
namely it holds

2R?

A= B

—2(d* —2r* = R?) =0 <= (d* — R*)? - 2r*(d* + R*) = 0.

O
In this connection let us remark that in [4, Theorem 3.2] it is proved that

tity + tots + taty + tat; = 2(d* — R?).

Acknowledgement. The authors wish to acknowledge the remarks and suges-
tions from the referee.

References

[1] H. DORRIE, 100 Great Problems of Elementary Mathematics, Their History
and Solution, Dover Publication, Inc., 1965. (Originally published in German
under the title Triumph der Mathematik)



52 M. RADIC, Z. KALIMAN AND V. KADUM

[2] N.Fuss, De quadrilateris quibus circulum tam inscribere quam circumscribere
licet, Nova acta acad. sci. Petrop. 10 (St Petersburg 1797), 103-125.

[3] M. RADIC, Some relations concerning triangles and bicentric quadrilaterals in
connection with Poncelet’s closure theorem, Math. Maced. 1 (2003), 35-58.

[4] M. RADIC, Some relations concerning triangles and bicentric quadrilaterals in
connection with Poncelet’s closure theorem when conics are circles not one
inside of the other, Elemente der Mathematik 59(2004), 96-116.



