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ON ALGEBRAIC EQUATIONS CONCERNING CHORDAL
AND TANGENTIAL POLYGONS

Mirko Radic¢

Abstract

Some properties of the equations (11) and (12) are proved (Theorem 1-5)
and established that the positive roots of these equations are radii of a
sequance of chordal or tangential polygons with the same lenths of sides or
the same lengths of tangents.
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1. Preliminaries

A polygon with vertices A, ..., A, (in this order) will be denoted by A; ... A,
shortly by A. The lenghts of its sides will be denoted by ‘AIA2 ‘, o |ALA, ‘ ora, ..., d,

and the interior angle at the vertex A;by ajor LA , i.e.

LA =LA L AA, i=1..n

n—1+i

Of course, indices are calculated modulo n.

A polygon A = A;...A, is a chordal polygon if there exists a circle ¢ such that
each vertex of A lie on €.

Apolygon A = A; ... A, is a tangential polygon if there exists a circle ¢'such that
each side of A lie on a tangent line of €.

In this paper we shall use the following notation used in [1] and [2].

If it is a question of a chordal polygon A;...A,, then C is the centre of its circum-
circle, and fy, ..., B are the angles such that

B,=LCAA,, i=1..n (1a)

Ifitis a question of a tangential polygon A; ... A,, then Cis the centre of its inscri-
bed circle, and the angles f3;, ..., B, are such that 8, = 5 LA, thatis

B,=LCAA, i=1..n (1b)
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If A; ... Ay is a chordal polygon or a tangential polygon, then by ¢, ..., ¢, will be
denoted the angles such that

¢.=LACA, , i=1..,n @)

-1
Symbol [nz] If n is a positive integer, then

[n_l}= n—1 if nis odd, [n_l]= n-2 if n is even.
2 2 2 2

n
Symbol P .1f jand n are positive integers and j<n, then P" is the sum of (] )pro-

ducts of the form
cosf, ..cosfB, sinf3, ..sinf,
1 i i+ 1 "
where (iy, iy, ..., i,) is a permutation of {1, 2, ..., n}. For example:
P’=cosf, sinf, sinf,+sinf, cosf, sinf, +sinf, sinf, cosp,
P} =cosf, cosfB, cos B, sinf, +cosf, cosf, sinf, cosf, +
+cosf, sinf, cosB, cosf, +sinf, cosfB, cosfB, cosp,.

Symbol S; (xy, ..., x,). Let xy, ..., x, be real numbers, and let j be an integer such that

n
1<j=n.ThenS§;(xy, ..., x,) is the sum of all (] )products of the form X X, where

iy, ..., ij are different elements of the set {1, ..., n}, thatis

S}. (X, x,)= inl...xij.

I=iy<.<ij=n
Symbol T!". The sum S; (tan B, ..., tan ,,) will be briefly written as T'.

Symbol CJ’?. The sum S; (cot B, ..., cot B,) will be briefly written as C7

Notice 1. In the following where t;, ..., t, will be lenghts of tangents we shall, for
brevity, write SJ’? instead of S; (ty, ..., t,).

Forexample: S) =t +t, +t,,S) =tt, +tt +4t,S =t Lt,.

One property of the angles 8; and ¢; given by (1a), (1b) and (2).

In this paper we shal use oriented angles. As it is known, an angle Z PQRis posi-
tively or negatively oriented if from QP to QR is going counter-clockwise or clock-
wise.
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Itis very important to remark that the angles §; and ¢; have opposit orientation,
that is, if 8; is positively oriented, then ¢, is negatively oriented, and vice versa. For
example, see Fig. 1.

Fig. 1

The measure of an oriented angle will be taken with sign + or — depending on
whether the angle is positively or negatively oriented.

2. Connection between chordal and tangential polygons

Itis easy to see that every tangential polygon determines a chordal polygon. So,
if A=A;...A, is any given tangential polygon and if B, ..., B, are its tangential points
with the circle inscribed into A such that B;.€AA,+i1, i=1, ..., n, then the polygon B
is a chordal polygon determined by the polygon A and it is valid

B,=4CAA,  =LCBB,,, i=1,..,n (3)
b’ LA 1 4)
= i=1..,n
o+t
where r is the radius of the inscribed circle into A,b,=BB,, |,i=1,...,n,and t,,
..., ty are the lenghts of the tangents of A, i.e.
t=|AB|i=1,..,n
Let us remark that (4) follows from
b; = 2rcos 3;, b; = 2tsin B (5)
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Consequently, for any relation which is valid for a tangential polygon there is a
relation which is valid for the corresponding chordal polygon. Therefore, the rela-
tions (3) and (4) will play important role in the following considerations.

Notice 2. In order that every chordal polygon be the corresponding of a tangen-
tial polygon, we shall permit that some of the angles by, ..., b, may be zero, but we

7T . .
shall exclude that some of the angles b, ..., b, may be 3 (two consecutive vertices

the same).

In the following considerations we shall use only oriented angles. So, if it is a
question of a chordal (tangential) polygon 4; ...A,, then f, ..., 8, will be the measu-
res of the oriented angles

LCAA,, i=1,.,n

i+17
Definition 1. Let A=A;...A, be a chordal polygon, and let k be a positive integer
such that k < n;l] Then the polygon A will be called k-chordal polygon if

B.+..B, =(n— 2k)%, ©)

B,>0,i=1,...,norB, <0,i=1,...,n
It is easy to see that the chordal polygon A;...A, is a k-chordal polygon iff
Qi t...+pn = 2k, 7)
¢;>0,i=1,..,nor¢p;<0,i=1, .., n.

So, for example, if p; > 0,i=1, ...n, then §; < 0,i=1, ..., n, and from (7) it follows
that

(T -26)+...+ (7 - 2 Bn) = 2k,
which can be written as (6). Conversely, from (6) it follows that
261+ ... + 23, =nm -2k
or
(T -p1) + ... + (- pn) = nmw -2k,

which can be written as (7).
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Definition 2. Let A = A;... A, be a tangential polygon, and let k be a positive inte-
-1
ger such thatk < [nz] Then the polygon A will be called k-tangential polygon if

B.+.4B, =(n—2k)%,

fi>0,i=1,..,norB <0,i=1,..,n

It is easy to see that a k-tangential polygon has the property that any two of its
consecutive sides have only one point in common.

In [2] we have proved the following result (Theorem 2 and its Corollary 3):

(Theorem 2) Let A = A;...A, be a given 1-tangential polygon. If t;,... ¢, are the
lengths of its tangents and r the radius of its inscribed circle, then r is a solution of
the equation

SIx"T = SIS~ 4 (=1) S =0, 8)
or
Sf“x”_l _ Ssr1xn—3 +S;1+1xn—5_“'+(_1)s S:l1+1 - 0’ (9)

where 7 is an odd number, and s = (1+3+5+...4+n)+1.

-1
(Corollary 3) Let m be a positive integer such that m= ! 5 where n=3is odd,

andletr, k =1, ...,m, be the radius of k-tangential polygon whose lengths of its tan-
gents are t, ...., t,. Then every r, is a solution of the equation (8), i.e.

ST =S T+ ST — 4 (=1)° I =0. (10)
Similarly holds for the equation (9) where n+1is an even number. (In [2], Theo-
rem 1, it is proved that for each k=1, ..., % there exists k-tangential polygon

whose tangents have the lengths #;, ..., t,.
The following theorem is a generalization of Theorem 2 and its Corollary 3 gi-
ven in [2].
Theorem 1. Let A = A;...A, be a tangential polygon, and let its tangents have the
lengths ti, ...t If B1,..., By are such that
Bu>0,u=iy, .., ijand B, < 0, v=ijy1, ..., Iy

then the radius r of the inscribed circle into A is a solution of the equation

S/ x" = S x4 S~ 4 (=1)" S =0, nis odd 11)
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or
Six"r = SIx" 4+ SIx" = A (=1) S" =0, nis even (12)
where
51 = (1+3+5+...4n)+1, s, = (1+3+5+...+(n-1))+1 (13)

and where instead of t,, v=ij;1, ..., i, is written —t,.
Of course, here S''is not referred to the numbers ty, ..., t, but to the numberst, , ..., t,,
-t .., —t , thatis 1 '

j+1

S'=S.(t ,....t ,—t
j j Vi i

1

p= ), i=13,5,...

j+1

Proof. First we shall prove the following lemma.
Lemma 1. If B = B;...B, is the chordal polygon determined by A, then

8, +..4B, =h-%,h€{0,1,2,...,n—2}. (14)

Proof. Since

o, t..+o,

= 2k, ke{o,l,...,[n;l]}

[~(@—28,)if B,20
PiZ 2B, if B, <0

or

if follows thatjp, +...+¢, =‘mr— 2(B,+...+8,)

Z‘ﬁl +... 4, |=nm— 2kn|

which can be written as (14)
Lemma 2. If ‘ﬂ1 +.+pB, =), ] 6{0,1,..., n— 2}, then

T/ T/ +T) —..+(=1)"" T/ =0, nisodd (15)

T'-T,+T —..+(-1)>T" =0, niseven (16)

n—1

and if|B,+..+p,

=(2j+17,j €{0,1...,n=2} then
Cl = Cl +Cl —..4(=1)" C! =0,n, is odd (17)
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C/-C+C —...+(-1)= C'_ =0, niseven (18)
where sy and sy are as in (13).

Proof. In [2], Lemma 1, it is proved that (17) and (18) is valid if

T
0<p. <—,i=1,..,n
p.<5

4 n—1
B, =(—20 %, k=1,...,| ==
pototh, == k=1, [ "]

In exactly the same way can be proved that (17) and (18) are valid for the given
condition here in Lemma 2. Also, in like manner can be proved (15) and (16).

Let us remark that from (17) and (18) (dividing with (=1)** C} or (—=1) C"_,)we
get

1=T) +T —..+(=1)"T" =0, (19)

=T/ +T) —..+(=1)>T", =0, (20)

n-2
Now, if cot §;in the equations (17) and (18) is replaced by t—; if §; > 0 and by _—:‘ if
Bi < 0, we shall get the equtions
St =SS = 4+ (=1)" S = 0 nisodd
S =St 4 SIrT O — 4 (1) S" = 0, niseven.

So, Theorem 1 is proved.

Corollary 1.1. If some of B4, ..., B are equals zero, then we can use the equation with the
terms T." instead of C;'.

Some special cases will be discussed in more detail in the following examples
which may be interesting.

Example 1. The triangle A;A,A; in Fig 2a is a tangential triangle and B;B,B; is its
coresponding chordal triangle. Since

‘AlBl ‘: ‘AlBB‘: t'[ 4

A,B,|=|A,B,|=t,,

A3BZ ‘: ‘ABB?)‘ = t3
and f; < 0, we can use the equation 1- T, = 0, that is

1—(tan B, tan B, +tan B, tan B, +tan B, tanB,)=0

or
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r r r r r r
I-|——+——+——|=0

-ttt Lt -

In the case when 8; = 0 (Fig. 2b), then t; = », and we have the equation 7 = tots.
Of course, the same result can be obtained from the equation S}r* — S} =0 or
(since f < 0)
(—t, +t, +t)r* —(—t)t,t,=0.

Namely, if t; = o, then 7 = bis.

5 By 4

(2) (b)
Fig. 2

Example 2. Let A;A,A3A, be a tangential quadrangle where 81 < 0, and let 5, = 0.
Then the equations T, — T, = 0 for f; = 0 can be written as

tan B, + tan B3 + tan By - tan B tan B3 tan By = 0.

Using the expression tan 3, = tl' we get ¥ = bts + tsty + Lty (Fig. 3).

Of course, the same result can be obtained using the equation S, r* — S} = 0 ta-
king t; = .

Example 3. Let B = B;...B; be a chordal pentagon like this in Fig 4. The corre-
sponding tangential pentagon has property that t; = t; = ». Using the equation
1-T;) +T. = 0, we get

t2t3t4 - (i’z + t3 + t4) 7’2 = 0

80



Rad Hrvat. akad. znan. umjet. 491. Matematicke znanosti 15 (2005), str 73-98.

M. Radi¢ On algebraic equations concerning chordal and tangential polygons

Fig. 3

So,ift, =t;=1t,=1,thenr= \/f

Theorem 2. Let ty, ..., t, be any given lengths and let m be any given integer such that

l=m= %3 . Then any m of the angles B, ..., B, may be negative.

Proof. Since

n—Z[n; 3}= 3if nis odd,

n—2 [n; 3]= 4if nis even,

thatis
n—-2m = 3if nis odd,
n-2m =4if niseven,

it is easy to see that is a lenght r such that

< r R r T
— ) arctan—+ arctan—= (n—2(m+1))—.
E St ;= (1=20m+1)

i i=m+1

And Theorem 2 is proved.
In the following corollary will be used the symbol o (1) given by

IO

(1)

(22)
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where
n-2u-1=3if nisodd,
n-2u-1=4if niseven.

Corollary 2.1. Let ty, ... t,, be any given lenghts. Then there are at least o (n) tangential
polygons whose tangents have the given lengths.

Proof. If all of the angles 3y, .., B are positive then there are [n;l] tangential po-

lygons whose tangents have the given lengths. If one of the angles 3y, ..., B is nega-

n
tive, then there are (1 ) [nz] tangential polygons whose tangents have the given

lengths. And so on.
From the following two corollaries will be clear that the number of tangential
polygons whose tangents have the given lengths may be greater than o(n).
Corollary 2.2. Let S]f’ ,j=1,3,05, .. bereferred to the numbers —t,t,, ..., t,. Then the
equation

n—=3 n—>5
2

n—1
n.. 2 _ Qha, 2 n
S'x Six 2 +5x

— ..+ (=1)°* S = 0,nis odd

or

n—2 n—4 n—6
2

Six 2 —SIx 2 4+S'x 2 — . +(-1)= S

o= 0, niseven

) n " )
where s; and s, are as in (13), has no less then [}— 1positive solutions.

-1
Corollary 2.3. If t;>t,+...+t,, then there are [?12] tangential polygons whose tan-

gents have the lenghts ty, ..., t,. In other words, the equations in Corollary 2.2 have all positi-
ve solutions.
Proof. Let nn be odd. Then

no__ n—1
S/=—t+5
no__ n—1 n—1
Sl=—t 5+
Sl=—t S48

Sl=—t8"!

17 n-1

where Sz."_1 ,i=1,2,...,n—1is referred to the numbers f,, ... t,.
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Itis easy to see that the numbers S|, S, ..., S are all negative, and by Vietas for-
mulas itis clear that the equation can not has a negative solution (since the all other
by Corollary 2.2. are positive). In the same way we find it is valid if 7 is an even
number.

For example,if n =5,t; =5,t, = t; = t; = t5; = 1, then
—X*—(-5:6+4)x + (-5) =0 or x*-26x+5=0
x,=13+.164, x,=13—+164

r1=5.07998, 1,=0.44017

The pentagons are as in Fig. 5.

In Fig. 6 we see another two tangential pentagon whose tangents have the
lengths t; = 5, t, = t; = t; = t; = 1. The radii of their inscribed circles are the solu-
tions of the equation Sr* — SJr* +S2 =0 or 9 - 347> + 5 = 0, where now S,
i =1,3,5is referred to the numbers 5,1, 1, 1, 1. We find that

r1= 190381, r,=0.39151.

Let us remark that there are others tangential pentagons whose tangents have
the lengths 5,1, 1, 1, 1. The following combinations are possible:

5/ _ll 1/ l, 1
5/ l/ _1/ 1, 1
_51 _1r 1/ 1, 1
-5, 1, -1, 1, 1
5, 1, -1, -1, -1
5, -1, 1, -1, -1
But there are no tangential pentagons for the combinations
5, 1, 1, -1, -1
5/ 1/ _1/ 1, —1

Notice 3. As it can be seen, it is very difficult to say with precision about the
number of all together tangential polygons whose tangents have the given
lengths. It is because the expressions S are not so simple. So, for example, if n = 7,
j =3, then

S, =(=t)S; +S5 if =t ,t,,.. b

7

S =(—t)(=t,)S +[(—t )+ (=t,)] S+ S if —t,,~t,, t,,..., L
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Sy =(=t) (=) (—t)F[(=t) (= t,)+ (=t (—t;) (=1, )(-1;)] S} +
+[(—t1)+(—t2)+(—f3)]5§+S§ if_tl’_tzf_tytz;""'t

7.

o A

Fig. 5

A As

Ay As

Fig. 6

In the case when n is an even number, then it is possible to be infinity tangential
polygons whose tangents have the given lengths. So, for example,ifn = 6,¢; = ... =
t;=1,and Sf’ isreferred to the numbers 1,1,1,-1,-1,-1 then Sf’ =0,i=1,3,5.Thus,
in this case we have the equation

0 + 0r* + 0 = 0.

The situation is like this in Fig. 7. But in this case such a tangential polygon has
two consecutive vertices the same, and we do not consider (by Notice 2) such cases
in this paper.
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A2 = A5
A] = A6
A3 = A4
Fig. 7

The following theorem is concerning the question: If by, ..., b, are the lengths of
the sides of a 1-chordal polygon, are there the k-chordal polygons with k>1 and the
same lenghts of sides?

In [1], Corollary 1.2, we have proved: If b, ..., b, are the lengths of the sides of a
k-chordal polygon, then

>b,>2kb, j=1,...,n. 23)
i=1

But the converse may not be valid fok k>1. Namely, the above inequality may
be fullfilled, but may not be a k-chordal polygon for k>1 whose sides have the
lengths by, ..., by,

In the folowing, for brevity, we use the symbol S(x;, ..., x,,, y) defined as follows:
If x1, ..., X, y are some real numbers, then

S(x1, .oy X0, y) = 0 24)
is the equation

Sy = SISy S — (1) S! =0,

3

where

n=

_ [n if nis odd
n—1 ifnis even

s=(1+3+5+...+n)+1

$r=8 (0 %,), =13,
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Theorem 3. Let B = By... B, be a 1-chordal polygon and let A=A;...A, be its correspon-
ding tangential polygon. Further, let by, ..., b, be the lengths of the sides of B and ty, ..., t, be
the lenghts of the tangets of A. If in the equation

Sty ..ty ) =0

we put : - instead of t;, i= 1, ..., n we shall get the equation with the property

\ar* =b;
that for each its positive root i there is a k-chordal polygon whose sides have the lengths b,
ceer b

Proof. Let r; be a positive root of the such obtained equation. Then there are po-
sitive numbers t, i=1, ..., n such that

po o b i=1,

: 1/411’;—171.2’1_

Hence, according to the relation (5), it follows that there is a k-tangential polygon
with the property that its corresponding k-chordal polygon has b;, ..., b, as the
lengths of its sides.

Corollary 3.1. Let by, ..., by, be given lengths (in fact some positive numbers), and let x;,
..., X be as follows

ey I

b.
L,i =1,..,n.
4y - b}

If the equations S(xy, ..., x,, y) = 0 has not a positive root, then there is not a positive integer
k such that there is a k-chordal polygon whose lenghts of sides are by, ..., by,. In the case when
the equation has m positive roots, then for each k=1, ..., m there is the k-chordal polygon
whose sides have the lengths by, ..., by,.

Corollary 3.2. Let ty, ..., t, be given lengths. Since the equation S(ty, ..., t,, ¥) = 0 has
n—1 . n—1 . .
5 positive roots 1, k=1, ..., 5 which are all different, let

X. =

rH>1> ... > 1y,

-1
where m = [”2} Then for each positive integer k<m there is k-chordal polygon whose

lengths of sides are given by
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For example, if n = 5 and r, is the less positive root the equation
Srt =8’ +52=0,i.e.

2 _ S (8) — 458
: 28;

7

then there are 1-chordal pentagon and 2-chordal pentagon with property that
their lenghts of sides are given by

2 2

) =4r2 +t
i 2 2
1, i

,i=1,...,5

In this way we may find the lengths by, ..., bs which may be the lenths of the si-
des of a 2-chordal pentagon.

Corollary 3.3.1fb; = ...= b, = b, then foreachk =1, . [ > 1]there is the equailateral

k-chordal polygon whose side has length b. The radii of their circumcricles are the solutions
of the equation

b b
5(\/4 T ,r):(]. (25)
re— r =

For example, if n = 7, then we have the equation

(=B (o)~ = 0o

b o
where x = ————"1ts positive roots are

Var* —b*
b
Tk=7k‘n,k=l,2,3.
2sin—
n
It is easy to prove that the equation (26) can be written as
P®—P+P’=(—1)""" cosp(k), k=1,2,3

where

. 6
ﬂ(k)=(n—2k)ﬂ, p’= ()cosﬁ(k)sm B(k),
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pY= (g)c053 B(k)sin® p(k), PS = (g) cos® B(k)sin f(k),

b b\
Cosﬁ(k)zg, sin (k)= 1_(2r) .

k k

Corollary 3.4. Let B = B;...B,, be a chordal polygon such that

B, >0,u=i,.i, B,<0,0=i,,,..,i

n*

If|B, +... +B,

replaced by

=jn,j€{0,1,...,n—2},let tan 5, and tan B, in the equation (15) or (16) be

v

————— and ——=—= respectively. The positive roots of the such a obtai-
\art =b? \art =b?

ned equation are the radii of the circucircles of the chordal polygons whose lengths of sides
areby, ..., b,

Analogously holds in the case when ‘ﬂl +...+8,

(20).

Of course, if some of fy, ..., are zero, say 1 = 0, then 2r = b;. But the problem
may be as follows. If the lengths b;, ..., by are given, then the length b, may be wan-
ted so that 8, = 0.

The following exaples will be considered in more detail.

Example 1. Let B = B;B,B;B, be a chordal quadrangle such that
B1+P2+P5+PB4=0. If the situation is like this in Fig. 8, then

_ﬁ1_ﬂz =‘ﬁ1+ﬂz‘=ﬂ3+ﬁ4

=(2j— 1)%.Then can be used (19) or

since 81 < 0, B2 < 0. Using the equatin T14 — T34 = 0 we find that
_ (blbz B b3b4 )(ble B bz b4 )(bzbs B b1b4 )
D 7

rz

(27)

where D = (4 area of B)Z, that is

D=b* +b* +b! +b* —8b,b,b,b, — 2b°b> — 2b°b* — 2b°b* — 262> — 2677 — 26217

1727374

0
If by = bs, by = by, then 1> = 0 or 072 = 0. Thus, in this case there are infinity chor-

dal quandrangles whose lenghts of sides sre by, by, b3, ba.
In the case when each of 3, 8, B3, B is positive or each is negative, then (as it is
well knowen)
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o (b,b, +b,b, )(b,b, +b,b,)(b,b, +b,b,)
D 7

(28)

1

where D; = (4 area of B)?, that is
D=—-b; —b, —b; —b; +8b,b,b,b, +2b; b} +2b7b] +2b:b; +2b7 b} +2b.b] +2b2b;.

The similarity between (27) and (28) may be interesting.

Example 2. Let by, by, b; be given lengths and let by be wanted so that; < 0,i =1,
2,3, B4 = 0. Thus, by must be 2r. It is easy to prove that r is the positive root of the
equation

4r> = (b2 + b2 +b2)r—b,b,b, = 0.

Fig. 8 Fig. 9

The situation is as in Fig. 9, where b, = ‘AlA . ‘ It may be interesting that the ab-

gles y1, y2, y3, are required in the following problem:

Let by, by, bs be given distances from a point 0 (Fig. 10). The angles y1, 92,3 are
required to be so that the area of APQR = maximal.

Itis easy to prove thet the angles must be equal to the angles y1, %2, y3 in Fig. 9.

o
, P
2 14
i b
143

['4]

bs

R
Fig. 10
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Corollary 3.5. Let A = A;...A, be a tangential polygon such that no one of B, ..., B is
zero. Then the area of A = ‘rSl” ‘, where in S;' stand —t; instead of ti for each f3; < 0.

-1
FAD=A® . AY k=1,.., [HZ} is the k-tangential polygon whose tangents have

the lengths ty, ..., t,, and if y, ..., Yy, where m= [nz], are the positive roots of the equation

obtained multiplying the equation
Sy x" =Sl XTSI T L (=1)" SE =0
by (S!')""* and puttingy = xS!', then
area A® = Yo k=1,..,m

where y1 > Yy >... > Yy,

Also, by Vietas formulas, it is valid y? +...+y2 = S'S}.

Corollary 3.6. Let m, n, q be positive integers such that n = 3, mq = n, and let t, ..., t,
be positive numbers sucht that

by = ti i=1,.,mj=1,.,q-1

Then S(t, ..., t,, 1) is divisible by S(ty, ..., ty, 7).

Proof. Without loss of generality we may, for simplicity, take an example, say, n
=15, m = 5,q = 3, since in all other cases it is analogous.

So, in this case we have

by =ts=1tn
b=t =t A= As=An
3 = tg =f13
ty =ty =ty

ts =t =t15

Since the equation

15 14 15 12 15,10 158 15_.6 15 .4 152 15 _
St =S7r +8r = S+ ST =S + 850" =5.=0 (29)
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has 7 positive roots 1, k = 1, ..., 7 there are 7 tangential polygons such that for
each k < 7 there is one k-tangential 15-gon whose tangent have thelengths t;, ..., t;5.

Ay=Ag=Ay
i A =As=Ay
h
i
Ay =A;=Ap B Ay=Ag=Ap,

Is
As=Ap=Ass
Fig. 12

In Fig. 11 and Fig 12 are showed 3-tangential 15-gon and 5-tangential 15-gon
whose tangents have lengths ty, ..., t;5. Their radii are the positive roots of the equa-
tion

Sirt =S+ =0, (30)

where S7, 57, S are referred to the lengths t;, ..., t5.

Accordingly, the polynomial
SI%7 = SPx0 4+ 80x7 = §Fx 4 51%7 — % =SB+ 8lx
is divisible by the polynomial S]x* — S7x+S].
Notice 4. The above corollary is a special case of the following theorem. But it
may be useful for better comprehension of the geometrical interpretation of the
following theorem.

Theorem 4. Let m, n, q be positive integers such that n = 3, mq = n, and let t,, ..., t, be
real numbers different form zero such that

ti+jm = ti, i= l, ceey m,j = 1, veey q—l (31)

Then S(t, ..., t,, 1) is divisible by S(ty, ..., ty, ).
Proof. Let f4, ..., B, be different from zero and such that

ﬁi+jm = ﬁi/ i = 1, ey m,j =1, cveey q—l
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Then

sin(B,+..+8,) sing(B,+.48,)
sinf,...sinf,  (sinB,+.+8,)"

Using induction on 7 it can be seen that

sin(B,+..+8,)

=C'=Cl'+C'—..H-1)yC".
sinf,...sinf3,) -GG CC

Thus, it is sufficient to show that

sing(B,+.4p,) sin(f,+.4p,)
(sinf,...4,)" = sinf,...B,

= F(cotf,,...cotB,,),

where F(cot f34, ..., cot B,,) is a whole function of cot 3, ..., cot 5.
First it is clear that

q -1, q q-3 2n2
sinqy ' siny _(1)cos Y (3)COS Ysin© Y+...
sin(8,...8,)" sinf,..f, sin(B,...0,,)""

4

wherey =1 + ... + .

Also it is clear that Z cos’ 'y — (Z) cos’? y sin® ¢ +...can be written as a sum of

the products of the form

(cos™ B, ...cos’ B +sin“*t B sin®r B )T
j i1 m

where iy, ..., i,€{1, ..., m}, ki+...+k, = m.

This complete the prof of Theorem 4.

In the following corollaries we shall use some symbols which will be here intro-
duced.

Let X= (x4, ..., x,) be a sequence, where x, ..., x, are real numbers. Then by S(X, r)
will be denoted the polynomial S(x;, ..., x;, 7).

The sequences X | = (xi1 yorer X, )y X, =(x, ,..., x,)are called a partition of the
sequence X = (xj, ..., Xp) if there isa bijection '

AL ..,ny={1,..,n}

such that f(u) = v implies x, = x, foreachu =1, ..., n.
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Corollary 4.1. Let m, n, q be positive integers such that mq = n, and let Ty, ..., T, be a
partition of the sequence (t1, ..., t,) such that

T|=mi=1,..q (32)
where ‘Tl ‘ is the number of members in T;, I

S}.(Ti)=Sj(Tl),i=1,...,q,j=1,3,...,ﬁ1 (33)
then S(Ty,r) = S(T,, r), i=1, ..., g and
S(ty, ..., t,, 1) is divisible by S(T, 7).

Proof. Because of (32) and (33) the situation is the same as in the case when (31)
holds.

Here are some examples.

16
Examplel.Ifn=6,m=3,g=2,and t; =1, ¢, =3, t3=€,t =2t =4,t

6
4 5 6 g'
then

t1 + tz + t3 = t4 + t5 + t6, t1t2t3 = t4t5t6 (34)
(14.4r" — 242.41* + 297.6) : (7.2r* = 9.6) = 2r* — 31.
Generally, if (34) hold, then
Sirt =St + S0 =(Sirt = S)(2r* = tt, — Lt — bt =t —tt —tt,)
where S =t +t, +t,S] =t 1t

3753 17273°

Especially if t; = t, t, = t5 t; = t6, then
Sirt =S’ + 52 =(S)r* — S))(2r* — 2S)).
Example 2. If n = 10, m = 5, t; = ti15,i=1, ...5, then
St =S+ 80 =S =S =28 = S5 + S0)(rf = Sir* +S))

Analogously holds generally if n = 2m.

Corollary 4.2. Let u, v, z, be elements of the set {0, 1, 2, ...} where z=3 is an odd num-
ber, and let Ty, ..., Ty+, be a partition of the sequence (1, ..., t,) such that for eachi =1, ...,
u+v is valid

‘Ti‘=z or ‘Ti‘=z+1, (35)
S{(T) = S¢(T1),j=1,3,5, ..., z. (36)
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Then

S(T,r)=8(Ty,r),i=1,..,u+0v (37)

S(ty, ..., t,, 1) is divisibile by S(Ty, 7). (38)

Proof. Since (36) implies (37) and each root of the equation S(T73, r) = 0is a root
of the equation S(ty, ..., t,, r) = 0, it is clear that (38) must be valid.

The following examples will be discussed in detail.

Example1.Ifn =7t =1, t, =4, t3=7,ty =t; =t, =1,t;, = 9, then

Tl = (tll tZ/ t3)/ TZ = (t4/ t5/ t6/ t7)
is a partition of the sequence (t;, ..., t,) such that
S1(T7) = S:(T>) = 12, S5(T1)=S3(T,)=28,

where u = v = 1, z = 3. The root of the equation S(T;, ) = 0, that is of
1277 - 28 = 0, is a root of the equation

S/r°=Sir*+S8r* =S =0,
where S7 = 24, S7 =884, 5] =2040, S] =252.
The root r= % is the radius of the 2-tangential heptagon whose tangents have

lengths 1,4,7,1,1,1, 9. The radii of 1-tangential and 2-tangential heptagon whose
tangents have lengths 1, 4,7, 1,1, 1, 9 are the positive solutions of the equation

2r' =697 +9 =0,
where (247° — 884r* +2 0407* — 252) : (12* — 28) = 2r* — 697" + 9.
Example 2. Againletben =7, butt; =1, t, =-1,t; =2, t, =-1,ts=t, = t; = 1.
Then
T,=(1,-1,2),T,=(-1,1,1,1)
is a partition of (1,-1,2,-1, 1, 1, 1) such that
51(T1) = Sz(Tz) = 2/ 53(T1) = Ss(Tz) = -2
Hence S(Ty, r) = S(To, r) = 2% + 2,5(1,-1,2,-1,1,1,1) = 4° + 6* =2, and

4r® +6r*+ 07 -2) =2t + ¥ -1) 27" + 2).
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In this case there is only one tangential heptagon whose tangents have lengths
1,-1,2,-1,1,1,1. The radius of its inscribed circle is the positive root of the equation

2
2/ + " ~1=0, thatisr= \g The equation 2/* + 2 = 0 has not positive root, i.e. the-

re is not a triangle whose tangents have lengths 1, -1, 2.

Thus, the polynomial S(#, ..., t,, ¥) may be reducible although there is no a tangen-
tial polygon whose tangets have given lengths. In this connection let us remark that
in the proof of Theorem 4 the only condition for f3;, ..., fnistobe f; # 0,i = 1, ..., n.

Also, let us remark that converse of Corollary 4.1. and Corollary 4.2. need not be
valid. For example,ifn =7,t; = -1,t, = ... = t; = 1, then

S(-1,1,1,1,1,1,1,1) = 5° -5/ -9 + 1
5r°=5r'—9r + 1 = (5r* =10/ + 1) (* + 1).

Here the following properties may be interesing.
Property 1. Let n = 3 be any given integer and let t;, ..., ¢, be such that t; = -1,
ty.. =t,=1.Then

S(-1,1,..,1,r)is divisible by 7* + 1.
Proof. If n is odd, then

Si=n-2,8! =(—1)(

" ) (n_l) =35 2, 8" =—1
. +| . |,j=3,5..,n=2,5 =-1
j—1 j /

From this it can be easily seen that r = i is a root of the polynomial
Sir =S . +(=1)° S, wheres = (1 + 3+ ..+ n) + 1.
Also it can easily found that

(S =S (1) SE)(r + 1) =

n=2\  (n=2) n—2
=( 1 )r" —( 3 )r” +...+(=1) (n_z). (39)

Analogously is when n is an even number.

Thus, if n - 2is a prim number, then the polynomial on the right side of (39) is ir-
reducible over the field Q (rational numbers).

Property 2. In the sam way it can be found that generally holds:

Ift;=..t,=-1,t4; =..=t,=1,2j <n, then for n odd

(Sir" ™ = SIr T LA (=1) (S))(r? 1) =
— n= 2] n—=1-2j 7’1—2] n—3-2j s n= 2]
_( ) )r ol P GV Y B
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Analogously is when 7 is an even number.
For example, if n = 8, t =2, then

4r° + 4rt —4r — 4 = @7 -4 + 217 + 1).

Now we state the following two corollaries of Theorem 4.
Corollary 4.3. If t; = ~t;y,,, i = 1, ..., m, where n > 2, then

S(ty, ..., t,, 1) is divisible by S(tyys1, ..., ty, 1)
For example, the polyomial S(1, 2, 3,-1,-2,-3, 1, 1, 1, 2, r) can be written as
(C+1)(*+4) (X +9)(517-7).
Corollary 4.4.1f Si(ty, ..., ty) = =Sj (ty+1, ..., taw), j = 1, 3, ..., m, then
S (ty, ..., t, 1) is divisibile by S(tyn+1, ..., tn 7).

As we see, the Corollary 4.3. in a way corresponds to the Corollary 4.1, and the
Corollary 4.4 to the Corollary 4.2.

Theorem 5. Let A = A; ...A, be a given k-tangential polygon and let t,, ..., t, be the
lengths of its tangents. If 1 is the radius of the inscribed circle into A, then

atan(n— 2k)215rk sbtan(n—Zk)zl, (40)
n n

wherea = min {t1, ..., t,}, b = max {ts, ..., t,}.
Proof. According to the Definition 2, each 8, i = 1, ..., n is either positive or each
negative. Let each 8, i = 1, ..., n, be positive. Obviously, if t; < t;then §; > f;and if

B, +..+B,=(n— 2k)%,

then
. T
min{g,,..., B, 1=(n—2k)—,
2n
7T
max{f,,...0,}=(n—2k)—.
2n
Since r=t; tan b; = ... = t, tanf,, it is clear that the inequalities (40) are valid.

In the same way can be seen that inequalities (40) are valid if each 3;, i=1, ..., 1, is
negative.
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Corollary 5.1. Let t,, ..., t, be any given positive numbers and let 14, ..., 1,, be all positive
roots of the equation

n-1 n-3 n->5 _
SIr =S TSI T — L4 (=1)° ! =0

Then foreachi =1, ..., m it is valid
atan(n—ﬁ+1)£ <r <btan(n— Z)E.
2n ! 2n

Corollary 5.2. Let t;, ..., t, be any given positive numbers and let the equation

Six" = SIS — L 4+(=1)" S =0

be such that x = ytan(n— 2k)2£ Lk €{1,..., mwhere m= [71;1] Then for each positi-
n

ve root y;, j = 1, ..., m, of the above equation is valid

tan(n—Zj)%
NE— VR
sy, sb

T
t =2j)—
an(n-2j)
tan(n— Zk)i tan(n— 2k)l
2n 2n

a

Especially, if j = k, thena < y, < b.
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O algebarskim jednadzbama u vezi sa tetivnim
i tangencijalnim poligonima

Mirko Radi¢
SAZETAK

Dokazana su vazna svojstva jednadzbi (11)i (12) (Theorem 1-5) i utvrdeno
da su pozitivna rjesenja tih jednadzbi polumjeri jednog niza tetivnih
odnosno tangencijalnih poligona s istim stranicama odnosno tangentama.
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