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IMPROVEMENT OF A GRUSS TYPE INEQUALITY
OF VECTORS IN NORMED LINEAR SPACES AND
APPLICATIONS

Josip Pecaric¢ and BozZidar Tepes

Abstract

In this paper, improvement of a Griiss type inequality of vectors in
normed linear spaces was proved. In the proofs we used Abel’s inequality.
That results were applied to Fourier transform, Melin transform and polyno-
mials.
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1. INTRODUCTION

In 1950., M. Biernacky, H. Pidek and C. Ryll-Nardjewski (see [1]) established the
following discrete version of Griiss inequality:

Theorem A. Let a=(ay,..., a,), b=(by,...,b,) be two n-tuples of real numbers such
that r<a;<R and s<b;<S for i=1,...,n. Then one has

N~ a2 Nb < 20— L[Z)R-rXS—5)
i=1 i=1 i=1

where [x] denotes the integer part of x € R.

A weight version of the discrete Griiss inequality was proved by ]. Pecari¢ in
1979 in [2]:

Theorem B. Let a and b be two monotonic n-tuples and p a positive one. Then
one has

P Pr+1
* max P
I<k=n-1 n

a”—al‘-bn—b

Pflnzpiaibi_%,zpiai.l%zpibi = 1
i=1 i=1 i=1
k _
where P, = ¥ p, k=1,.n,and Ps1 = P, = P, k=1,.., n—1.

Recently, S.S. Dragomir in [3] established the following discrete version of
Griiss inequality:

Theorem C. Let (X, [{) be a normed linear space over K=R, C, letx; € X, a; € K
and p;=0 (i=1,...,n)(n=2), such that 27—1 p, = 1 That we have the inequality
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C 2 n-1 —1
inixi S%ZP,‘ (1_ PZ)Z‘Aal‘ZlHAx‘H

where Aa;=a;;1—a; and Ax;j=x;,1—Xx;.

In this paper we point out another improvement of inequality from Theorem C
and apply it to the discrete Fourier transform, the discrete Mellin transform and to
polynomials with coefficients in normed linear spaces.

2. RESULTS

First, we shall give an analogue of an identity from [4] in a vector space. Preposi-
tion 1 below is useful consequence of repeated use of Abel s identity from [1]:

ﬁ:pici=Pncn_n§_iPiAci )
i=1

i=1

i
where P, = E P i=1,..n, and Ac;=c;+; —c;, i=1,..n—1.
J=t

Lemma 1. An extension of Abel “s identity (1) is:

i c,=Pc. —EPAC +EP;+1AC (2)
i=1

where P, = E;:ip],, i=1,.n, Pis1 =P, — P, Aci=ciyj —¢; i=1,.n—1.
Proof: From Abel "s identity (1), we have:

ipici =Pc, — SP,AC[ =Pc, — (j_ZIPI.Aci +§P,Aci
i=1 i=1 i=1 i=j

=P, — j_zlpiAci - SPI.ACZ. =P,c, - iPiAci - E(P,, —Pin)Ac,
iil :,=—] N i=1 i=j
=Pc, — SPiACi - EIPHACI. +Zlﬁi+1Aci

=P,c, —EPAC —P,c,+P,c, +2P,+1Ac =P, —EPAC +2P,+1Ac
i=j i=j
Proposition 1. Let X be a vector space over K=R,C, letx; € X,a; € Kand p; = 0
(i=1,..n) (n = 2). That we have the identity
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i—1 n—1
ﬁi+1ZPjAXj +Pizﬁj+lej

j=1 k=i

3)

n n n—1
EP, Epjafxf - Zpiaf Epjxj = EAai
=1 j=1 i=1 j=1 i=1
Proof. From its definition, we have

’Elngp}a] i ;piai;pjxj

=§piaiipj ,-—ipia,-ipj j=§piai(ipj i_ipjxj] (4)
i=1 j=1 i=1 j=1 i=1 j=1 j=1

= zpiaizpj(xi_xj): Eai(iﬂfzp;(xf _xj)]
i=1 =1 i=1 =1

Accordningly, by Abel s identity (1), we have

iai(piﬁ:pj(xi_xj)]z ®)

n—1

=aq, EP EP (x,—x;)= EAa EP,EPk(x]

where Aa; = ajz1—a;, i=1,...,n—1
Since

Z Zp (x, %, >—ZP,ZP] I—ZPZP] J—ZP ZPJ ZP:EW =0

we have
a Zrazr) (x,—x,)- EAa EP Zpk(x
—-Sae (S, (zmx = ©

Again, by Abel s identity (1), we have
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p]me,—xk) Ep,(" P (X, —x,)- me )) @)
Epjzpk(x xk) EP, j pk(xj+1_xj)]
=—2Aa, Pizpk(xi—xk)—szPnij

where Ax; = xj;1—x;,1 =1,..., n—1.
Accordningly, by an extensions Abel s identity (2), we have

n i—1
P> p(x, —xk)—ZPanAx}.
k=1 =1

n—1

- ) Aa,

i—1 n—1 i—
== Aa,|P.P,(x,—x)= P, >, p,A(x, — x,)+ P, >, PrA(x, — x,)— ZP/P”Ax
i k=1 k=1 j=1

n—1 i—1 n—1 i—1
==Y Aa,|P, > PAx,— P, Y PiAx, - P}.Pnij) ®)
i=1 k=1 k=1 =1

=-> Aa,|(P,- P)S PAx, P, E]PkAxk)
i k=1 k=i

,HEP Ax,+P, ZP Ax,

From relations (4), (5), (6), (7) and (8) we proved our identity (3).
Theorem 1. Let (X , H-H) be normed linear space over K=R, C,letx; € X, o; EK

and p; = 0 (i=1,...n) (n = 2) such that 2”:1 p, =1 That we have the inequality

> lalxl—Zp 2P
i=1 =1

Proof. Let start with identity in Proposition 1. Using the generalized triangle
inequality, we have successively:

i+1

llnl
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; : . .
;((ZP,) - 2P?]=;((Pi +Pi+1)2 - EPZZ )= ;(ZPiPH] +PZ.2 +Pii? - 2}712)
i=1 i=1 i=1

D [

[SIN

IA

IA

IA

<

=

<

n—1

,HEP Ax,+P, EP Ax,

n
%X Epiaizpixi =
i1

212] Aa PP Ax |+ zlzlm PPiAx,

i=1 i=1 j=i

-1 PiuP, \Aa H+22p P jri|Aa, H

i=1 j=

1X{ b }E\Aa \Ax + _max 1{P M}};Aai ‘ T\ijH
j=1,.0-1 j=1,.i-1 = j=i

max {PIHP.}Z‘ACX.‘ZHAJC.
i=1,..,n—-1 1) 4 114 J
i=1 j=1
n—1 i—1
E‘Aai
i=1 =1
n n
max {P.Pi+1}2‘Aa.
i=1,.,n-1C 1 prt ' r
i i

n—1 n—1
+ max {P.Pm}Z‘Aa.‘EHAx.H
i=1,.,n—1 U : H ot ]
i=1 Jj=i
JH -

iz%}?yir)l(_l{pi+1pi}

‘Axi

Remark. Theorem 1. is really an improvement of Theorem C since we have:

;Epi(l_Pi)=;(zpi _Epiz)
-1 i=1 i1

D [

i=1

ZP,vFiH +(P1 +"'+pi)2 +(Pi+1 +"'+Pn)2 _ﬁ:piz)

2P, P +2p +22p p,+ 2;}/ +E Ep P~ Zp }

j=1 k=1 j=i+1 j=it1lk=i+1
k= j k= j

j=1 k=1 j=itlk=i+1

ZPI-PH] +zzpjpk + E ijkaZPiPiH

k= j k= j

The following corollary holds.
Corollary 1. Under the assumptions of Theorem 1. we have the inequality

I/\

n n 1n
1 z 1 E: 1 2
w az.xl.—; al. o .
i=1 i=1 i=1

wlE] E

Proof. The proof holds by putting p, = ;; in Theorem 1.
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Remark. This is an improvement of Corollary 1 from [3].

In the next part of this paper we shall give improvements of some other results
from [3] by using ideas given in this paper and our improvements of Griiss type
inequality.

Especially, the case of real or complex numbers is impottant in practical applica-
tions.

Corollary 2. Let a;, i €K, K=R, C, p; =0 (i=1,..n) with E:l—lpi = 1. Then we

have inequality

Er)ﬁ

Remark 1. If in the above inequality we chose 3, = ai, (i=1,..,n), the we have

J

,,,,,

n—1
Sl ma’)l(l Pz H—l}
i=1

3. APPLICATIONS

We can apply our results to the discrete Fourier transform.
Let (X ,I1) be normed space over K = R, C, and (x3,...x,) be an n—tuple of vectors

in X. Define discrete Fourier transformation as

n
F(x] eer X, m) = E exp(ZT” ikm)xk, m=1,..,n
k=1

where i= /-1
Theorem 2. Let (X , H-H) and (xy,...x,) be as above. Then we have the inequality

n n n—1
1-"(x1 e Xy, m)— ;exp(%” ikn) - 1 ;xk <24 [%] sin(n;n) : ;HAka

Proof. Multiplying the inequality from Corollary 1 by 1 and substituting
n

ak=exp (Z—n ikm) k=1, ..,n, weobtain
n

F(xl, X, m) Z exp(ZT” ikm) %}n:x

k=1 k=1

<2[5] S enpC o) S
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Observing that
A exp(2 ikm) = 2isin(2 m) exp(2 i(2k + Dm)

we have

’

S8 exp( o) = 2= i)
k=1

so the proof is complete.
We can also apply our results to the discrete Merlline transform.
Let (X , H-H) be normed space over K = R, C, and (xy,...x,,) be a n—tuple of vectors in

X. Define discrete Fourier transformation as
M(xl reeer Xy m) = Ekm_lxk, (m=1,7’1)
k=1

Then the following results holds.
Theorem 3. Let (X , H-H) and (xj,...x,) be a above. Then we have the inequality

n n n—1
m=1 1 n" -1 n?
M(xl,...,x”,m)—Zk ;Zxk Sﬁ[T]EHAka
k=1 k=1

k=1
Proof. As in the proof of Theorem 2, choosing a;=k"" we obtain

n n n—1 n—1
m—=1 1 1 2 m—1
M(xl,...,xn,m)— E k™4 E X, s;[%] E ‘Ak ‘ E HAka
k=1 k=1 k=1

k=1

n—1 n—1 nl
=[S -k S = S
=1 =1 =1

Considering the following particular values of Mellin transform:

M(xl,...,x,l,2)= ikxk
=1

and
M(xl,...,xn,3)= ikzxk,
k=1

the following corollary holds.
Corollary 3. Let (X , H-H) and (xy,...x,) be as above. Then the inequalites
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-1
_n+l n—1[n*1x

= |7 |2l

-1 no| 4 =

and
N, (n+1D)(2n+1) < n?=1[n® J'Q
ey, - D S <1 S
6 4

k=1 k=1 k=1

hold.
Remark. If we assume (Xy, ..., Xn) =(P1,....Pn) is a probability distribution, that is,

pk=0(k=1,..,n)and 2;1 p, =1, the by Corollary 3, we get the inequalities

n— |—n2-|n 1

S 4]

_L“

‘pk+1 pk

k=1

< H(2n+1 -1
;kz (n+ )( s )—n |:4 i|k2pk+1_pk

n

We can apply our results also to the polynomials.
Let (X [1]) be normed space over K = R, C, and (cy, ¢, ..., ¢4) be (n+1) be n - tuple

of vectros in X such that ¢, # 0. Define the polynomial P : C - X with the coeffi-
cients (cy,..., c,) by

Pz)=cy+zc;+ ...+ 2%, z€C.

Then the following results for polynomial holds.
Theorem 4. Let (X [ H) and (cy, ..., ¢,) be as above. Then we have the inequality

I

1 A
- 2 ' +1k—oCk

k=0

=1 =D [ ]
(n+1)(z[-1) | 4 2‘

Proof. Chosing a; = ZFand x; = ¢, n Corollarz 1 we obtain

e e el DY BRI

k=0 (n+1) 4
1 [n+1?] &
=] 1| 2E ZHAC |
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2 1\(\z\"—1)F(n+1)1 a
= (1) (- |2l
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Poboljsanje nejednakosti Griissovog tipa za vektore u normiranim
linearnim prostorima i primjene

Josip Pecaric i BoZidar Tepes
SAZETAK

U radu je dokazano poboljsanje nejednakosti Griissovog tipa za vektore u
normiranim linearnim prostorima. U dokazima koristili smo Abelovu ne-
jednakost. Dobiveni rezultat je primijenjen na Fourierovu transformaciju,
Melinovu transformaciju i polinome.

Kljucne rijeci: Nejednakost Griissovog tipa, normirani linearni prostori,
Fourierova transformacija, Melinova transformacija, polinomi.
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