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HADAMARD AND DRAGOMIR-AGARWAL INEQUALITIES,
THE GENERAL EULER TWO POINT FORMULAE
AND CONVEX FUNCTIONS
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Abstract

The general Euler two-point formulae are used with functions possessing
various convexity and concavity properties to derive inequalities pertinent to
numerical integration.
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1. Introduction

One of the cornerstones of nonlinear analysis is the Hadamard inequality,
which states that if [a, b](a < b)is a real interval and f:[4, b] = Ris a convex function,
then

a+b <f(a)+f(b)
f( 5 ) f f(hydt< (1.1)

Recently, S.S. Dragomir and R.P. Agarwal [4] considered the trapezoid formula
for numerical integration of functions f such that| f " is a convex function for some
g =1 Their approach was based on estimating the difference between the two sides
of the right-hand inequality in (1.1). Improvements of their results were obtained
in [8]. In particular, the following tool was established.

Suppose f :1° CR - Ris differentiable on I’ and such that| f |’

for some =1, where a, b €1°(a<b). Then

\f(a)+f(b) b—al|lf @) +|f’ (bX
2 ff( )di{ :

is convex on [a, b]

(1.2)

Some generalizations to higher-order convexity and applications of these re-
sults are given in [2]. Related results for Euler midpoint, Euler-Simpson, Euler
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twopoint, dual Euler-Simpson, Euler-Simpson 3/8 and Euler-Maclaurin formulae
were considered in [9] (see also [3] and [10]).

In this paper we consider some related results using the general Euler two-point
formulae. We will use interval [0,1] because of simplicity and since it involves no loss
in generality.

The general two-point formula is defined as

NG %(f(x)+ F(1-x)+E(f; x) (1.3)

with E(f;x) being the remainder and x €[0,1/2]

In [5] A. Guessab and G. Schmeisser have proved, among others, the following
theorem and corollary (see also [11]).

Theorem 1. Let f be a L-Lipschitzian function defined on [0,1]. Then, for each x €[0,1/2]
the remainder in (1.3) satisfies

2 )2
‘EU;X)‘SW'L.

This inequality is sharp for each admissible x. Eauality is attained if and only if
f==Lf.+c withc ERand

x—t forO0<st=<x
f(t):=1t—x forxst<1/2
f.1—t) forl)2<t<1.

Corollary 1. Let f be a differentiable function defined on [0,1), such that f’is L-Lipschitzian
function. If 0 < x <1/4, then

4x° +6(1— 2x)x* — (1— 2x)° +2[(1— 2x)* — 4x2 ]¥? ,
12 :

E(f;x) =

This inequality is sharp for each admissible x. Equality is attained for f (f)= =L [ f. (t)dt+
+c, t+c,, withc,,c, ERand

Y2-2y—t for0<t=<1/2—y
fo(t):=1t-1/2 forl2—y <t<1/2+y
V2+2y—t forl2+y<t<l.
wherey =+1—4x/2.
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If1/4<x <1/2, then
4x® +6(1-2x)x* —(1-2x)*
E(f; %)< ( ) ( ) -L.

12

1
This inequality is sharp for each admissible x. Equality is attained for f (t) = iELt2 +
+c, t+c,, withc,,c, ER

0’

2. The general Euler two-point for mulae

In the recent paper [11] the following identities, named the general Euler
two-point formulae, have been proved. Let f € C"([0,1], R) for some 1= 3 and let
x€[0,1/2] If n=2r—1,r=2, then

folf(t)dt— QO+ A=0-T_ (4 [ FOOWE, (b, (21)

2(2 —1)!

while for n= 2r, r= 2 we have

NG [f(x)+f(1 Ol-T_ (f)+ S F e E; (hat 2.2)

2(2 !

and

) 01 f(Ddt= %[f(x)+ FA=)-T.(f)+ ) 01 FONDGE (Bydt. 2.3)

2(2r)!
Here we define T (f )= 0and for 1= m=< Ln/ZJ
E a0 iy o)),
G (=B, (x—1t)+B,(1—x—1)
and
EF(t)=B,(x—t)+B,(1- x—t)— B, (x)— B, (1— x),
where B, (), k = 0, is the k-th Bernoulli polynomial and B, = B, (0)= B, (1)(k = 0) the

k-th Bernoulh number. By B,(*)(k = 0) we denote the functlon of per1od one such
that B, (x) = B, (x) for 0<x<l
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21—

It was proved in [11] that E* (1— )= (= 1)" EX (8),(=1) " E}_, (/= 0,(= 1) E}.(§ = 0
for x€ 0,——% and t€[0,1/2], and (-1)"F

* (920, (-1)'E(H=0 for
x [2\@ 2}andt‘e[o 1/2] Also

Ef (tfdt= -

2 1
BZV(Z_ x)_ BZr(x) 4

= 2B, (x)

and

G} (Pdt=< 4, (x).

Theorem 2. Suppose f:[0,1]]-=R is (2r+2)-convex for r=2. Then for
1 1
X E 0,5,—— the inequality

243

B oy
£ g s o= S e sa- et )
_B.@ fer0+f )

= (2! 2

(2.4)

holds while forxe[;/g,;]we have
B, (x) . -
il (3)sev {Lrwa-Slrwera- ol 0]
\B ()| £ @ (0)+f @ (1)
(2! 2

(2.5)

If fis (2r+2)-concave, the inequalities are reversed.
Tfrom (2.2) we have

1 1
Proof. For x € 0,5,_ﬁ
r)ort 1
-0 {fof(t)dt_[f(x)+f(1—x)]+T 1(}‘)}
2(2r )'ffz’() (= 2(2).ff

2(2r)| s duf @

=1y E; (0] dt

E;'(b] dt 2.6)
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Using the discrete Jensen inequality for the convex function f ®”, we have

L F e 10+ 1) (8 dt

<f @) (1= lEL (B di+f @ O f (b dt

=B, (|(f " (0)+f " (1)) 27)

1 ,
since f 01(1— f) Fz"r(t)‘ dt= 5 f 01 F;r(t)‘ dt. So, the second inequality in (2.4) follows.

By Jensen's integral inequality we have

JF e (=1 0+t 1fE; (b dt

E;: (b dt

Fx(t)‘ dt)/(zr) fol((l_ £)-0+t-1)

= (f[) 2 fol F;y(t)‘ dt

= 2B, (x)f @ (;) (2.8)

The first inequality in (2.4) now follows from (2.6).

The proof of inequality (2.5) is similar.

Remark 1. If in Theorem 2 we chose x = 0,1/2,1/3, we get generalizations of Hadamard
inequality for Euler trapezoid, Euler midpoint and Euler two-point Newton-Cotes formulae
respectively (see [2], [3] and [9]).

1 1
Theorem 3. Suppose f :[0,1] > R is n-times differentiable and x € [0,, }U

2’\/3,2

(a) va‘ (1)

q .
is convex for some q =1, then for n= 2r—1,r= 2, we have

folf(t)dt—%[f(XHf(l— O+T_,(f)

1q
1 F e ) +|f ey
Bm(i_ x)—BZr(x)[ 2 . (2.9)

2

(2r)!
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Ifn=2r,r=2, then

[ =2+ -0+ T (1) <

B, )| > +f ¢ )
(27)! 2

] (2.10)

and we also have

L= [+ a= 1+ T, <

2B, ()| > 0f" + > @)’
(27)! 2

] 2.11)

(b) va )]

is concave, then for n=2r—1, r = 2, we have

I+ =947 ()

[Bb(;— x)— BZr(x)]/ @r- (;) (2.12)

< 2
T (2r)!

Ifn=2r,r=2, then

= -0l T ()= 0 (5] e

(2r)!

and we also have

(t)dt—*[f(x)+f(1 O+ T,(f) = =B, (x )f””( ) (2.14)

(2 n!

Proof. First, let n=2r—1 for some r=2. Then for convex function |f ®"|" by

Holder inequality and using Jesen inequality we have

t—;[f(x)+f(1—x)]+T,_1(f)

1
<—
2(2r—1)!

1 1
<zl

(B Jf @1+ (1- 1)-0)dt

2r—

q 1q
szr,l(t)"Lf(zr_l)(t'l‘*(l_ t)'O)‘ dt)

1-1fq L
EX () dt) x( ,
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=Yg 1

(@) dt) x(fo
1

- (2(27— 1)! LiIF

1 2r—1 q 1 21—1
XL(Z,_D!W W) [ (8] de+ P ANNC | Ja

Ff,q(t)"[fb‘ <27—1)(1)‘ﬂ +(1- f)V (2r—1)(0)‘q :|dt)l/q

1 1
= 2(2r—1)! (f o fF2

ZV—

1-1/q
(t) dt) X

1q
Ea () dt}

2 1 o
((2 Y ,(f x)—BZr(x)) X
1 1 o 1_ ~ e 1/q
LM,Bm( )Bz,(x)b‘ M+ (2), ( x) B,,(x) f <0)}
Vq
2 |, (1 )+ ey
(Zr)'BZ'(_ ) Bl )[ 2

On the other hand, if Uf @1 ‘q is concave, then

[ =S+ a= 0+ T, ()

<2(2r11)' Ey ()[f ©0(p) dt
‘ 1/q
! 27_1(t)((1—t) 0+t 1)dt
S YC Y 1) dt |x||f @
2(2r—1)! (f 2 () ) o

2
e

(- x)-%m}“"”(i)

so the inequality (2.9) and (2.12) are completely proved.

The proofs of the inequalities (2.10), (2.13), (2.11) and (2.14) are similar.
Remark 2. For (2.12) to be satisfied it is enough to suppose that [f ®"™"|is a concave

function. If|g|" is concave na [0,1] for some g =1, then for x,y €[0,1]and A €[0,1]
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gCx+(1=Ayl" = 2l + (1= )3 y)" = (R (x) +(1= gy’
by the power-mean inequality. Therefore |g| is also concave on [0,1].

Remark 3. If in Theorem 3 we chose x = 0,1/2,1/3, we get generalizations of Dra-
gomir-Agarwal inequality for Euler trapezoid, Euler midpoint and Euler two-point New-
ton-Cotes formulae respectively (see [2], [3], [9] and [10]).

The resultant formulae in Theorems 2 and 3 when r=2 are of special interest, so
we isolate them as corollaries.

Corollary 2. If f :[0,1] = R is 6-convex, then for x € [O, we have

LN R wf “”(1)
30 2

_1}
B NE}

24

=f Olf(t)dt—%[f(x)ﬂ‘(l—X)]+%[f’(l)—f’(0)]

Ly O
24 30
while for x € [ ek 2} the inequalities
1 4 _n.3 z_l 4 1
2l 2x° +x BOP()(Z)
1 1 1
=5 lfe+fa-xl- fof(t>dt—ﬁ[f'<1>—f'<0>]
24
hold.

If fis 6-concave, the reversed inequalities apply.

1 1
Corollary 3. Suppose f :[0,1] > R is 4-times differentiable and x € [0,2,— m}u
[ : 1}
2/372]
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(@) If[f @|" is convex for some q=1, then

[l @+ fa= 1+ [ m-f (o)
3

@ 1l @y 17
2x3_x2+1[bf (O +f (1)]
2 16 2

1
12

<

and if|f @|" is convex for some q=1, then
1 1 1
[ a2l @+fa= ]+ [ @)= (0)

@ oVl @y 17
<1x4_2x3+x2_1[v O <1>] |

30 2
(b) va (3)‘q is concave, then
1 1 1
Jfwat=—[re+fa-xl+ I @)= 0]

< i |:2x3 — g x2 +1]f (3) (1)
12 2 16 2

and if V @ ‘ is concave, then

1 1 1r,, ,
S wat=S[F+fa-nl+ [ 0-f )

! [x4 —2x% 4?2 —1}‘ (4)(1).
30 2

24

Note that inequalities in Theorems 2 hold for 3 are for r= 2. Now, we will give
some results of the same type in the case when r=1.

Theorem 4. Suppose f :[0,1] = R is 4-convex. then for x €[0,1/4] the following in-
equalities hold

—6x2+6x—1 1 v Lof1) 1 .
[xmx+6(1—4x)/ }/ (E)sa[f(x)ﬂf(l—x)]—fof(t)dt

+—(1— 4x)¥
24 1= 4%)

<{—6+6—1 1 }f<1>+f<0>
2 7
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while for x €[1/4,1/2] we have

—6x? +6x—lf,,(l
24 2

)s [+2(1— 4x)P? ] < f;f(t)dt—%[f(x)+f(1— 9

_—6x +6x—1 f"()+f(0)
= 24 2

Proof. It was proved in [11] that for x €[0,1/4] we have
fl
0

while for x €[1/4,1/2]

—6x*+6x—1 2
#_*_5(1_ 4x)3/2 ,

E (t)dt=

—6x% +6x—1

f,

So, using identity (2.2) by to the proof of Theorem 2 we get above inequalities.
See also results from Corollary 1.

Theorem 5. Suppose f :[0,1] > R is 2-times differentiable.

(a) Iﬂf ’\q is convex for some q =1, then for x €[0,1/2] we have

E (|dt=

80— 4] {V’(of WK r"

[war= -« :

If|f " is convex for some q=1and x €[0,1/4] then

[fwar= [ +fa- ]

<

{—6x2+6x—1 1 HW(O)HV”GVF

+—(1—4x)¥?
24 6 2

while for x €[1/4,1/2] we have

< {—6962 +6x—1}[v Of +f "y r"

24 2

[ war= [ +fa- )
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() Iﬂf '\ is concave for some q =1, then for x €[0,1/2] we have

8x? —4x+l%(1)
sS— - -
4 2

is concave for some q=1and x €[0,1/4] then

— 2 —
< 6x° +6x 1+1(1_4x)3/2 Pﬂ(l)
24 6 2

—6x* +6x—1 ,,(1)
<|—/———— —-
24 2
Proof. It was proved in [11] that for x €[0,1/2]
fl
0
so, using identity (2.1) and similar by the proof of Theorem 3 we get first inequali-

ties in (a) and (b). Second inequality in (a) and (b) we prove similarly. See also re-
sults from Theorem 1 and Corollary 1.

[foa=lre+ra-]

i

7

[ war= [ w+fa- )

while for x €[1/4,1/2] we have

[foa-l@+fa-]

P —4x+1
F]x (t)‘dt= SX#X,

Remark 4. For x = 0, x = 1/3 and x = 1/2 in above theorems we get the results from [9]
and [10].
For x = 1/4 we get two-point Maclaurin formula and then we have

e o s 03
If V ’\q is convex for some q =1, then
s O

and if|f @|" is convex for some q=1, then

e T B

<

8 2

1[V () +f @y r
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If V '\ is concave, then

o= (3ol =ar )

and if|f ®|is concave for some q =1, then

o 3]

ol e}
1921 \2
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Hadamaradova i Dragomir-Agarwalova nejednakost, opéenite Eulerove
formule dviju tocaka i konveksne funkcije

Josip Pecaric¢ i Ana Vukeli¢

Abstract. Koristene su opéenite Eulerove formule dviju tocaka za funkcije
s raznim svojstvima konveksnosti ili konkavnosti za izvodenje nekih
nejednakosti u numerickoj integraciji.
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