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Abstract. Klein bottle weak solenoidal space Σ(p,q, r) is a contin-
uum obtained as the inverse limit of an inverse sequence, where each term
is Klein bottle and each bonding map is finite-sheeted covering map over
Klein bottle. In the present paper we determine and present all s-sheeted
covering maps (with connected total space) over Σ(p,q, r), s ∈ N, both
pointed and unpointed case.

1. Introduction and the main result

Recently, finite-sheeted covering maps over 2-dimensional compact, con-
nected Abelian groups G were studied ([1]). It turned out that finite-sheeted
covering maps over G were determined using finite-index torsion free super-

groups of the Pontryagin dual Ĝ ([2]). Moreover, using finite index subgroups

of Ĝ there were also presented finite-sheeted covering maps from G to other
compact connected groups. The main step in the investigation was the re-
duction to the case of finite-sheeted covering homomorphisms f : G′ → G
between two compact connected 2-dimensional Abelian groups. Each such
group G is represented as the inverse limit of an inverse sequence, where each
term is 2-torus T2 and each bonding map is a finite-sheeted covering homo-
morphism over T2. Since T2 is a covering space for Klein bottle K, a natural
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question arises: Are compact connected Abelian 2-dimensional groups G, be-
sides groups, also covering spaces for 2-dimensional continua Y obtained as
limits of inverse sequences consisting of K? This question leads us to an in-
vestigation of finite-sheeted covering maps over Klein bottle weak solenoidal
continua Σ(p,q,r), where p = (pi), q = (qi) and r = (ri) are sequences of
integers such that pi 6= 0 and ri is odd for each i. Weak solenoidal spaces
Σ(p,q,r) were introduced and classified up to homeomorphism by C. Tezer in
his paper ”Shape classification of Klein bottle-like continua” ([7]). The aim
of the present paper is to determine and present all s-sheeted covering maps
with connected total space over Σ(p,q,r), s ∈ N, both pointed and unpointed
case. Main results related to the pointed case are given in Theorem 6.2 and
Corollary 6.6, while main results related to the unpointed case are given in
Theorem 7.3 and Corollary 7.5. The results are achieved using classification
theorem of finite-sheeted covering maps over connected paracompact spaces
Y ([5]). It establishes a bijection between the set of all pointed equivalence
classes of s-sheeted pointed covering maps f : (X, ∗) → (Y, ∗) and the set
of all subprogroups of index s of the fundamental progroup π1(Y, ∗). In the
unpointed case it establishes a bijection between the set of all equivalence
classes of s-sheeted maps f : X → Y and the set of all conjugacy classes of
subprogroups of index s of the fundamental progroup π1(Y, ∗), where ∗ is an
arbitrary chosen point of Y. It turned out that the investigation of s-sheeted
covering maps over Σ(p,q,r) was reduced to the studying of certain sequences
of positive integers, so called admissible sequences for Σ(p,q,r), and their
conjugacy classes.

2. Spaces Σ(p,q,r)

We shall follow notions introduced by Tezer in [7]. Klein bottle K can
be presented as the quotient manifold R2/G, where the group G = 〈α, β |
αβ = βα−1〉 acts properly discontinuously on R2 by the affine transformations
α, β : R2 → R2

α (x, y) = (x+ 1, y)

β (x, y) = (−x, y + 1
2 ).

Let y0 ∈ K be the image of (0, 0) ∈ R2 under the quotient map. Then
π1 (K, y0) can be naturally identified with G. Each element of G can be pre-
sented as αnβm, n,m ∈ Z. Note that G can be viewed as the group (Z2, ∗),
where the group operation ∗ is given by (n,m)∗ (k, l) = (n+ (−1)mk,m+ l) .
Namely, h : G → (Z2, ∗) defined by the rule h (αnβm) = (n,m) is an iso-
morphism of groups. Therefore we shall identify G with (Z2, ∗) via h. In the
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sequel we shall need following relations:

(αnβm)
k

=





αknβkm, m even
βkm, m odd, k even ,
αnβkm, m odd, k odd

k ∈ Z \ {0} ,

(αnβm)−1 = α(−1)m+1nβ−m.

Also note that the subgroup (Z × 2Z, ∗) of (Z2, ∗) is isomorphic to (Z2,+).
Since G′ = 〈α, β2〉 = (Z × 2Z, ∗), it follows that the the quotient manifold
R2/G′ is the 2-torus T2. Let x0 ∈ T2 be the image of (0, 0) ∈ R2 under the
quotient map. Then π1(T2, x0) = G′. Since G′ is a subgroup of index 2 of G,
the identity map idR2 : R2 → R2 induces a pointed map δ : (T2, x0)→ (K, y0),
which is a 2-sheeted covering map, so called ”basic” 2-sheeted covering map
of T2 over K.

Each endomorphism of G is of the form h(p,q,r) : G→ G

h(p,q,r) (α) = αp,

h(p,q,r) (β) = αqβr

where p, q, r ∈ Z and r is odd whenever p 6= 0. Moreover, h(p,q,r) is injective
if and only if p 6= 0 (and r is odd). Furthermore,

h(p,q,r)h(p′,q′,r′) = h(pp′,t,rr′), where





t = qr′, r even
t = pq′, r odd, r′ even .
t = pq′ + q, r odd, r′ odd

For each integers p, q and r, r odd if p 6= 0, Tezer introduced maps f(p,q,r) :
(K, y0)→ (K, y0) in the following way. Let Θ(p,q,r) : (R, 0)→ (R, 0) be a map

such that Θ(p,q,r)(y + 1
2 ) = −Θ(p,q,r)(y) + q and define F(p,q,r) : R2 → R2 by

F(p,q,r)(x, y) =

{
(px+ Θ(p,q,r)(y), ry), r odd
(2qy, ry), r even, p = 0

.

F(p,q,r) is the lifting of a map f(p,q,r) : (K, y0)→ (K, y0) such that f(p,q,r)# =
h(p,q,r)· f(p,q,r) is a covering map if and only if h(p,q,r) is injective or equiva-
lently p 6= 0. In that case number of sheets equals |pr| . Note that if q = 0 and
p 6= 0, Θ(p,q,r) can be chosen to be the constant function Θ(p,q,r) = 0. Then

F(p,0,r) is represented by the diagonal integral matrix

[
p 0
0 r

]
∈M2 (Z) .

Let p = (pi), q = (qi) and r = (ri) be sequences of integers such that
each pi 6= 0 and ri is odd. Let Y = {Ki, fii+1,N} be an inverse sequence
such that each Ki = K and each bonding map fii+1 = f(pi,qi,ri) : K → K
and let Σ(p, q, r) be the inverse limit of Y . Σ(p, q, r) is a Klein bottle weak
solenoidal space in the sense of McCord (see [6]). Recall the definition.

Definition 2.1. A solenoidal (weak solenoidal) sequence is an inverse
sequence {Xi, gii+1,N} such that each Xi is connected, locally pathwise con-
nected and semilocally 1-connected, and each bonding map gii+1 : Xi+1 → Xi
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is a regular covering map (covering map). The limit space lim←−{Xi, gii+1,N}
is called a solenoidal (weak solenoidal) space.

Tezer proved that Klein bottle weak solenoidal spaces Σ(p, q, r) and
Σ(p′, q′, r′) are homeomorphic if and only if the sequences p, r and p′, r′

respectively, have essentially the same prime profiles ([7, Proposition 2.5]). In
particular, Σ(p, q, r) and Σ(p,0, r) are homeomorphic.

Let y = (yi) ∈ Σ(p, q, r) be a point where each yi = y0 ∈ K. When we
consider a pointed continuum (Σ(p, q, r), ∗) we will always assume ∗ = y or
equivalently (Σ(p, q, r), ∗) = lim←−Y ∗ = lim←−

{
(K, y0), f(pi,qi,ri),N

}
.

Recall that each compact connected 2-dimensional Abelian group A is
a solenoidal space obtained as the limit of a solenoidal sequence, where each
term is 2-torus T2 and each bonding map is a covering homomorphism. That is
why we call compact connected 2-dimensional Abelian groups toroidal groups
for short.

3. Subgroups of finite index of G = 〈α, β | αβ = βα−1〉 and their
conjugacy classes

Proposition 3.1. Let C be a cyclic subgroup of G. Then the index [G : C]
of C in G is infinite.

Proof. Let C = 〈αnβm〉. If m is even then C is a subgroup of G′ =
〈α, β2〉. Since G′ is isomorphic to (Z2,+), it follows that C is of infinite index

in G′. Hence C is of infinite index in G. Let m be odd. Since (αnβm)
2

= β2m

it follows that 〈β2m〉 6 C and
[
C : 〈β2m〉

]
is finite. On the other hand

〈β2m〉 6 G′ and thus the index
[
G : 〈β2m〉

]
is infinite. Now we conclude that

[G : C] is infinite.

Proposition 3.2. Let H be an arbitrary subgroup of G. Then there is
a unique integer c(H) ∈ N∪{0} such that pr2(H) = c(H) ∈ Z, where pr2 :
G → Z is the projection on the second coordinate. If H is non-cyclic then
c(H) > 0.

Proof. First note that pr2 : G → Z is a homomorphism of groups.
Since pr2(H) is a subgroup of Z there is a unique integer c(H) ∈ N ∪ {0} ,
such that pr2(H) = c(H)Z. Let H be a non-cyclic group and let us assume
that c(H) = 0. Then H is a subgroup of (Z×{0} , ∗). The group (Z×{0} , ∗)
is isomorphic to (Z× {0} ,+). Thus H is cyclic, which is a contradiction.

Proposition 3.3. Let H be a non-cyclic subgroup of G. If (0, c(H)) ∈ H,
then there is a unique a ∈ N such that H = 〈αa, βc(H)〉.

Proof. Since H is non-cyclic, there is an element (n,mc(H)) ∈ H, n ∈
Z \ {0} , m ∈ Z. Then (n, 0) ∈ H and a = min {n ∈ N : (n, 0) ∈ H} is a
well-defined natural number. We claim that H = 〈αa, βc(H)〉. It is obvious
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that 〈αa, βc(H)〉 ⊆ H, so it is enough to prove that H ⊆ 〈αa, βc(H)〉. Let

(k, lc(H)) ∈ H, k, l ∈ Z. Then (k, lc(H)) (0, lc(H))−1 = (k, 0) ∈ H, which
implies that a divides k. Let k′ ∈ Z be such that k = k′a. Then (k, lc(H)) =

(k′a, lc(H)) = (αa)k′
(
βc(H)

)l
, which shows that (k, lc(H)) ∈ 〈αa, βc(H)〉. It

remains to prove that a is unique. Let as assume that there is another a′ ∈ N
such that H = 〈αa′ , βc(H)〉. Then there are n′, n′′ ∈ N such that a = n′a′ and
a′ = n′′a. This implies n′n′′ = 1, i.e., a = a′.

Let k0 ∈ Z be an arbitrary integer and let fk0 : G→ G be a map defined

by fk0 (n,m) = (n + 1+(−1)m+1

2 k0,m). fk0 is an automorphism of the group
G. Also note that fk0fl0 = fk0+l0 .

Proposition 3.4. Let H be a non-cyclic subgroup of G. Then there are
unique integers a, b and c, a, c ∈ N, b ∈ N ∪ {0} , 0 ≤ b < a, such that
H = 〈αa, αbβc〉. Furthermore, [G : H ] = ac.

Proof. Put c = c(H). According to Proposition 3.2, c > 0. We distin-
guish two cases.

(i) c is even. If c is even then H is a subgroup of (Z × 2Z, ∗), which is
isomorphic to (Z2,+). Thus there are unique numbers a ∈ N and b ∈ N∪{0} ,
0 ≤ b < a, such that H = 〈αa, αbβc〉.

(ii) c is odd. H contains an element (k, c) , k ∈ Z. Let us consider the
automorphism f−k : G → G. Note that f−k(k, c) = (0, c) and c(f−k(H)) =
c(H) = c. Now, Proposition 3.3 implies that there is a unique a ∈ N such
that f−k(H) = 〈αa, βc〉. Then H = fkf−k(H) = 〈αa, αkβc〉. Let b ∈ N ∪{0} ,
0 ≤ b < a, be such that k ≡ b (mod a). Then H = 〈αa, αbβc〉.

It remains to prove that [G : H ] = ac. It is enough to prove that

G/H = {Hαnβm : n,m ∈ N ∪ {0} , 0 ≤ n < a, 0 ≤ m < c} .
Let us assume Hαiβj ∩ Hαnβm 6= ∅, 0 ≤ i, n < a, 0 ≤ j, m < c.

Then αiβj (αnβm)−1 ∈ H , i.e., αi+(−1)j+m+1nβj−m ∈ H, which implies

αi+(−1)j+m+1nβj−m = αka(αbβc)l for some k, l ∈ Z. Since 0 ≤ j, m < c

and c divides j − m, it follows j = m. Then αi+(−1)j+m+1n = αi−n = αka,
which implies i = n. Let αkβl, k, l ∈ Z, be an arbitrary element of G and let
l ≡ m (mod c), 0 ≤ m < c. Then l = l0c+m, l0 ∈ Z, and αkβl = αkβl0c+m.
Note

αkβl =





αk−bl0 (αbβc)l0βm, c even
αk(αbβc)l0βm, c odd, l0 even
αk−b(αbβc)l0βm, c odd, l0 odd

.

If c is even put k − bl0 ≡ n (mod a), 0 ≤ n < a. If c is odd and l0 is even
put k ≡ n (mod a), 0 ≤ n < a. If c and l0 are odd put b − k ≡ n (mod a),
0 ≤ n < a. In all cases αkβl ∈ Hαnβm, which completes the proof.

Proposition 3.1 and Proposition 3.4 imply the following corollary.
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Corollary 3.5. Let H be an arbitrary subgroup of G. [G : H ] is finite if
and only if H is non-cyclic.

Note that all Abelian non-cyclic subgroups of G are contained in the
subgroup G′ = 〈α, β2〉.

Let H = 〈αa, αbβc〉, a, b ∈ N, b ∈ Z, 0 ≤ b < a, be a subgroup of G. We
want to determine a conjugacy class [H ] of H. First note

(αnβm)−1αa (αnβm) = α(−1)ma,

(αnβm)−1αbβ2d (αnβm) = α(−1)mbβ2d,

(αnβm)−1αbβ2d+1 (αnβm) = α(−1)m(b−2n)β2d+1,

(αnβm)αa (αnβm)−1 = α(−1)ma,

(αnβm)αbβ2d (αnβm)−1 = α(−1)mbβ2d,

(αnβm)αbβ2d+1 (αnβm)
−1

= α(−1)mb+2nβ2d+1.

Proposition 3.6. Let a, a′, c, c′ ∈ N, 0 ≤ b < a, 0 ≤ b′ < a′, and let
H = 〈αa, αbβc〉 and H ′ = 〈αa′ , αb′βc′〉 be conjugate subgroups of G. Then
a = a′ and c = c′.

Proof. Let g = αnβm ∈ G be such that H ′ = g−1Hg. Since
[G : H ] = [G : H ′], ac = a′c′. Let k be an integer such that αa′ =
(αnβm)−1αka(αnβm) = α(−1)mka. It follows that a divides a′. Analogously,

αa = (αnβm)αla′ (αnβm)−1 = α(−1)mla′ for some integer l, which shows that
a′ divides a. Since a and a′ are positive it follows a = a′ and consequently
c = c′.

Proposition 3.7. Let a, c ∈ N, 0 ≤ b, b′ < a, both a and c odd. Then
H = 〈αa, αbβc〉 and H ′ = 〈αa, αb′βc〉 are conjugate subgroups of G.

Proof. Let n be a unique solution of an equation 2n ≡ b− b′ (mod a).
Then there is an integer k such that b − b′ − 2n = ka. Put g = αnβ2.
We claim H ′ = g−1Hg. Note that αa = (αnβ2)−1αa(αnβ2) and αb′βc =
αb−2n−kaβc = (αnβ2)−1αb−kaβc(αnβ2), which shows that H ′ ⊆ g−1Hg.

On the other hand αa = (αnβ2)αa(αnβ2)−1 and αbβc = αb′+2n+kaβc =

(αnβ2)αb′+kaβc(αnβ2)−1, which shows H ⊆ gH ′g−1.

Proposition 3.8. Let a, c ∈ N, 0 ≤ b, b′ < a, c even. H = 〈αa, αbβc〉
and H ′ = 〈αa, αb′βc〉 are conjugate subgroups of G if and only if b′ = b or
b′ = a− b.

Proof. Assume that H and H ′ are conjugate subgroups of G. Let g =
αnβm ∈ G be such that H ′ = g−1Hg. Then there is an integer k such that

αb′βc = (αnβm)−1αkaαbβc(αnβm)

= (αnβm)−1αka+bβc(αnβm) = α(−1)m(ka+b)βc.
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Hence b′ = (−1)m(ka + b), which implies b′ ≡ b (mod a) or b′ ≡ −b ≡ a− b
(mod a). This shows b′ = b or b′ = a − b. Assume b′ = b or b′ = a − b. If
b = b′ then H = H ′. So let us consider the case b′ = a− b. Put g = β. Then
β−1Hβ = β−1〈αa, αbβc〉β = 〈α−a, α−bβc〉 = 〈αa, αa−bβc〉 = 〈αa, αb′βc〉 =
H ′.

Proposition 3.9. Let a, c ∈ N, 0 ≤ b, b′ < a, a even, c odd. H =
〈αa, αbβc〉 and H ′ = 〈αa, αb′βc〉 are conjugate subgroups of G if and only if
b− b′ is even.

Proof. Assume that H and H ′ are conjugate subgroups of G. Let g =
αnβm ∈ G be such that H ′ = g−1Hg. Then there is an integer k such that

αb′βc = (αnβm)−1αkaαbβc(αnβm)

= (αnβm)−1αka+bβc(αnβm) = α(−1)m(ka+b−2n)βc.

It follows b′ = ka+ b− 2n or b′ = −ka− b+ 2n. We get b− b′ ≡ 2n (mod a)
or b+ b′ ≡ 2n (mod a). Let u be an integer such that 0 ≤ u ≤ a

2 and 2n ≡ 2u
(mod a). If b−b′ ≡ 2n (mod a) we conclude b−b′ = 2u. If b+b′ ≡ 2n (mod a)
then b− b′ = b+ b′ − 2b′ = 2u− 2b′ = 2(u− b′). In both cases b− b′ is even.

Assume that b − b′ is even. Then there is a solution n of an equa-
tion 2n ≡ b − b′ (mod a). Put g = αnβ2. Then (αnβ2)−1H(αnβ2) =

(αnβ2)−1〈αa, αbβc〉(αnβ2) = 〈α−a, αb−2nβc〉 = 〈αa, αb′βc〉.

4. Finite-sheeted covering maps over Klein bottle

In Section 2 we introduced pointed covering maps f(p,q,r) : (K, y0) →
(K, y0), p 6= 0, r odd. Now, we will consider covering maps f : (T2, x0) →
(K, y0).

Each monomorphism hA : Z2 → G is of the form

hA (α) = αmβ2n,

hA

(
β2
)

= αkβ2l

or equivalently,

hA(z1, z2) = αmz1+kz2β2(nz1+lz2) = (mz1 + kz2, 2 (nz1 + lz2)),

where A =

[
m k
n l

]
∈M2 (Z) , detA 6= 0.

Let A : R2 → R2, A =

[
m k
n l

]
∈M2 (Z) , detA 6= 0. Then Aα = αmβ2nA

and Aβ2 = αkβ2lA. Thus A : R2 → R2 is a lifting of a map fA : T2 → K
such that f(x0) = (y0) and f# = hA· fA is a pointed s-sheeted covering map
over K, where s = 2 |detA| . Note that fI : T2 → K, where I is the identity
matrix, is the basic 2-sheeted covering map of T2 over K, i.e., fI = δ.
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Recall that each integral matrix A =

[
m k
n l

]
, detA 6= 0, defines an s-

sheeted covering homomorphism fA : (T2, x0) → (T2, x0), where s = |detA|
(see [3, §2]). Note that fA = δfA, i.e., each s-sheeted covering map fA :
(T2, x0) → (K, y0), s = 2 |detA| , can be represented as the composition of
an s

2 -sheeted covering homomorphism fA : (T2, x0) → (T2, x0) and the basic

2-sheeted covering map δ : (T2, x0)→ (K, y0).
Let f : (X, x)→ (K, y0) be a pointed s-sheeted covering map. According

to the classical classification theorem of covering maps, H = f#(π1(X, x)) is
an s-index subgroup of π1(K, y0) = G. It follows from Proposition 3.4 that
there are integers a, b and c such that a, c ∈ N, 0 ≤ b < a, ac = s, and
H = 〈αa, αbβc〉.

f is pointed equivalent to

(1) f(a,b,c) : (K, y0)→ (K, y0), if c is odd;

(2) fA : (T2, x0)→ (K, y0), A =

[
a b
0 c

2

]
, if c is even.

In the unpointed case, according to the considerations about conjugacy
classes of 〈αa, αbβc〉 in Section 3, f is equivalent to

(1) f(a,b′,c) : K → K, 0 ≤ b′ < a, if a and c are odd;
(2) f(a,b′,c) : K → K, 0 ≤ b′ < a, b− b′ is even, if a is even and c is odd;

(3) fA : T2 → K, A =

[
a b′

0 c
2

]
, b′ equals b or a− b, if c is even.

Proposition 4.1. Let (X, x) be a pointed Klein bottle weak solenoidal
space. Then (X, x) is pointed homeomorphic to a (Σ(p, q, r), ∗), where pi, ri
are positive and 0 ≤ qi < pi for each i.

Proof. Let {(K,xi), gii+1,N} be a pointed Klein bottle weak solenoidal
sequence such that (X, x) = lim←−{(K,xi), gii+1,N} . Since K is homogenous

there is a homeomorphism h1 : (K,x1) → (K, y0). By the induction for each
i ∈ N we will find integers pi, qi, ri, pi, ri ∈ N, ri odd, 0 ≤ qi < pi and a home-
omorphism hi+1 : (K,xi+1) → (K, y0) such that higii+1 = f(pi,qi,ri)hi+1. Let
i = 1. Since h1g12 : (K,x2) → (K, y0) is a pointed covering map, there are
positive integers p1, r1, r1 odd, an integer q1, 0 ≤ q1 < p1, and a pointed
homeomorphism h2 : (K,x2) → (K, y0) such that h1g12 = f(p1,q1,r1)h2.
Let us assume that homeomorphisms h2, . . . , hn and integers p1, p2, . . . , pn−1,
q1, q2, . . . , qn−1, r1, r2, . . . , rn−1 with required properties are defined. Since
hngnn+1 : (K,xn+1) → (K, y0) is a pointed covering map there are positive
integers pn, rn, rn odd, an integer qn, 0 ≤ qn < pn, and a pointed homeomor-
phism hn+1 : (K,xn+1) → (K, y0) such that hngnn+1 = f(pn,qn,rn)hn+1. This
completes the inductive step. Now, pointed homeomorphisms hn : (K,xn)→
(K, y0) induce a desired pointed homeomorphism h : (X, x)→ (Σ(p, q, r), ∗).
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In the sequel we will consider only pointed Klein bottle weak solenoidal
spaces (Σ(p, q, r), ∗), where the sequences p = (pi), and r = (ri) consist of
positive integers.

5. Pull-back diagrams

The proof of the following proposition is very simple, so we omit it.

Proposition 5.1. Let L be an arbitrary group, let M,N be subgroups of
L and let h : L→ L be a homomorphism. A function φ : L/M → L/N defined
by φ (Mg) = Nh(g) is a well-defined injection if and only if M = h−1 (N) .

Proposition 5.2. Let h(p,q,r) : G→ G be a monomorphism and let Hi =

〈αai , αbiβci〉, ai, ci ∈ N, bi ∈ Z, i = 1, 2, be subgroups of G, c2 even. A
function φ : G/H1 → G/H2 defined by φ (H1g) = H2h(p,q,r) (g) is a well-
defined bijection if and only if

(i) GCD(p, a2, rb2) = 1, GCD (c2, r) = 1;
(ii) c1 = dc2, a2 = da1, where d = GCD (p, a2);
(iii) p′b1 ≡ rb2 (mod a1), where p = dp′.

Proof. First note that p 6= 0, r odd and c (Hi) = ci, i = 1, 2. Let φ :
G/H1 → G/H2, φ (H1g) = H2h(p,q,r) (g) , be a well-defined bijection. Then
a1c1 = a2c2. There are integers m,n ∈ Z such that φ (H1α

mβn) = H2β, i.e.,
h(p,q,r) (αmβn)β−1 ∈ H2. Hence pr2(α

pm (αqβr)n β−1) = nr−1 ∈ c2Z, which

implies GCD (c2, r) = 1. h(p,q,r)(H1) ⊆ H2 implies h(p,q,r)(α
b1βc1) =

αpb1 (αqβr)
c1 ∈ H2 and consequently rc1 ∈ c2Z. Since GCD (c2, r) = 1, c2 di-

vides c1 and c1 is also even. Let d′ ∈ Z be such that c1 = d′c2. Then a2 = d′a1.
There are integers k, l ∈ Z, 0 ≤ k < a1, 0 ≤ l < c1, such that φ(H1α

kβl) =

H2α, i.e., h(p,q,r)(α
kβl)α−1 ∈ H2. Hence pr2(α

pk (αqβr)l α−1) = rl ∈
c2Z, which implies l ≡ 0 (mod c2). Let l = c2l

′, l′ ∈ Z. We get

φ(H1α
kβl) = φ(H1α

kβc2l′) = H2α
pk (αqβr)

c2l′
= H2α

pkβc2rl′ = H2α, which

implies αpk−1βc2rl′ ∈ H2. Since αpk−1βc2rl′ = αpk−b2rl′−1(αb2βc2)rl′ it follows

αpk−b2rl′−1 ∈ H2 and thus GCD(p, a2, rb2) = 1. This proves (i).
Put GCD(p, a2) = d, a2 = da′ and p = dp′. Note GCD(p′, a′) = 1.

Since h(p,q,r) (αa1) = αpa1 ∈ H2 and h(p,q,r)(α
b1βc1) = αpb1 (αqβr)c1 =

αpb1βrc1 ∈ H2, there are integers w, u, v such that αpa1 = αwa2 , αpb1βrc1 =
αua2(αb2βc2)v , i.e., pa1 = wa2, pb1 = ua2 + vb2 and rc1 = c2v. This implies
a2 = da′ | p′da1, i.e., a′ | a1 and consequently d′ | d. On the other hand
pb1 = ua2 + rd′b2, i.e., d | ua′d + rd′b2. Since GCD(rb2, d) = 1 we conclude
d | d′. Hence d = d′ and a2 = da1, a

′ = a1, c1 = dc2, which proves (ii).
Now we get p′db1 =ua′d+ rdb2 or p′b1≡rb2 (mod a′), which proves (iii).
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Let us assume that the conditions (i), (ii) and (iii) are fulfilled and
let us prove that φ : G/H1 → G/H2, φ (H1g) = H2h(p,q,r) (g) , is a well-

defined bijection. Since [Ġ : H1] = a1c1 = a2c2 = [Ġ : H2], accord-
ing to Proposition 5.1 it is enough to prove h−1

(p,q,r) (H2) = H1. Note that

h(p,q,r) (αa1) = αpa1 = αp′a2 ∈ H2 and h(p,q,r)(α
b1βc1) = αpb1 (αqβr)c1 =

αpb1βrc1 = αpb1βrdc2 = αp′db1−b2rd(αb2βc2)rd. Since d(p′b1 − b2d) = a2k for
some integer k it follows that h(p,q,r)(α

b1βc1) ∈ H2. Thus h(p,q,r) (H1) ⊆ H2

and H1 ⊆ h−1
(p,q,r) (H2) . Let us prove h−1

(p,q,r) (H2) ⊆ H1. Let αnβm ∈
h−1

(p,q,r) (H2) . Then h(p,q,r) (αnβm) = αpn (αqβr)
m ∈ H2. Since c2 | rm and

GCD(r, c2) = 1 it follows m = c2m
′ for some integer m′. Then αpn (αqβr)

m
=

αpn (αqβr)
c2m′

= αpnβc2rm′ = αpn−b2rm′(αb2βc2)rm′ ∈ H2. Hence a2 = da1 |
p′dn − b2rm′, which implies d | m′. Let m′ = dm′′ for some integer m′′. We

get αnβm = αnβc2dm′′ = αnβc1m′′ = αn−b1(αb1βc1)m′′ . Let pn− b2rm′ = a2k
for some integer k. We get p′n+ p′b1m

′′ − b2rm′′ − p′b1m′′ = a1k and there
exists an integer k′ such that p′(n − b1m′′) = a1k

′. Thus a1 | p′(n − b1m′′)
and since GCD(a1, p

′) = 1, it follows a1 | n − b1m′′. Now we conclude that

αnβm = αn−b1m′′(αb1βc1)m′′ ∈ H1.

It follows from Proposition 5.2(ii) that c1 is also even.

Proposition 5.3. Let h(p,q,r) : G→ G be a monomorphism and let Hi =

〈αai , αbiβci〉, ai, ci ∈ N, bi ∈ Z, i = 1, 2, be subgroups of G, c1, c2 odd. A
function φ : G/H1 → G/H2 defined by φ (H1g) = H2h(p,q,r) (g) is a well-
defined bijection if and only if

(i) GCD(p, a2) = 1, GCD (c2, r) = 1;
(ii) c1 = c2, a2 = a1;
(iii) pb1 ≡ −q + b2 (mod a2).

Proof. Let φ : G/H1 → G/H2, φ (H1g) = H2h(p,q,r) (g) , be a
well-defined bijection. Then a1c1 = a2c2. There are integers m,n ∈ Z
such that φ (H1α

mβn) = H2β, i.e., h(p,q,r) (αmβn)β−1 ∈ H2. Hence

pr2(α
pm (αqβr)

n
β−1) = nr − 1 ∈ c2Z, which implies GCD (c2, r) = 1.

h(p,q,r)(H1) ⊆ H2 implies h(p,q,r)(α
a1) = αpa1 ∈ H2 and h(p,q,r)(α

b1βc1) =

αpb1 (αqβr)
c1 = αpb1+qβrc1 ∈ H2. Thus pa1 = na2 for some n ∈ Z and

rc1 ∈ c2Z. Since GCD (c2, r) = 1, c2 divides c1. Let d ∈ Z be such
that c1 = dc2. Then a2 = da1 and d divides p. There are integers u and
v such that αpb1+qβrc1 = (αa2 )u(αb2βc2)v . First note that v is odd and
αpb1+qβrc1 = αa2uαb2βc2v = αa2u+b2βc2v and consequently v = rd and
pb1 + q=a2u+ b2, which implies pb1≡−q + b2 (mod a2). This proves (iii).

Note that GCD(p, a2) divides b2 − q. On the other hand there are in-
tegers k, l ∈ Z, 0 ≤ k < a1, 0 ≤ l < c1, such that φ

(
H1α

kβl
)

=

H2α, i.e., h(p,q,r)(α
kβl)α−1 ∈ H2. Hence pr2(α

pk (αqβr)
l
α−1) = rl ∈
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c2Z, which implies l ≡ 0 (mod c2). Let l = c2l
′, l′ ∈ Z. We con-

sider two cases: l is even and l is odd. Let l be even. Then l′ is
even and αpk (αqβr)l α−1 = αpk−1βrc2l′ = αpk−1(αb2βc2)rl′ ∈ H2. Thus

GCD(p, a2) = 1. Let l be odd. Then l′ is odd and αpk (αqβr)l α−1 =

αpkαqβrlα−1 = αpk+q+1βrc2l′ = αpk+q+1−b2 (αb2βc2)rl′ ∈ H2, which implies
GCD (p, a2, b2 − q) = 1. Since GCD(p, a2) divides b2 − q, it follows that
GCD(p, a2) = 1. This proves (i).

GCD(p, a2)=1 implies d=1. Hence a2 =a1 and c2 =c1, which proves (ii).
Let us assume that the conditions (i), (ii) and (iii) are fulfilled and let

us prove that φ : G/H1 → G/H2, φ (H1g) = H2h(p,q,r) (g) , is a well-defined
bijection. Since [G : H1] = a1c1 = a2c2 = [G : H2] , according to Proposi-
tion 5.1 it is enough to prove h−1

(p,q,r) (H2) = H1. Note that h(p,q,r) (αa1) =

αpa1 = αpa2 ∈ H2 and h(p,q,r)(α
b1βc1) = αpb1 (αqβr)

c1 = αpb1+qβrc1 =

αpb1βrc2 = αpb1+q−b2(αb2βc2)r. Since pb1 ≡ −q + b2 (mod a2) it follows
h(p,q,r)(α

b1βc1) ∈ H2. Thus h(p,q,r) (H1) ⊆ H2 and H1 ⊆ h−1
(p,q,r) (H2) . Let us

prove h−1
(p,q,r) (H2) ⊆ H1. Let αnβm ∈ h−1

(p,q,r) (H2) . Then h(p,q,r) (αnβm) =

αpn (αqβr)
m ∈ H2. Since c2 | rm and GCD(r, c2) = 1 it follows m = c2m

′ =
c1m

′ for some even integer m′. We consider two cases: m is even and m is
odd. Let m be even. Then m′ is even and h(p,q,r) (αnβm) = αpn (αqβr)

m
=

αpnβrc2m′ = αpn(αb2βc2)rm′ ∈ H2. Thus pn = a2n
′ = a1n

′, for some integer
n′. Since GCD(p, a2) = GCD(p, a1) = 1 it follows n = a1n

′′ for some integer

n′′. Hence αnβm = αa1n′′βc2m′ = αa1n′′(αb2βc2)m′ = αa1n′′(αb1βc1)m′ ∈ H1.
Let m be odd. Then m′ is odd and h(p,q,r) (αnβm) = αpn (αqβr)

m
=

αpn+qβrc2m′ = αpn+q−b2 (αb2βc2)rm′ ∈ H2. Thus pn+ q − b2 = a2n
′ for some

integer n′, i.e., pn ≡ −q + b2 (mod a2). Since pb1 ≡ −q + b2 (mod a2) and
GCD(p, a2) = 1, it follows n ≡ b1 (mod a2). Thus, n = b1 +a2n

′′ = b1 +a1n
′′

for some integer n′′. We get αnβm = αb1+a1n′′βc2m′ = αa1n′′(αb1βc1)m′ ∈ H1,
which completes the proof.

Let

(∗)
(X ′, x′)

g′←− (X, x)

f ′ ↓ ↓ f

(Y ′, y′) ←−
g′′

(Y, y)

be a commutative diagram, where f and f ′ are pointed covering maps and
all four spaces are pathwise connected. Let L = π1(Y, y), L

′ = π1(Y
′, y′),

M = f#(π1(X, x)), M
′ = f ′#(π1(X

′, x′)) and let ϕ : L/M → L′/M ′ be a

function defined by ϕ(Mu) = M ′g′′#(u). According to [4, Lemma 10] diagram

(∗) is a pull-back diagram if and only if ϕ is a bijection. This fact together
with Propositions 5.2 and 5.3 implies two following corollaries.
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Corollary 5.4. Let p, r, a, d be positive integers, r odd, and let f(p,q,r) :

(K, y0) → (K, y0), fA : (T2, x0) → (K, y0), fB : (T2, x0) → (K, y0) be

pointed covering maps, where A =

[
a b1
0 d

]
and B =

[
a b2
0 d

]
. If GCD(p, a) =

GCD (d, r) = 1 and pb1 ≡ rb2 (mod a), then fB , f(p,q,r), fA can be completed
to a pull-back diagram

(T2, x0)
f←− (T2, x0)

fB ↓ ↓ fA

(K, y0) ←−
f
(p,q,r)

(K, y0)

.

Furthermore, f : (T2, x0)→ (T2, x0) is a covering map and f# is represented

by an integral matrix

[
p pb1−b2r

a
0 r

]
.

Note that f : (T2, x0) → (T2, x0) from Corollary 5.4 is a covering homo-

morphism (represented by the matrix

[
p pb1−b2r

a
0 r

]
) if and only if q = 0.

Corollary 5.5. Let p, r, a, c be positive integers, r and c odd, and let
f(a,b1,c) : (K, y0) → (K, y0), f(a,b2,c2) : (K, y0) → (K, y0), f(p,q,r) : (K, y0) →
(K, y0) be pointed covering maps. If GCD(p, a) = GCD (c, r) = 1 and pb1 ≡
b2−q (mod a), then f(a,b2,c2), f(p,q,r),, f(a,b2,c2) can be completed to a pull-back
diagram

(K, y0)
f←− (K, y0)

f(a,b2 ,c) ↓ ↓ f(a,b1 ,c)

(K, y0) ←−
f
(p,q,r)

(K, y0)

.

Furthermore, f : (K, y0) → (K, y0) is a covering map and f# =
h

(p,
pb1−b2+q

a
,r)
.

6. Pointed finite-sheeted covering maps over (Σ(p, q, r), ∗)
Let Nk denote a set {i ∈ N : i ≥ k}.
Definition 6.1. Let a, c ∈ N. We say that

b(a,c) = (bk, bk+1, . . . , bn, . . .) ∈ {0, 1, . . . , a− 1}Nk

is an admissible sequence for Σ(p, q, r) if for each i ∈ Nk

(i) GCD (a, pi) = GCD (c, ri) = 1;
(ii) pibi+1 ≡ bi − qi (mod a), if c is odd;
(iii) pibi+1 ≡ ribi (mod a), if c is even.
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We consider two admissible sequences b(a,c) ∈ {0, 1, . . . , a− 1}Nk ,

b′(a′,c′) ∈ {0, 1, . . . , a′ − 1}Nk′ for Σ(p, q, r) as equal, provided a = a′, c = c′

and there is an index i∗ ≥ k, k′ such that bi = b′i for i ≥ i∗.

Theorem 6.2. Let (Σ(p, q, r), ∗) be a pointed Klein bottle weak solenoidal
space and let s ∈ N. Then there is a bijection F∗ between the set of all admissi-
ble sequences b(a,c) for Σ(p, q, r), where ac = s, and the set of all equivalence
classes of pointed s-sheeted covering maps f∗ : (X, x)→ (Σ(p, q, r), ∗) with a
connected total space. Moreover, if F∗(b(a,c)) = [f∗], then X is homeomorphic
to a toroidal group if c is even, while X is homeomorphic to Σ(p, q, r) if c is
odd.

Proof. Let b(a,c) ∈ {0, 1, . . . , a− 1}Nk be an admissible sequence for
Σ(p, q, r), ac = s. Depending on c we will associate to b(a,c) a pointed s-
sheeted covering map f∗ : (X, x)→ (Σ(p, q, r), ∗) with connected total space
X in the following manner.

1. c is even. For each i ∈ Nk put Ai =

[
a bi
0 c

2

]
and let fAi

: (T2, x0) →
(K, y0) be an s-sheeted covering map obtained by Ai. According to Proposi-
tion 5.4, fAi

, f(pi,qi,ri), fAi+1 can be completed to a pull-back diagram

(T2, x0)
fii+1←− (T2, x0)

fAi
↓ ↓ fAi+1

(K, y0) ←−
f
(pi,qi,ri)

(K, y0)

for each i ≥ k, where fii+1 is a covering map and fii+1# =

[
pi

pbi+1−bir
a

0 ri

]
.

Let xi = x0 for each i, x = (xi) and let (X, x) be the inverse limit of a
pointed inverse sequence X∗ = {(T2, x0), fii+1,Nk}. Note that X is a torus
solenoidal space, which is pointed homeomorphic to a pointed toroidal group

(A, x) obtained by matrices

[
pi

pbi+1−bir
a

0 ri

]
. Let f∗ = {fAi

: (T2, x0) →

(K, y0) | i ∈ Nk} : X∗ → Y ∗ =
{
(K, y0), f(pi,qi,ri),N

}
be a mapping of

pointed inverse sequences and let f∗ = lim←−f∗ : (X, x)→ (Σ(p, q, r), ∗).
2. c is odd. For each i ∈ Nk let f(a,bi,c) : (K, y0)→ (K, y0) be an s-sheeted

covering map. According to Corollary 5.5, f(a,bi,c), f(pi,qi,ri), f(a,bi+1,c) can be
completed to a pull-back diagram

(K, y0)
fi←− (K, y0)

f(a,bi,c) ↓ ↓ f(a,bi+1 ,c)

(K, y0) ←−
f
(pi,qi,ri)

(K, y0)
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for each i ≥ k, where fi is a covering map and fi# = h
(pi,

pibi+1−bi+qi
a

,ri)
.

Let (X, x), x = ∗, be the inverse limit of a pointed inverse sequence X∗ =
{(K, y0), fi,Nk}. Note that X is a Klein bottle weak solenoidal space. Ac-
cording to Proposition 4.1, (X, ∗) is pointed homeomorphic to (Σ(p′, q′, r′), ∗),
where sequences p′ and r′ consist of positive integers. Moreover, there are
homeomorphisms hi : (K, y0) → (K, y0) such that f

(p′
i
,q′

i
,r′

i
)
, fi, hi, hi+1 form

a commutative diagram

(K, y0)
f
(p′

i
,q′

i
,r′

i
)←− (K, y0)

hi ↓ ↓ hi+1

(K, y0) ←−
f

i

(K, y0)

for each i. Since hi# are isomorphisms, i.e., hi# = h(ui,vi,wi), where ui and
wi are 1 or −1, and h(ui,vi,wi)h(p′

i
,q′

i
,r′

i
)

= h
(pi,

pibi+1−bi+qi
a

,ri)
h(ui+1,vi+1,wi+1)

we get uip
′
i = piui+1 and wir

′
i = riwi+1, which implies pi = p′i and ri = r′i

for each i, which implies that X is homeomorphic to Σ(p, q, r). Let f ∗ =
{f(a,bi,c) : (K, y0) → (K, y0) | i ∈ Nk} : X∗ → Y ∗ =

{
(K, y0), f(pi,qi,ri),N

}

be a mapping of pointed inverse sequences and let f∗ = lim←−f∗ : (X, x) →
(Σ(p, q, r), ∗).

In both cases f∗ is a pointed s -sheeted covering map (see [5, Theorem 6
and Remark 1]). Now put F∗(b(a,c)) = [f∗]. We claim that F∗ is a bijection.

Claim 1. F∗ is an injection.

Let F∗
(
b(a,c)

)
= F∗(b(a′,c′)), b(a′,c′) ∈ {0, 1, . . . , a′ − 1}Nk′ , ac = a′c′ =

s. Then [f∗] = F∗
(
b(a,c)

)
= F∗(b(a′,2c′)) = [f ′∗], f

′ : (X ′, x′)→ (Σ(p, q, r), ∗).
Let Φ∗ be a bijection between the set of all pointed equivalence classes
of s-sheeted covering maps f : (X, x) → (Σ(p, q, r), ∗) and the set of all
subprogroups of index s of the fundamental progroup π1(Σ(p, q, r), ∗) (see

[5, Theorems 5 and 6]). Then Φ∗([f∗]) =
{
Hi, f(pi,qi,ri)#, i ≥ i1 ≥ k

}
=

{〈αa, αbiβc〉, h(pi,qi,ri), i ≥ i1 ≥ k}, where each Hi = Im fAi# = 〈αa, αbiβc〉
if c is even or each Hi = Im f(a,bi,c)# = 〈αa, αbiβc〉 if c is odd. Analo-

gously, Φ∗([f
′
∗]) =

{
H ′i , f(pi,qi,ri)#, i ≥ i′1 ≥ k′

}
, where each H ′i = Im fA′

i
# =

〈αa′ , αb′iβc′〉 if c′ is even or each H ′i = Im f(a′,b′i,c′)# = 〈αa′ , αb′iβc′〉 if

c′ is odd. Since Φ∗([f∗]) = Φ∗([f
′
∗]) there is an i∗ ≥ i1, i

′
1 such that

〈αa, αbiβc〉 = 〈αa′ , αb′iβc′〉 for i ≥ i∗. According to Proposition 3.4, a = a′,
c = c′, bi = b′i for i ≥ i∗ and consequently b(a,c) = b(a′,c′).

Claim 2. F∗ is a surjection.
Let g∗ : (X, x) → (Σ(p, q, r), ∗) be a pointed s-sheeted covering

map. Then there is a pointed inverse sequence X∗ = {(Xi, xi), gii+1,Nk}
and a mapping g∗ = {g

i
: (X, xi) → (K, y0) | i ∈ Nk} : X∗ →

Y ∗ =
{
(K, y0), f(pi,qi,ri),N

}
of pointed inverse sequences such that each
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g
i

: (X, xi) → (K, y0) is a pointed s-sheeted covering map with a connected
total space, each

(Xi, xi)
gii+1←− (Xi+1, xi+1)

gi ↓ ↓ gi+1

(K, y0) ←−
f
(pi,qi,ri)

(K, y0)

is a pull-back diagram, (X, x) = lim←−X∗ and g∗ = lim←−g∗.

Since each g
i

: (X, xi) → (K, y0) is a pointed s-sheeted covering map
it follows that Hi = Im gi# = gi#(π1(Xi, xi)) is a subprogroup of index
s of G. Hence there are integers ai, ci ∈ N and 0 ≤ bi < ai such that
Hi = 〈αai , αbiβci〉, aici = s. Moreover, φi : G/Hi+1 → G/Hi defined by
φi (Hi+1v) = Hih(pi,qi,ri) (v) is a well-defined bijection for each i. We distinct
two cases:

a) There is i∗ ≥ k such that ci∗ is even. According to Proposition 5.2, for
each i ≥ i∗, ci is even, GCD(pi, ai, ribi) = GCD (ci, ri) = 1, ci+1 = dici, ai =
diai+1, and p′bi+1 ≡ ribi (mod ai+1), where di = GCD (pi, ai) and pi = dip

′
i.

Note that for each i ≥ i∗, ai+1 divides ai if di = GCD (pi, ai) > 1 or ai+1 = ai

if di = GCD (pi, ai) = 1. Since each positive number has only finite many di-
visors there are k∗ ≥ i∗ and positive numbers a and c, c even, such that for
each i ≥ k∗, ai = a, ci = c, GCD(pi, a) = GCD (c, ri) = 1 and pibi+1 ≡ ribi
(mod a). Put b(a,c) = (bk∗ , bk∗+1, . . . , bn, . . .) ∈ {0, 1, . . . , a− 1}Nk∗ . Obvi-
ously, b(a,c) is admissible for (Σ(p, q, r), ∗). Let F∗(b(a,c)) = [f∗], where f∗
is obtained as in 1. Then Φ∗([f∗]) = {〈αa, αbiβc〉, h(pi,qi,ri), i ≥ i1 ≥ k∗} =

{〈αa, αbiβc〉, h(pi,qi,ri), i ≥ i1 ≥ k} = Φ∗([g∗]), which implies [f∗] = [g∗] and
F∗(b(a,c)) = [g∗].

b) Each ci is odd, i ≥ k. According to Proposition 5.3, for each i ≥ k,
GCD(pi, ai) = GCD (ci, ri) = 1, ci+1 = ci, ai+1 = ai and pibi+1 ≡ bi − qi
(mod ai). Hence there are positive integers a and c, c odd, such that
GCD(pi, a) = GCD (c, ri) = 1 and pibi+1 ≡ bi − qi (mod a). Put b(a,c) =

(bk, bk+1, . . . , bn, . . .) ∈ {0, 1, . . . , a− 1}Nk . Obviously b(a,c) is admissible for
(Σ(p, q, r), ∗). Let F∗(b(a,c)) = [f∗], where f∗ is obtained as in 2. Then

Φ∗([f∗]) = {〈αa, αbiβc〉, h(pi,qi,ri), i ≥ i′1 ≥ k} = {〈αa, αbiβc〉, h(pi,qi,ri), i ≥
i1 ≥ k} = Φ∗([g∗]), which implies [f∗] = [g∗] and F∗(b(a,c)) = [g∗].

In both cases a) and b) we find an admissible sequence b(a,c) such that
F∗(b(a,c)) = [g∗], which proves that F∗ is a surjection.

Remark 6.3. Each Klein bottle weak solenoidal space Σ(p, q, r) admits
a pointed double-sheeted covering map with total space homeomorphic to the
product Σ(p)×Σ(r) of solenoids Σ(p) and Σ(r), obtained by sequences p and
r respectively.
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Theorem 6.4. Let n(a,c) denote the total number of different admissible
sequences b(a,c) for Σ(p, q, r), (a, c) ∈ N× N fixed. If a = dα1

1 dα2
2 · · · dαm

m , di

different primes, αi positive integers, let {di1 , di2 , . . . , din
} ⊆ {d1, . . . , dm} be

the set (possibly empty) of all prime divisors of a which divide infinitely many
terms in the sequence r = (ri). Then

n(a,c) =

{
a

d
αi1
i1

d
αi2
i2
···d

αin
in

, c even

a, c odd
.

Proof. Let k ∈ N be an integer such that GCD(a, pi) = GCD(c, ri) =
GCD(d, ri) = 1 for each i ≥ k and each d ∈ {d1, d2 . . . , dm}\{di1 , di2 , . . . , din

}.
We will define sequences

bj
(a,c)=(bjk, b

j
k+1, . . . , b

j
n, . . .) ∈ {0, 1, . . . , a− 1}Nk , j = 0, 1, . . . , a− 1,

in the following way. If c is even, let xi ∈ {0, 1, . . . , a− 1} be a unique solu-
tion of a linear congruence pixi ≡ ri (mod a), i ≥ k. If c is odd, let xi, yi ∈
{0, 1, . . . , a− 1} be unique solutions of linear congruences pixi ≡ 1 (mod a)
and piyi ≡ −qi (mod a), i ≥ k. If a = 1, we put b0

(1,c)= (0, 0, . . . , 0, . . .) ∈
{0}Nk . If a ≥ 2, we put bj

(a,c)= (j, bjk+1, . . . , b
j
n, . . .), where bji+1 ≡ xib

j
i

(mod a), i ≥ k, if c is even or bji+1 ≡ xib
j
i + yi (mod a), i ≥ k, if c is odd.

We claim that bj
(a,c) are admissible for Σ(p, q, r). If c is even, we get pib

j
i+1 ≡

pixib
j
i ≡ rib

j
i (mod a) . If c is odd, we get pib

j
i+1 ≡ pixib

j
i + piyi ≡ bji − qi

(mod a). Hence, in both cases bj
(a,c) are admissible for Σ(p, q, r).

Claim 1. If c is even, then n(a,c) = a

d
αi1
i1

d
αi2
i2
···d

αin
in

.

Note that GCD(a, ri) = GCD (a, xi) , i ≥ k, and bjk+n ≡ (
k+n−1∏

i=k

xi)j

(mod a) for an arbitrary n ∈ N.
If {di1 , di2 , . . . , din

} = ∅, then 1 = GCD (a, ri) = GCD (a, xi) , i ≥ k. In

this case bjk+n ≡ bj
′

k+n (mod a) implies j ≡ j′ (mod a), which shows that all

bj
(a,c), j = 0, 1, . . . , a− 1, are different admissible sequences for Σ(p, q, r).

Let {di1 , di2 , . . . , din
} 6= ∅. We claim that bj

(a,c) = bj′

(a,c) if and only if

j ≡ j′ (mod a

d
αi1
i1

d
αi2
i2
···d

αin
in

). Let bj
(a,c) = bj′

(a,c). Then there is n0 ∈ N such

that bjk+n = bj
′

k+n for n ≥ n0. On the other hand we can choose large enough

n1 ≥ n0 such that
k+n1−1∏

i=k

xi = λdl1
i1
dl2

i2
· · · dln

in
, where λ ∈ N and lj ≥ αij

for

j = 1, . . . , n. Note that d - λ for each d /∈ {di1 , di2 , . . . , din
} . Now, bjk+n1

≡
bj
′

k+n1
(mod a) implies λdl1

i1
dl2

i2
· · · dln

in
(j − j′) ≡ 0 (mod a) and we conclude

j − j′ ≡ 0 (mod a

d
αi1
i1

d
αi2
i2
···d

αin
in

). Let now j − j′ ≡ 0 (mod a

d
αi1
i1

d
αi2
i2
···d

αin
in

).
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Then d
αi1

i1
d

αi2

i2
· · · dαin

in
(j − j′) ≡ 0 (mod a). Choose large enough n such that

k+n−1∏
i=k

xi = λdl1
i1
dl2

i2
· · · dln

in
, where λ ∈ N, and lj ≥ αij

for j = 1, . . . , n. Then

bjk+n − b
j′

k+n ≡ λdl1
i1
dl2

i2
· · · dln

in
(j − j′) ≡ 0 (mod a). Hence bjn+k = bj

′

n+k and

also bj
(a,c) = bj′

(a,c). It remains to prove that any admissible sequence b(a,c) =

(bl, bl+1, . . .) ∈ {0, 1, . . . , a− 1}Nl is equal to some bj
(a,c). It is obvious if l ≤

k. So, let us assume that l > k. Since pibi+1 ≡ ribi (mod a) for i ≥ l,
we claim that bi+1 ≡ xibi (mod a) for i ≥ l. Assume the contrary. Then
pibi+1 is not congruent to pixibi (mod a) , which implies that pibi+1 is not

congruent to ribi (mod a) and we get a contradiction. Thus bn ≡ (
n−1∏
i=l

xi)bl

(mod a) for n > l. If {di1 , di2 , . . . , din
} = ∅, let j be a unique solution of a

congruence (
l−1∏
i=k

xi)j ≡ bl (mod a). Then bjl ≡ (
l−1∏
i=k

xi)j ≡ bl (mod a) and

b(a,c) = bj
(a,cc). If {di1 , di2 , . . . , din

} 6= ∅, choose large enough n ≥ l > k such

that
n−1∏
i=l

xi = λdl1
i1
dl2

i2
· · · dln

in
, where λ ∈ N, lj ≥ αij

for j = 1, . . . , n and d - λ

for each d /∈ {di1 , di2 , . . . , din
} . Then bn ≡ λdl1

i1
dl2

i2
· · · dln

in
bl (mod a). Let j be

a unique solution of a linear congruence (
l−1∏
i=k

xi)j ≡ bl (mod a

d
αi1
i1

d
αi2
i2
···d

αin
in

).

Then d
αi1

i1
d

αi2

i2
· · · dαin

in
(bl − (

l−1∏
i=k

xi)j) ≡ 0 (mod a) and we get bn − bjn ≡

λdl1
i1
dl2

i2
· · · dln

in
(bl−bjl ) ≡ λdl1

i1
dl2

i2
· · · dln

in
(bl−(

l−1∏
i=k

xi)j) ≡ 0 (mod a) . This proves

b(a,c) = bj
(a,c). Hence n(a,c) = a

d
αi1
i1

d
αi2
i2
···d

αin
in

.

Claim 2. If c is odd, then n(a,c) = a.

Note that GCD(xi, a) = 1 for i ≥ k and bjk+n ≡ (
k+n−1∏

i=k

xi)j +

(
k+n−1∏
i=k+1

xi)yk +(
k+n−1∏
i=k+2

xi)yk+1+ · · ·+yk+n−1 ≡ (
k+n−1∏

i=k

xi)j+b
0
k+n (mod a) for

an arbitrary n ∈ N. We claim that all sequences bj
(a,c), j = 0, 1, . . . , a− 1, are

different. Assume the contrary. Then there are j, j ′ ∈ {0, 1, . . . , a− 1} , j 6= j ′,

and n ∈ N such that bjk+n = bj
′

k+n. Then (
k+n−1∏

i=k

xi)(j−j′) ≡ 0 (mod a). Since

GCD(
k+n−1∏

i=k

xi, a) = 1, it follows j = j ′, which is a contradiction. It remains to

prove that any admissible sequence b(a,c) = (bl, bl+1, . . .) ∈ {0, 1, . . . , a− 1}Nl

is equal to some bj
(a,c). It is obvious if l ≤ k. So, let us assume that l > k.
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Since pibi+1 ≡ bi − qi (mod a) for i ≥ k, we claim that bi+1 ≡ xibi + yi

(mod a) for i ≥ k. Assume the contrary. Then pibi+1 is not congruent to
pixibi + piyi (mod a) and consequently pibi+1 is not congruent to bi − qi
(mod a), which is a contradiction. Let j be a unique solution of a linear con-

gruence (
l−1∏
i=k

xi)j ≡ bl − b0l (mod a). Then bl − bjl ≡ bl − (
l−1∏
i=k

xi)j − b0l ≡ 0

(mod a), which implies bl = bjl . This proves b(a,c) = bj
(a,c). Hence n(a,c) = a.

Note that n(a,c) is even if and only if a is even.

Remark 6.5. Each admissible sequence b(a,c) for Σ(p, q, r), c even, is a
super-admissible sequence for the product Σ(p)×Σ(r) of solenoids Σ(p) and
Σ(r) (see [1, Appendix A] and [2]). The proof of Theorem 6.4 related to the
case c even is the same as one done for super-admissible sequences in [2].

For s ∈ N and sequences p = (pi), r = (ri) let Fs denote the set of all
ordered pairs (a, c) ∈ N×N satisfying ac = s and GCD(a, pi) = GCD(c, ri) =
1 for almost all i.

Corollary 6.6. Let (Σ(p, q, r), ∗) be a pointed Klein bottle weak sole-
noidal space and let s ∈ N. Then there are

∑
(a,c)∈Fs

n(a,c) different equivalence

classes of pointed s-sheeted covering maps over (Σ(p, q, r), ∗) with connected
total space.

7. Unpointed finite-sheeted covering maps over Σ(p, q, r)

Definition 7.1. Let b(a,c),b
′
(a′,c′) be admissible sequences for Σ(p, q, r).

We say that b′(a′,c′) is conjugate to b(a,c) provided

(i) c′ = c, a′ = a;
(ii) b′i = bi or b′i = a− bi for almost all i, if c is even;
(iii) b′i − bi is even for almost all i if c is odd and a is even.

Note that conjugacy is an equivalence relation on admissible sequences
for Σ(p, q, r). If both a and c are odd then any two admissible sequence
b(a,c),b

′
(a,c) are conjugate.

Proposition 7.2. Let b(a,c) and b′(a,c) be admissible sequences for

Σ(p, q, r). b(a,c) and b′(a,c) are conjugate if and only if there is a sequence

(gi) ∈ GNk0 such that 〈αa, αb′iβc〉 = g−1
i 〈αa, αbiβc〉gi and h(pi,qi,ri)(gi+1) ∈

〈αa, αbiβc〉gi for each i ≥ k0 ≥ k∗.
Proof. Let b(a,c) and b′(a,c) be conjugate admissible sequences for

Σ(p, q, r). Then there is k0 ≥ k, k′ such that for each i ≥ k0, b
′
i is either

bi or a− bi if c is even or b′i− bi is even if a is even and c is odd. Without loss
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of generality we assume k0 = 1. We will construct the desired sequence (gi)
by the induction.

Let c be even. Since b(a,c) and b′(a,c) are conjugate, b′i is either bi or

a− bi. The only non-trivial case is b′i = a− bi 6= bi for all i. Put g1 = β. Then
β−1〈αa, αb1βc〉β = 〈αa, α−b1βc〉 = 〈αa, αa−b1βc〉. Since GCD(r1, c) = 1 there
are integers v2, k2 such that r1v2−ck2 = 1. Since r1 is odd v2 is also odd. Since
GCD(p1, a) = 1 there are integers u2 and l2 such that p1u2−al2 = k2b1−q1v2.
Put g2 = αu2βv2 . v2 is odd and therefore (αu2βv2)−1〈αa, αb2βc〉αu2βv2 =
〈αa, α−b2βc〉 = 〈αa, αa−b2βc〉. Furthermore,

h(p1,q1,r1)(g2) = h(p1,q1,r1)(α
u2βv2) = αp1u2+q1v2βr1v2

= αp1u2+q1v2βck2+1 = αp1u2+q1v2−k2b1(ab1βc)k2β

= αl2a(αb1βc)k2β ∈ 〈αa, αb1β〉g1.
Let us assume that for each i = 1, . . . , n we have constructed gi = αuiβvi ,
vi odd, such that 〈αa, αa−biβc〉 = g−1

i 〈αa, αbiβc〉gi, i = 1, . . . , n and
h(pi,qi,ri)(gi+1) ∈ 〈αa, αbiβc〉gi, i = 1, . . . , n − 1. Since GCD(rn, c) = 1 there
are integers vn+1, kn+1 such that rnvn+1 − ckn+1 = vn. Since rn and vn are
odd, vn+1 is also odd. Since GCD(pn, a) = 1 there are integers un+1 and ln+1

such that pnun+1 − aln+1 = kn+1bn − qnvn+1 + un. Put gn+1 = αun+1βvn+1 .
vn+1 is odd and therefore

(αun+1βvn+1)−1〈αa, αbnβc〉αun+1βvn+1 = 〈αa, α−bnβc〉 = 〈αa, αa−bnβc〉.
Moreover,

h(pn,qn,rn)(gn+1) = h(pn,qn,rn)(α
un+1βvn+1)

= αpnun+1+qnvn+1βrnvn+1 = αpnun+1+qnvn+1βckn+1+vn

= αpnun+1+qnvn+1−bnkn+1−un(abnβc)kn+1αunβvn

= αln+1a(αbnβc)kn+1gn ∈ 〈αa, αbnβc〉gn.

Let c be odd. Since b(a,c) and b′(a,c) are admissible for Σ(p, q, r), pib
′
i+1 ≡

b′i − qi (mod a) and pibi+1 ≡ bi − qi (mod a). This implies pi(bi+1 − b′i+1) ≡
bi − b′i (mod a). Furthermore, b′i − bi is even if a is even. By the induction
we will construct a sequence (ui) of integers such that 2ui ≡ bi − b′i (mod a)
and piui+1 ≡ ui (mod a). Let u1 be a solution of an equation 2u1 ≡ b1 − b′1
(mod a). Assume that ui, i = 1, . . . , n, have desired properties. Let un+1

be a unique solution of an equation pnun+1 ≡ un (mod a). Then pn2un+1 ≡
2un ≡ bn−b′n ≡ pn(bn+1−b′n+1) (mod a), which implies 2un+1 ≡ bn+1−b′n+1

(mod a). This proves un+1 has both required properties. Put gi = αui for

every i. We get (αvi)−1〈αa, αbiβc〉αvi = 〈αa, αbi−2viβc〉 = 〈αa, αb′iβc〉. Since
piui+1 ≡ ui (mod a) for each i there is an integer li such that pi+1ui+1 −
ui = lia. Then h(pi,qi,ri)(gi+1) = h(pi,qi,ri)(α

ui+1 ) = αpiui+1 = αlia+ui ∈
〈αa, αbiβc〉αui .
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Conversely, let (gi = αuiβvi) ∈ GNk0 be a sequence such that 〈αa, αb′iβc〉 =
g−1

i 〈αa, αbiβc〉gi and h(pi,qi,ri)(gi+1) ∈ 〈αa, αbiβc〉gi for each i. We claim that
b(a,c) and b′(a,c) are conjugate.

First let c be even. By the assumption,

h(pi,qi,ri)(gi+1) = h(pi,qi,ri)(α
ui+1βvi+1)

= αpiui+1(αqiβri)vi+1 ∈ 〈αa, αbiβc〉αuiβvi .

Since all ri are odd and rivi+1 = cki + vi for some integer ki it follows that
all vi are odd or all vi are even. On the other hand (αuiβvi)−1αa (αuiβvi) =
α(−1)vi a and (αuiβvi)−1αbiβc (αuiβvi) = α(−1)vi biβc. Thus either

〈αa, αb′iβc〉 = g−1
i 〈αa, αbiβc〉gi = 〈αa, αbiβc〉

or

〈αa, αb′iβc〉 = g−1
i 〈αa, αbiβc〉gi = 〈αa, αa−biβc〉.

Now we conclude that b′i is either bi or a − bi, which proves that b(a,c) and
b′(a,c) are conjugate.

Let c be odd. First note that

(αuiβvi)−1αbiβc (αuiβvi) = α(−1)vi (bi−2ui)βc ∈ 〈αa, αb′iβc〉.
Thus (−1)vi(bi−2ui) ≡ b′i (mod a). This shows that an equation 2x ≡ bi− b′i
(mod a) or 2x ≡ bi + b′i (mod a) has a solution. If a is even this means bi− b′i
is even. This proves b(a,c) and b′(a,c) are conjugate.

Theorem 7.3. Let Σ(p, q, r) be a Klein bottle weak solenoidal space and
let s ∈ N. Then there is a bijection F between the set of all conjugacy classes
of admissible sequences b(a,c) for Σ(p, q, r), where ac = s, and the set of
all equivalence classes of s-sheeted covering maps f : X → Σ(p, q, r) with a
connected total space X.

Proof. Put F ([b(a,c)]) = [F∗(b(a,c))]. First we prove that F is well-
defined. Let b′(a,c) be conjugate to b(a,c). Let F∗(b(a,c)) = f∗ and

F∗(b
′
(a,c)) = f ′∗. Then Φ∗(f∗) = {〈αa, αbiβc〉, h(pi,qi,ri), i ≥ i0} and Φ∗(f

′
∗) =

{〈αa, αb′iβc〉, h(pi,qi,ri), i ≥ i′0}. According to Proposition 7.2, there is

a sequence (gi) ∈ GNk0 such that 〈αa, αb′iβc〉 = g−1
i 〈αa, αbiβc〉gi and

h(pi,qi,ri)(gi+1) ∈ 〈αa, αbiβc〉gi for each i ≥ k0 ≥ i0, i
′
0. This means that

Φ∗(f∗) and Φ∗(f
′
∗) are conjugate subprogroups of index ac of π1(Σ(p, q, r), ∗).

According to [5, Theorems 5 and 7] f and f ′ are equivalent covering maps,
which proves that F is well-defined. Let F ([b(a,c)]) = F ([b′(a,c)]). Then

F∗(b(a,c)) = f∗ and F∗(b
′
(a,c)) = f ′∗ are equivalent covering maps. So,

Φ∗(f∗) = {〈αa, αbiβc〉, h(pi,qi,ri), i ≥ i0} and Φ∗(f
′
∗) = {〈αa, αb′iβc〉, h(pi,qi,ri),

i ≥ i′0} are conjugate subprogroups of index ac of π1(Σ(p, q, r), ∗), which

means that there is a sequence (gi) ∈ GNk0 such that 〈αa, αb′iβc〉 =
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g−1
i 〈αa, αbiβcgi〉 and h(pi,qi,ri)(gi+1) ∈ 〈αa, αbiβc〉gi for each i ≥ k∗ ≥ i0, i

′
0.

This means that Φ∗(f∗) and Φ∗(f
′
∗) are conjugate subprogroups of index ac of

π1(Σ(p, q, r), ∗). According to Proposition 7.2, b(a,c) and b′(a,c) are conjugate,

[b(a,c)] = [b′(a,c)] and F is an injection.

Let f : X → Σ(p, q, r) be an s-sheeted covering map with a connected
total space X . Let x ∈ f−1(∗) ⊆ X be an arbitrary point. According to
Theorem 6.2, there is an admissible sequence b(a,c) for Σ(p, q, r) such that
F∗(b(a,c)) = f∗. Then F ([b(a,c)]) = [F∗(b(a,c))] = [f ] .

Theorem 7.4. Let N(a,c) denote the total number of different conjugacy
classes of admissible sequences b(a,c) for Σ(p, q, r), (a, c) ∈ N× N fixed. Then

N(a,c) =





1, a odd, c odd
2, a even, c odd
n(a,c)

2 + 1, a even, c even
n(a,c)+1

2 , a odd, c even

.

Proof. (i) a odd, c odd. Each two admissible sequences b(a,c) and b′(a,c)

for Σ(p, q, r) are conjugate and N(a,c) = 1.
(ii) a even, c odd. Let b(a,c) and b′(a,c) be admissible sequences for

Σ(p,q, r) such that there is i with bi − b′i even. Put bi − b′i = 2k. Then
pibi+1 ≡ bi − qi ≡ b′i + 2k − qi (mod a), pib

′
i+1 ≡ b′ − qi (mod a) and

pi(bi+1 − b′i+1) ≡ 2k (mod a). Since a is even and GCD(a, pi) = 1 it fol-
lows bi+1 − b′i+1 = 2k′. By the induction we show that bj − b′j is even for all

j ≥ i, which shows that b(a,c) and b′(a,c) are conjugate. Let b(a,c) and b′(a,c)

be admissible sequences for Σ(p,q, r) such that there is i with bi − b′i odd.
Let bi − b′i = 2k + 1. Then pi(bi+1 − b′i+1) ≡ 2k + 1 (mod a). Since pi is odd,
it follows that bi+1 − b′i+1 is odd. By the induction we prove that bj − b′j is

odd for all j ≥ i and b(a,c) and b′(a,c) are not conjugate. Consider admissible

sequences bj
(a,c), j = 0, . . . , a− 1, which represent all different admissible se-

quences b(a,c) for Σ(p,q, r). bj
(a,c) and bj′

(a,c) are conjugate if and only if j−j ′
is even. It is now clear that there are exactly two different conjugacy classes
[b0

(a,c)] = {b0
(a,c),b

2
(a,c), . . . ,b

a−2
(a,c)} and [b1

(a,c)] = {b1
(a,c),b

3
(a,c), . . . ,b

a−1
(a,c)},

i.e., N(a,c) = 2.
(iii) c even. Consider admissible sequences b(a,c) and b′(a,c) such that there

is i with b′i = a−bi. Then pib
′
i+1 ≡ rib′i ≡ ria−rib ≡ −rib (mod a) and pi(a−

bi+1) ≡ −ribi (mod a), which implies b′i+1 = a−bi+1. Thus b′j = a−bj for each
j ≥ i. Let n(a,c) be the total number of all different admissible sequences b(a,c)

for Σ(p, q, r). Recall that bj
(a,c) = bj′

(a,c) if and only if j − j′ ≡ 0 (mod n(a,c))

and let bj
(a,c), j = 0, . . . , n(a,c)−1, be representatives of all different admissible

sequences. Note that a−j ≡ n(a,c)−j (mod n(a,c)). Hence bj
(a,c) and b

n(a,c)−j

(a,c)
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are conjugate. If n(a,c) is even there are
n(a,c)

2 + 1 conjugacy classes [b0
(a,c)] =

{b0
(a,c)}, [b1

(a,c)] = {b1
(a,c),b

n(a,c)−1

(a,c) }, . . . , [b
n(a,c)

2

(a,c) ] = {b
n(a,c)

2

(a,c) }. If n(a,c) is

odd then there are
n(a,c)+1

2 conjugacy classes [b0
(a,c)] = {b0

(a,c)}, [b1
(a,c)] =

{b1
(a,c),b

n(a,c)−1

(a,c) }, . . . , [b
n(a,c)−1

2

(a,c) ] = {b
n(a,c)−1

2

(a,c) ,b
n(a,c)+1

2

(a,c) }. If a is even, then

n(a,c) is even and N(a,c) =
n(a,c)

2 + 1. If a is odd, then n(a,c) is odd and

N(a,c) =
n(a,c)+1

2 .

Corollary 7.5. Let Σ(p, q, r) be a Klein bottle weak solenoidal space
and let s ∈ N. Then there are

∑
(a,c)∈Fs

N(a,c) different equivalence classes of

s-sheeted covering maps over Σ(p, q, r) with connected total space.

Example 7.6. Let Σ(p, q, r) be a Klein bottle weak solenoidal space,
where pi = 3, ri = 5 for each i. First note that Σ(p, q, r) admits an s-
sheeted covering map with a connected total space for each s ∈ N. We will
examine 15-sheeted and 20-sheeted covering maps over Σ(p, q, r). If s = 15,
then F15 = {(5, 3)} , n(5,3) = 5 and N(5,3) = 1. Σ(p, q, r) admits 5 different
equivalence classes of pointed 15-sheeted covering maps and all total spaces
are homeomorphic to the base space. On the other hand there is only one
equivalence class of 15-sheeted covering maps over Σ(p, q, r). If s = 20, then
F20 = {(5, 4), (10, 2), (20, 1)} , n(5,4) = 5

5 = 1, n(10,2) = 10
5 = 2, n(20,1) = 20,

N(5,4) = 1+1
2 = 1, N(10,2) = 2

2 + 1 = 2, N(20,1) = 2. Σ(p, q, r) admits 23
different equivalence classes of pointed 20-sheeted covering maps. Among
them there are 3 equivalence classes with total space homeomorphic to toroidal
groups and 20 equivalence classes with total spaces homeomorphic to the base
space. On the other hand there are 5 different equivalence classes of 20-sheeted
covering maps over Σ(p, q, r), 3 with total spaces homeomorphic to toroidal
groups and 2 with total spaces homeomorphic to the base space.
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[3] J. Keesling and S. Mardešić, A shape fibration with fibers of different shape, Pacific J.

Math. 84 (1979) 319-331.
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