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Abstract. Let Aut∗(X) denote the group of homotopy classes of
self-maps of X which induce identity automorphisms of homology groups.
We construct a spectral sequence converging to Aut∗(X), induced by the
cellular decomposition of X, and use it to obtain some structural and
computational results.

1. Introduction

Given a pointed CW-complex X let us consider the following H-groups
(with respect to the composition): aut(X), the space of base-point preserving
self-maps of X which are homotopy equivalences, aut](X), the subspace of
aut(X) consisting of maps which induce identity automorphisms of homotopy
groups of X , and aut∗(X), the subspace of aut(X) consisting of maps which
induce identity automorphisms of homology groups of X . The corresponding
sets of components form the group Aut(X) := π0(aut(X)), called the group of
self-homotopy equivalences, and its subgroups Aut](X) := π0(aut](X)) and
Aut∗(X) := π0(aut∗(X)). There is an extensive literature on these spaces
and groups as can be seen from the excellent survey paper [1].
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The spectral sequence approach to the computation of Aut(X) appeared
very early in Shih [15], and was further developed in several papers by Didier-
jean [5, 6] on Aut](X) and higher homotopy groups of aut(X). Both authors
use the Postnikov decomposition of a space in order to obtain a filtration of
the space aut(X), which in turn yields a spectral sequence converging to the
homotopy groups of aut(X), and in particular to Aut(X). The complexity
of these results reflects the complexity of the structure of Aut(X), while the
non-effectiveness of the Postnikov decomposition limits their applicability.

When one attempts to dualize these results to cellular decompositions,
two important difficulties arise.

First, a cellular decomposition of X does not lead to a corresponding fil-
tration of Aut(X). Indeed, there are elementary examples of self-equivalences
on a space which cannot be represented by a cellular map whose restrictions
to skeletons are also self-equivalences (cf. [14, Remark 1.1]). As shown in [13]
the situation is more favorable when dealing with Aut∗(X), the subgroup of
Aut(X) defined above (which can be also seen as the kernel of the obvious
representation Aut(X) → AutH∗(X)), since in that case a cellular decom-
position of X induces a normal series for Aut∗(X), which is a neccessary
condition for the existence of a spectral sequence.

Still, the approach of Shih and Didierjean cannot be applied directly to
obtain a spectral sequence converging to Aut∗(X). In fact, while the natu-
rality of the Postnikov decomposition of X gives rise to a filtration of aut(X)
and aut](X), a cellular decomposition does not do the same for aut∗(X).
We overcome this difficulty by the introduction of the space caut(X) of self-
equivalences which respect cellular structure. This space is related to aut∗(X)
and has nicer properties with respect to the cellular decomposition so that a
spectral sequence converging to the corresponding group of self-equivalences
can be obtained.

The paper is organized as follows. The second section contains a brief
exposition of (a variant of) the Cartan-Eilenberg method for the construction
of spectral sequences. In the third section this method is applied to caut(X)
in order to obtain a spectral sequence converging toward the corresponding
group cAut(X) of homotopy classes. Then this group is related to Aut∗(X)
and the special case of spaces with sparse homology is considered. The fourth
section contains several structural results: the description of the kernel of
the natural homomorphism cAut(X) → Aut∗(X), the proof that cAut(X) is
nilpotent and that it behaves well with respect to the localization. The final
section is dedicated to computational examples.

2. Non-abelian Cartan-Eilenberg systems

The classical reference for the Cartan-Eilenberg approach to the construc-
tion of spectral sequences is [2]. In its original form this method is equivalent
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to exact couples, and is well suited for the computation of (co)homology
groups of filtered spaces. On the other side, if one attempts to compute the
homotopy groups, a difficulty arises, since the homotopy exact sequences are
not exact in dimension 0. To avoid this problem, some modifications are
required, and are much easier to describe in the Cartan-Eilenberg setting.
This was first done by Shih (as reported in [3]), and we will give here a brief
description of the relevant part of his approach, following [10].

A non-abelian Cartan-Eilenberg system is given by the following data:
– abelian groups H−1(p, q) for 0 ≤ p ≤ q ≤ ∞,
– groups H0(p, q) for 0 ≤ p ≤ q ≤ ∞,
– pointed sets H1(p, p+ 1) with base points bp for 0 ≤ p <∞,
– homomorphisms η :Hn(p, q)→ Hn(p′, q′) for n ∈ {−1, 0}, p ≥ p′ and q ≥ q′,
– homomorphisms δ :H−1(p, q)→ H0(q, r) for p ≤ q ≤ r,
– actions of H0(p, q) on H1(q, q + 1), which, through the action on the base-
point, define functions δ :H0(p, q)→ H1(q, q + 1) as δ :x 7→ x · bq .

These data satisfy the following conditions:
– η :Hn(p, q)→ Hn(p, q) is the identity;
– whenever p ≥ p′ ≥ p′′ and q ≥ q′ ≥ q′′ the following diagram is commutative

H(p, q)
η

η

H(p′′, q′′)

H(p′, q′)

η

– whenever p ≤ q ≤ r and p′ ≤ q′ ≤ r′ the following diagram is commutative

Hn(p′, q′)
δ

η

Hn+1(q′, r′)

η

Hn(p, q)
δ

Hn+1(q, r)

– whenever p ≤ q ≤ r the following sequence is exact

H−1(q, r)
η

H−1(p, r)
η

H−1(p, q)

δ
H0(q, r)

η
H0(p, r)

η
H0(p, q)

– whenever p ≤ q the following sequence is exact

H0(p, q + 1)
η

H0(p, q)
δ

H1(q, q + 1) .

The above definition looks quite cumbersome and in fact it could be given
in a more elegant and unified fashion. However, this would require a more
abstract categorical setting, which we prefer to avoid.
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Theorem 2.1. Every non-abelian Cartan-Eilenberg system gives rise to
a spectral sequence (Er , dr) of cohomological type where

Ep,−p−1
r = Im(η :H−1(p, p+ r)→ H−1(p, p+ 1)),

Ep,−p
r =

Im(η :H0(p, p+ r)→ H0(p, p+ 1))

Im(δ :H−1(p− r + 1, p)→ H0(p, p+ 1))
,

and Ep,−p+1
r is the quotient of Ep,−p+1

r−1 with respect to the action of

Ep−r+1,−p+r−1
r−1 , induced by the action of H0(p− r + 1, p) on H1(p, p+ 1).

For p+ q /∈ {−1, 0, 1} the Ep,q
r are trivial.

The differential dr :Ep,q
r → Ep+r,q−r+1

r is induced by the relation

Hp+q(p, p+ 1)
η−1

−→ Hp+q(p, p+ r)
δ−→ Hp+q+1(p+ r, p+ r + 1).

If there exists some P such that Hn(p, p+ 1) is trivial when p > P , then
this spectral sequence determines the graded group H0(0,∞) in the sense that
the E∞-term corresponds to the subquotients of the filtration

F pH(0,∞) = Im(H(p,∞)→ H(0,∞)) = Ker(H(0,∞)→ H(0, p)).

Finally, if H0(p, p + 1) and H1(p, p + 1) are abelian groups, and if the
function

H0(p, p+ 1)→ H1(p+ 1, p+ 2), x 7→ x · bp+1 − bp+1

is a homomorphism, then the resulting spectral sequence consists of abelian
groups and their homomorphisms.

We omit the proof of this theorem, since it requires only a straightforward
verification of the assertions.

3. A spectral sequence for Aut∗(X)

The main part of this section is dedicated to the construction of a spectral
sequence associated to a cellular decomposition of a CW-complex X . The
strategy to avoid the problems mentioned in the Introduction consists of two
steps:
– we first introduce the space of maps which induce identity automorphisms
of homology groups and preserve the cellular structure

caut(X) := {f ∈ aut∗(X) | ∀p :f |X(p) ∈ aut∗(X
(p))},

and show that the Cartan-Eilenberg method can be used for the computation
of the group cAut(X) = π0(caut(X));
– second, we study relations between cAut(X) and Aut∗(X), and in particular
give some sufficient conditions for them to coincide.

Generally speaking the space caut(X) is not a good approximation of
aut∗(X), nonetheless [13, Theorem 1.4] implies that the natural homomor-
phism

cAut(X)→ Aut∗(X)
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is surjective. Moreover, when all homotopies on X can be substituted by
cellular ones, e.g., when X does not have cells in consecutive dimensions, the
above homomorphism is injective as well.

Let X be a simply-connected, n-dimensional, finite CW-complex, with a
canonical decomposition given by the skeletons {X (p) | p = 0, 1, . . . , n} and
the attaching maps {ϕp : V p → X(p) | p = 2, 3, . . . , n − 1} where V p is a
wedge of p-dimensional spheres. That the decomposition of X is canonical
means that for every p the wedge V p splits into a union of subwedges V p =
V p

r ∨V p
g such that (ϕp|V p

r
)∗p is injective and ϕp(V

p
g ) ⊆ X(p−1). This technical

assumption does not imply any loss of generality since by [14, Theorem 2.3]
every simply-connected CW-complex has the cellular homotopy type of a
complex with a canonical decomposition. Let cp+1 be the number of spheres
in V p, i.e., the number of (p+1)-cells in the decomposition of X , and let rp+1

and gp+1 denote respectively the number of spheres in V p
r and V p

g .
The following results prepare the construction of a Cartan-Eilenberg sys-

tem.

Lemma 3.1. The restriction map caut(X (p+1)) → caut(X(p)) is a fibra-
tion.

Proof. Obvious, since X(p) ↪→ X(p+1) is a cofibration.

Corollary 3.2. If p ≤ q then the restriction map caut(X (q)) →
caut(X(p)) is a fibration with fibre cautX(p)(X(q)) = {f ∈ caut(X(q)) |
f |X(p) = 1X(p)}.

Corollary 3.3. If p ≤ q ≤ r then there is a fibration

cautX(q) (X(r)) ↪→ cautX(p)(X(r))→ cautX(p)(X(q)).

These corollaries allow the construction of a Cartan-Eilenberg system: for
p ≤ q and k ∈ {−1, 0} let Hk(p, q) := π−k(cautX(p)(X(q))); the homomor-
phisms η are induced by restrictions while the homomorphisms δ are deter-
mined by boundary homomorphisms in the homotopy long exact sequences of
fibrations

cautX(q) (X(r)) ↪→ cautX(p)(X(r))→ cautX(p)(X(q));

for p ≥ 0 let H1(p, p+1) be the cokernel of the homomorphism Φp : [V p
r , V

p
g ]→

[V p, X(p)], which to an α :V p
r → V p

g assigns the composition

V p π−→ V p
r

α−→ V p
g

ı
↪→ V p ϕp−→ X(p),

with ϕp as base-point; finally, letH0(p, q) = cAutX(p)(X(q)) act onH1(q, q+1)
by post-composition.

Lemma 3.4. The sequence of groups and sets

cAutX(p)(X(q+1))
η−→ cAutX(p)(X(q))

δ−→ [V q , X(q)]/Φq([V
q

r , V
q
g ])

is exact.
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Proof. Consider the following commutative diagram

V q
ϕq

1+ıαπ

X(q)

f

X(q+1)

f̄

V q
ϕq

X(q) X(q+1)

If δ(f) = [ϕq ] ∈ [V q , X(q)]/Φq([V
q
r , V

q
g ]), i.e., if there is a map α ∈ [V q

r , V
q
g ]

such that f ◦ ϕq − ϕq = ϕq ◦ ı ◦ α ◦ π, then, by the mapping cone property, f

extends to a map f̄ :X(q+1) → X(q+1). Its effect on homology groups can be
deduced from the following diagram (ξ := (ϕq |V q

r
)∗):

Hq+1(X
(q+1))

f̄∗

Hq(V
q
g )⊕Hq(V

q
r )

[0,ξ]

1∗+ı∗α∗π∗

Hq(X
(q))

f∗

Hq(X
(q+1))

f̄∗

Hq+1(X
(q+1)) Hq(V

q
g )⊕Hq(V

q
r )

[0,ξ]
Hq(X

(q)) Hq(X
(q+1))

hence f̄∗q = 1∗ and f̄∗(q+1) = 1∗. Consequently f̄ ∈ caut∗(X
(q+1)) and

Ker δ ⊆ Im η. Vice versa, if a map f̄ ∈ caut(X(q+1)) satisfies f̄ |X(q) = f , i.e.,
f = η(f̄), then by [8, Theorem 7.3’] there exists a map ε :V q → V q such that
f ◦ ϕq = ϕq ◦ ε. From the above diagram we conclude that ε = 1 + ı ◦ α ◦ π
for some α ∈ [V q

r , V
q
g ], hence Im η ⊆ Ker δ.

It follows that the above data define a non-abelian Cartan-Eilenberg sys-
tem so we can study the corresponding spectral sequence.

Theorem 3.5. Let X be a simply-connected, finite CW complex with a
canonical decomposition {X (p)} where X(p+1) is the cone of the map ϕp :

V p = V p
r ∨ V p

g → X(p). Then there exists an abelian spectral sequence of
cohomological type whose initial term is given as follows:

Ep,−1−p
1 = πp+2(X

(p+1))cp+1 ,

Ep,−p
1 = πp+1(X

(p+1))rp+1 ⊕ (Kerhp+1)
gp+1 ,

Ep,1−p
1 = πp(X

(p))cp+1/Φp([V
p
r , V

p
g ]),

where hp+1 : πp+1(X) → Hp+1(X) is the Hurewicz homomorphism, and
cp, rp, gp,Φp are as above.

The spectral sequence converges to cAut(X), i.e., the groups Ep,−p
∞ are

subquotients of the filtration

F p(cAut(X)) = Im(cAutX(p)(X)→ cAut(X)).

Proof. The existence and the convergence of the sequence follow from
Theorem 2.1 and the previous discussion, so it only remains to compute the
initial term.
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Observe that cautX(p) X(p+1) = aut∗X(p) X(p+1) := {f ∈ aut∗(X
(p+1)) |

f |X(p) = 1X(p)}. Let ν :X(p+1) → X(p+1) ∨ ΣV p be the standard coaction.
The function

λ :map(ΣV p, X(p+1))→ mapX(p)(X(p+1), X(p+1))

which to an f :ΣV p → X(p+1) assigns the composition

X(p+1) ν−→ X(p+1) ∨ ΣV p 1∨f−→ X(p+1) ∨X(p+1) ∇−→ X(p+1)

is a homotopy equivalence, and moreover λ(f)∗ = 1∗ + f∗ ◦ q∗ where q :
X(p+1) → ΣV p

g is the canonical projection. It follows that cautX(p)(X(p+1))
is homotopy equivalent to

map∗(ΣV
p, X(p+1)) := {f ∈ map(ΣV p, X(p+1)) | f∗ ◦ q∗ = 0}.

The component of the base-point of map∗(ΣV
p, X(p+1)) is map0(ΣV

p,
X(p+1)), the space of null-homotopic maps, hence

Ep,−1−p
1 = H−1(p, p+ 1) = π1(cautX(p)(X(p+1))) = π1(map0(ΣV

p, X(p+1)))

= π0(map0(Σ
2V p, X(p+1))) = πp+2(X

(p+1))cp+1 .

As a set, Ep,−p
1 = π0(map∗(ΣV

p, X(p+1))) consists of classes of maps in

map(ΣV p, X(p+1)) satisfying f∗ ◦ q∗ = 0 on homology groups. Moreover, by
[12, Lemma 2.3], the group operation induced by the coH-structure on ΣV p

and that induced through λ by the composition in cAutX(p)(X(p+1)) coincide.
The homomorphism f∗ ◦ q∗ induced in homology by a map f : ΣV p →

X(p+1) can be determined from the following diagram (h is the Hurewicz
homomorphism):

πp+1(X(p+1))
q]

h

πp+1(ΣV
p)

f]

h

πp+1(X(p+1))

h

Hp+1(X
(p+1))

q∗⊕0
Hp+1(ΣV

p
g )⊕Hp+1(ΣV

p
r )

f∗
Hp+1(X

(p+1))

Clearly, f∗ ◦ q∗ = 0 if and only if (f |V p
g
)] factors through the kernel of the

Hurewicz homomorphism. A short computation yields

π0(map∗(ΣV
p, X(p+1)))

= πp+1(X
(p+1))rp+1 ⊕Ker(h :πp+1(X

(p+1))→ Hp+1(X
(p+1)))gp+1 .

Moreover, the comparison of the long exact sequences in homotopy and ho-
mology of the pair (X,X(p+1)) shows that

Ker(h :πp+1(X
(p+1))→ Hp+1(X

(p+1))) = Ker(h :πp+1(X)→ Hp+1(X)).

The description of Ep,1−p
1 = H1(p, p + 1) follows directly from the

definition.



138 P. PAVEŠIĆ

To prove the abelianity, it is sufficient to show that δ : H0(p, p + 1) →
H1(p + 1, p + 2) is a homomorphism. An easy calculation yields δ(f) =
f ◦ q ◦ ϕp+1 for f : ΣV p → X(p+1). By [16, Theorem 8.2] this operation is
additive, hence a homomorphism.

We have already observed that the natural homomorphism cAut(X) →
Aut∗(X) is always surjective. If the homology of X is sparse, i.e. if for every i
at least one of the groups Hi(X), Hi+1(X) is trivial, then this homomorphism
is also injective:

Proposition 3.6. If a simply-connected, finite-dimensional CW-complex
X has sparse homology then cAut(X) ∼= Aut∗(X).

Proof. We may assume that X has a cellular decomposition which does
not have cells in consecutive dimensions. It follows that every homotopy
between two maps in aut∗(X) can be substituted by a cellular one, hence
cAut(X)→ Aut∗(X) is injective.

Since under the assumptions of the above proposition all homology groups
of X are free, the corresponding spectral sequence for Aut∗(X) has a simpler
description.

Theorem 3.7. Assume that a simply-connected finite CW-complex X has
sparse homology. Then there exists an abelian spectral sequence of cohomo-
logical type, which converges to Aut∗(X). Its initial term is given as

Ep,−1−p
1 = πp+2(X

(p+1))cp+1 ,

Ep,−p
1 = Ker(h :πp+1(X)→ Hp+1(X))cp+1 ,

Ep,1−p
1 = πp(X

(p))cp+1 ,

where cp is the rank of the free group Hp(X).

4. The structure of cAut(X)

It is possible to improve Theorem 3.5 by describing the kernel of the
homomorphism cAut(X) → Aut∗(X). Let X be as in Theorem 3.5, and let
Gp = Gp(X) be the subgroup of Aut∗(X) consisting of classes represented
by maps f with the property f |X(p) = 1X(p) . By [13, Theorem 1.5], Gp is a
normal subgroup of Aut∗(X) and if X is of dimension n then

1 / Gn−1 / . . . / G2 /Aut∗X

is a finite normal series for Aut∗(X). This filtration of Aut∗(X) is parallel
to the filtration F p = F p(cAut(X)) of cAut(X) described in Theorem 3.5.
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Indeed, there is a ladder of epimorphisms

Fn−1 · · · F 2 cAut(X)

Gn−1 · · · G2 Aut∗(X)

whose kernels Kp := Ker(F p → Gp) form a filtration of the kernel of the epi-
morphism cAut(X) → Aut∗(X). We are going to compute the subquotients
of the latter filtration, and in order to do so we will need the following lemma,
which is essentially taken from [11, p. 291-292], (see also [13, Lemma 1.2]).

Lemma 4.1. Let

V
ϕ−→ A

i
↪→ X

be the cofibration sequence of the map ϕ from a wedge of n-dimensional spheres
V to a simply-connected CW-complex A of dimension at most n. Then
– there exists an action of the group [A, V ] on the monoid [A,A] such that if
α ∈ [A, V ] and f ∈ [A,A], then on homology (α · f)∗ = ϕ∗ ◦ α∗ + f∗;
– whenever i◦f ' i◦ g for some f, g ∈ [A,A] then there is an α ∈ [A, V ] such
that f ' α · g.

Proposition 4.2. Let X be as in Theorem 3.5. Then the kernel of
the epimorphism Fp/Fp+1 → Gp/Gp+1 is isomorphic to the subgroup of

cAutX(p)(X(p+1)) consisting of elements which can be extended to some el-
ement of cAut(X) and which are of the form α · 1X(p+1) for some α ∈
[X(p+1), V p+1] satisfying (ϕp+1 ◦ α)∗ = 0.

Proof. Observe that the homomorphism Fp/Fp+1 → cAutX(p)(X(p+1))
given by f 7→ f |X(p+1) is injective and that its image consists precisely of
elements which can be extended to elements of cAut(X).

By definition, an element of F p/F p+1 represented by the class of some f ∈
F p is in Ker(Fp/Fp+1 → Gp/Gp+1) if f is homotopic (by a homotopy which
is not necessarily cellular) to some g ∈ Aut∗(X) satisfying g|X(p+1) = 1X(p+1) .
It follows that i ◦ f |X(p+1) ' i :X(p+1) ↪→ X . By the cellular approximation
theorem i ◦ f |X(p+1) ' i : X(p+1) ↪→ X(p+2), so by Lemma 4.1 there is an
α :X(p+1) → V p+1 which satisfies (ϕp+1 ◦ α)∗ = 0 and f |X(p+1) = α · 1X(p+1) .

Since caut(X) is in many respects dual to aut](X), it is not a surprise
that the folowing analogues of the main theorems in [7, 11] hold. Indeed, the
proofs are just duals of the proofs of the mentioned results.

Theorem 4.3. If X is a finite, simply-connected CW-complex, then
cAut(X) is nilpotent.
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Proof. We will give only a sketch of the proof as it is dual to the proofs
of [7, Theorems B and C] and requires only a few straightforward induction
arguments.

First consider the exact sequence

π1(caut(X(p)))→ cAutX(p)(X(p+1))→ cAut(X(p+1))→ cAut(X(p))

derived from the fibration

cautX(p)(X(p+1)) ↪→ caut(X(p+1)) −→ caut(X(p)).

Clearly cAut(X) acts nilpotently on cAut(X (1)) = {1}, so let us assume that
cAut(X) acts nilpotently on cAut(X (p)). If we can deduce that cAut(X) acts
nilpotently on cAut(X(p+1)), then by induction cAut(X) acts nilpotently on
itself, hence it is nilpotent. In order to do so it is sufficient to show that
π1(caut(X(p))) → cAutX(p)(X(p+1)) is a cAut(X)-homomorphism of groups
on which cAut(X) acts nilpotently.

Observe that cAut(X) acts nilpotently on the homology groups of X , and
thus, by an easy induction using the Whitehead tower, it acts nilpotently on
the homotopy groups of X . The group cAutX(p)(X(p+1)) has been computed
in the proof of Theorem 3.5, and it is a cAut(X)-subgroup of a product of
homotopy groups of X , so the cAut(X)-action on it is also nilpotent.

To see that cAut(X) acts nilpotently on π1(caut(X(p+1))) consider the
homotopy exact sequence of the fibration

cmapX(q) (X(q+1), X(p)) ↪→ cmap(X(q+1), X(p)) −→ cmap(X(q), X(p)),

where cmap(X(q), X(p)) denotes the component of the space of cellular maps
from X(q) into X(p) which contains the inclusion map. Once again we
use the computations of Theorem 3.5 to see that the homotopy groups of
cmapX(q) (X(q+1), X(p)) are just products of homotopy groups of X (p), so by
induction cAut(X) acts nilpotently on all homotopy groups of caut(X (p)) and
in particular on π1.

A nilpotent group can be localized with respect to a set of primes and the
following result gives a precise description of the localization of cAut(X).

Theorem 4.4. If P is any set of primes, then the P -localization X →
XP of a simply-connected finite CW-complex X induces a homomorphism
cAut(X)→ cAut(XP ) which is a P -localization of nilpotent groups.

Proof. The proof is by comparison of the corresponding spectral se-
quences. Theorem 3.5 cannot be directly applied to cAut(XP ) because XP

is not a finite complex. Nevertheless, if we consider the local cellular de-
composition of XP , i.e., the decomposition obtained by substituting localized
cells to the ordinary ones in the decomposition of X , it is not difficult to
check that the construction of the spectral sequence goes through. Moreover,
the localization X → XP induces the localization between the corresponding
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spectral sequences, which in turn implies that cAut(X) → cAut(XP ) is a
P -localization.

Remark 4.5. Note that Theorem 4.3, together with the fact that
cAut(X)→ Aut∗(X) is an epimorphism yields a direct proof of (a restricted
version of) [7, Theorem D], namely that the group Aut∗(X) is nilpotent when
X is finite and simply-connected.

Moreover, Theorem 4.4 together with Proposition 4.2 allows us to prove
the main theorem of [11], namely that the natural homomorphism Aut∗(X)→
Aut∗(XP ) is a P -localization. In fact, it is sufficient to observe that the kernels
described in Proposition 4.2 localize.

5. Applications and examples

In order to simplify the graphical description of the results, we are going
to represent the spectral sequence in a way different from the usual. In fact,
the sequence is concentrated on three lines, so the corresponding data can

be given as follows. In column p and line q we put the group Ẽp,q
r which

corresponds to the group Ep−1,−p+q+1
r of the spectral sequence (notice the

shift in the index p), while the differential d̃r : Ẽp,q
r → Ẽp+r,q+1

r is just the
differential dr : Ep−1,−p+q+1

r → Ep+r−1,−p−r+q+2
r . For example, a typical

Ẽ∗,∗2 -term is given as:

-1

0

1

1 2 3 · · · n=dim X

0��������:

��������:��������:

As we have already seen, for a general X our spectral sequence has a
quite complicated initial term and gives only an approximation of the group
Aut∗(X). For that reason we will consider only spaces X which have sparse
homology. Then we have a spectral sequence with

Ẽp,−1
1 = πp+1(X

(p))cp ,

Ẽp,0
1 = Ker(h :πp(X)→ Hp(X))cp ,

Ẽp,1
1 = πp−1(X

(p−1))cp ,

where cp is the rank of the free abelian group Hp(X). The terms Ẽp,0
∞ are

subquotients of a filtration of Aut∗(X).
Let us consider a few examples:
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Example 5.1. The complex projective spaces satisfy the conditions of
Theorem 3.7. It follows from the fibration

S1 ↪→ S2n+1 → CPn

that the homotopy groups of CP n are given by π2(CPn) ∼= Z and πi(CPn) ∼=
πi(S

2n+1) for i > 2. Since the kernel of the Hurewicz homomorphism h :

π2(CPn)→ H2(CPn) is trivial and rp = 0 when p > 2n, we get Ẽp,0
1 = 0 for

all p, hence Aut∗(CPn) = {1}.
Example 5.2. The quaternionic projective spaces also satisfy the as-

sumptions of Theorem 3.5, but in this case the spectral sequence is more
complicated. Note that by a result of P. Kahn [9], Aut(HP n) ∼= Aut∗(HPn).
From the fibration

S3 ↪→ S4n+3 → HPn

we conclude that the homotopy groups of HP n are given as π4(HPn) ∼= Z
and πi(HPn) ∼= πi−1(S

3) when 4 < i < 4n + 3. The groups Ẽp,0
1 are trivial,

except when p is of the form p = 4k, when we have Ẽ4,0
1 = 0 because the

Hurewicz homomorphism is injective and

Ẽ4k,0
1
∼= Ker(h :π4kHPn → H4kHPn) ∼= π4k−1S

3

for k > 1 as π4kHPn ∼= π4k−1S
3 is a torsion group. An estimate of the order

of the group Aut(HP n) can be derived:

Proposition 5.3. The order of the group Aut(HP n) divides the prod-
uct of the orders of the groups π4k−1(S

3) for k = 2, . . . , n. In particular,
Aut(HPn) is always a finite group.

Example 5.4. If X has only one non-trivial homology group it is homo-
topy equivalent to a wedge of spheres, hence Aut∗(X) = {1}, which is obvious
without the use of the spectral sequence.

The first interesting general case is when X has two non-trivial homology
groups, say in dimensions p < q. Then the sequence can be represented as
follows:

-1

0

1

p

0

0

(πp+1X
(p))cp

q

(πq−1X
(q−1))cq

(Kerhq)
cq

(πq+1X)cqdq−p���������:
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Thus we get that Aut∗(X) ∼= Coker(dq−p : (πp+1X
(p))cp → (Kerhq)

cq .

Note that when n ≥ 3 then (πp+1X
(p))cp ∼= (Z2)

cp , so except for the 2-
torsion, Aut∗(X) is isomorphic to (Kerhq)

cq . Moreover, a straightforward
computation shows that dq−p can be described explicitly as follows: if we

identify πp+1(X
(p))cp with [ΣX(p), X(p)] then dq−p(H) of an H : ΣX(p) →

X(p) is the class of the composition

ΣV q Σϕq−→ ΣX(p) H−→ X(p) ↪→ X(q) = X.

This description allows a precise description of Aut∗(X) by composition
methods.

References

[1] M. Arkowitz, The group of self-homotopy equivalences - a survey, in: Group of Self-
Equivalences and Related Topics (Montreal, 1988), Lecture Notes in Mathematics
1425, Springer, Berlin, 1990, 170-203.

[2] H. Cartan and S. Eilenberg, Homological Algebra, Princeton University Press, Prince-
ton, 1956.

[3] H. Cartan, Classes d’applications d’un espace dans un groupe topologique, d’après
Shih Weishu, Topologie differentielle, Sem. H. Cartan 15 (1962/63) 6 (1964), 19 p.

[4] C. R. Curjel, On the homology decomposition of polyhedra, Illinois J. Math. 7 (1963),
121-136.

[5] G. Didierjean, Homotopie de l’espace des équivalences d’homotopie fibrées, Ann.
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