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ABSTRACT. Given a category C, a certain category pro*-C on inverse
systems in C is constructed, such that the usual pro-category pro-C may
be considered as a subcategory of pro*-C. By simulating the (abstract)
shape category construction, Sh(c p), an (abstract) coarse shape category
Sth‘D) is obtained. An appropriate functor of the shape category to the
coarse shape category exists. In the case of topological spaces, C = HT op
and D = HPol or D = HANR, the corresponding realizing category for
Sh* is pro*-H Pol or pro*-HAN R respectively. Concerning an operative
characterization of a coarse shape isomorphism, a full analogue of the well
known Morita lemma is proved, while in the case of inverse sequences, a
useful sufficient condition is established. It is proved by examples that for
C = Grp (groups) and C = HTop, the classification of inverse systems in
pro*-C is strictly coarser than in pro-C. Therefore, the underlying coarse
shape theory for topological spaces makes sense.

1. INTRODUCTION

The standard homotopy theory has successfully solved many classifying
problems for some classes of locally nice spaces (polyhedra, CW-complexes
ANR’s, ...). Unfortunately, when one is to study a class of locally bad spaces
it cannot help significantly. To overcome this defect, K. Borsuk [1, 2] was
founded in 1968 the shape theory of (metrizable) compacta. The correspond-
ing classification of compacta is generally coarser than the homotopy type
classification, while on the subclass of locally nice spaces (compact polyhedra,
finite CW-complexes, compact ANR’s; ...) it coincides with the homotopy
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type classification. The most significant step forward in this course was made
by S. Mardesi¢ and J. Segal [14]. They had successfully used the inverse sys-
tem approach and the language of a pro-category to describe the shape theory.
They also had extended the shape theory to the class of compact Hausdorff
spaces. Finally, Mardesi¢ [10] and K. Morita [18] had extended the shape
theory to all topological spaces.

Since 1976 a few new classifications of compacta have been considered.
For instance, Borsuk [3] introduced the relations of quasi-affinity and quasi-
equivalence, while Mardesi¢ [11] introduced the S-equivalence relation be-
tween compacta. All of them are shape type invariant relations. These
classifications are strictly coarser than the shape type classification [3, 6, 9].
Moreover, the quasi-equivalence and S-equivalence on compact ANR’s and
compact polyhedra coincide with the homotopy type classification. However,
the mentioned relations, being defined only on the class of objects, were not
supported by the appropriate with them associated theories. In other words,
it was not clear whether these relations are categorical. Furthermore, if such
an equivalence relation admits a category characterization, there should exist
a functor relating the shape category and the new category.

The reason why these new classifications was, for example, the problem
of the shape types of fibers of a shape fibration. In 1977 D. Coram and P. F.
Duvall [4] introduced and studied the approximate fibrations between compact
ANR’s. These are a shape analogue of the standard (Hurewicz) fibrations. In
1978 S. Mardesi¢ and T. B. Rushing [13] generalized approximate fibrations to
shape fibrations between metric compacta. The following important question
was asking for the answer (analogously to the same homotopy type of the fibers
of a fibration): Whether all the fibers of a shape fibration (over a continuum)
have the same shape? In 1979 J. Keesling and S. Mardesi¢ [9] gave a negative
answer. However, Mardesi¢ [11] had proved before that all those fibers are
mutually S-equivalent. He also proved that some shape invariant classes of
compacta (FANR’s, movable compacta, compacta having shape dimension
<mn, ...) are actually S-invariant.

In recent years the interest for the mentioned relations has arisen. So
N. Uglesi¢ [20] studied the Borsuk’s quasi-equivalence and quasi-affinity and
introduced some new ones, Mardesi¢ and Uglesi¢ [16] described the S*-
equivalence (a uniformization of the S-equivalence) in a category framework,
Uglesi¢ and B. Cervar [21, 22] derived the S,-equivalences, n € N, from the
S-equivalence and constructed a categorical subshape spectrum for compacta,
while A. Kadlof, N. Kocei¢ Bilan and Uglesi¢ [8] proved (solved the problem
stated in [3]) that the Borsuk quasi-equivalence is not transitive.

In this paper, the results of Mardesi¢ and Uglesié [16] for metric compacta
are fully generalized to all topological spaces. More precisely, in the first step,
the Mardesi¢-Uglesi¢ category S* is described as a kind of the pro-category
on inverse sequences of compacta (Theorems 3.1 and 3.2), such that the usual
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morphism sets are significantly enriched. Then, in the second step, it is no-
ticed that this description enables us to apply the construction to any category
C and obtain a category, denoted by tow*-C, on the inverse sequences in C.
Even more, as a third step, the construction admits a generalization from in-
verse sequences to arbitrary inverse systems in C to obtain a category, denoted
by pro*-C, so that one may consider pro-C to be its subcategory having the
same object class. Further, given a category pair (C, D), where D is dense in C
(in the shape-theoretical sense), the construction of the abstract “shape” cat-
egory S h?C,D) can be fully simulated by means of the “pro-category” pro*-D,
ie.,
Sh?cﬂ)(X, Y) =~ pro*-D(X,Y),

where X and Y are any D-expansions of the C-objects X and Y respectively.
There also exists an abstract “shape” functor

S&kc’fD) :C — Sh)(kC;Dy

which keeps the objects fixed, while, for every C-morphism f, .S {C D) (f) is rep-
resented by a unique pro*-D equivalence class (f*). The functor S (*C D) factor-
izes through the abstract shape category Shc p, i.e., S{C,D) = Jie,p2ySc,p);
where S p)y : C — Sh(c,p) is the abstract shape functor, and

J(C,’D) : Sh(Q'D) — Sh?C,D)'

is the “inclusion” (faithful) functor. The classification of objects of D in
Sh?c,D) is the same as in Sh(c,py as well as in D, while the classification of
objects of C in Shfc,D) is coarser than in Sh(¢ py. Therefore, one might speak
of an underlying abstract coarse shape theory (for C).

In the case C = HTop (the homotopy category of topological spaces)
and D = HPol (the homotopy category of polyhedra) (or D = HANR - the
homotopy category of ANR’s for metric spaces), one obtains the coarse shape
category of topological spaces

Sh* = Sh?HTop,HPoz) = Sh?HTop,HANR)’
realized via the category pro*-H Pol (or pro*-HANR), and the coarse shape
functor
S*: HTop — Sh™,
which factorizes through the shape category Sh of topological spaces, i.e.,
S* = JS, where S : HTop — Sh is the shape functor and

J:Sh— Sh*

is the “inclusion” (faithful) functor. The underlying theory is called the coarse
shape theory for topological spaces. In the subspecial case C = HecM C HTop
(the homotopy category of compact metric spaces) and D = HcPol C HPol
(the homotopy category of compact polyhedra) (or D = HcANR C HANR
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- the homotopy category of compact ANR’s), one obtains the coarse shape
category of compacta

Sh*(eM) = SthcM,HcPol) = SthcM,HcANR)7

realized “sequentially” via the category tow*-HcPol (or tow*-HcANR), and
the (restriction of the) coarse shape functor

S*: HeM — Sh*(eM),

such that S* = JS, where S : HcM — Sh(cM) is the shape functor on
compacta, while

J: Sh(cM) — Sh*(eM)
is the corresponding “inclusion” functor. We have proved (Corollary 5.3)
that, in general, the coarse shape classification of compacta is indeed (strictly)
coarser than the shape classification.

Since the problem of an easy recognition of an isomorphism in pro*-C
is the most important, we have established an analogue (Theorem 6.1) of
the well known Morita lemma in pro-Top [17], such that its reduction to the
pro-category is exactly the Morita lemma. Hereby an analogue in pro*-C
of the “reindexing theorem” in pro-C has been needed, since a morphism of
pro*-C, in general, does not admit a level representative. Concerning inverse
sequences (a level representative is not indispensable), we have got a very
operative sufficient condition (Theorem 6.4) for an isomorphism in tow*-C.

At the end we have constructed a pair of pro-groups G, H such that
G = H in pro*-Grp, while G and H are not isomorphic in pro-Grp (Example
7.1), as well as a pair of pro-spaces X,Y such that X 2Y in pro*-H Pol C
pro*-HTop, while X and Y are not isomorphic in pro-HT op (Example 7.2).
They confirm that the coarse shape theory is indeed a new nontrivial tool for
studying and classifying locally bad spaces.

2. PRELIMINARIES

For the sake of completeness, let us briefly recall the well known notions
and main facts concerning a pro-category and a shape category (see [15]) as
well as the recently constructed category S* (see [16]). The category language
follows [7].

Let C be a category. An inverse system in C, denoted by X =
(Xx,pan, ), consists of a directed preordered set (A, <), called the indezx set,
of C-objects X for each A € A, called the terms of X, and of C-morphisms
pax : Xx — X (pax = lx, ), for each related pair A < X\ in A, called the
bonding morphisms of X, such that

DAN DN N = DA,

whenever A < X < X', A morphism of inverse systems (f,fu): X =Y =
(Yy, quu, M) consists of a function f : M — A, called the index function, and
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of C-morphisms f, : X,y — Y}, for each p € M, such that, for every related
pair p < p/, there exists A € A, A > f(u), f(¢'), for which

JuPguyx = G FrPg(ux-

The composition of morphisms of inverse systems is defined as follows: Given
any (f,fu,) : X — Y and any (¢9,9,) : ¥ — Z = (Z,,r,N), then
(9:90)(f fu) = (hyhy) : X — Z, where h = fg: N — A and hy, = g, fy0)
Xy = Z,. Finally, the identity morphism on X is (15,1x,): X — X. In
this way is obtained a category, denoted by inv-C, whose objects are all in-
verse systems in C and whose morphisms are all morphisms of inverse systems
described above.

Notice that, for every index set A, there exists a full subcategory C*
of inv-C determined by all inverse systems indexed by A. If A = N, then
CN C inv-C is the full subcategory of all inverse sequences in C.

A morphism (f, fu) : X — Y is said to be equivalent to a morphism
(f', f;) : X =Y, denoted by (f, fu) ~ (f', f,,), provided each € M admits
A€ N A= f(u), f/ (1), such that

fupsox = Fips(ox-

This defines an equivalence relation on each set inv-C(X,Y"). The equivalence
class [(f, f.)] of (f, fu) is denoted by f. Furthermore, the equivalence relation
respects the composition in inv-C, i.e., if (f, f.) ~ (f',f,) and (g,9,) ~
(9',9,), then (g,9,)(f, fu) ~ (9, 9,)(f', f},), whenever these compositions are
defined. Therefore, there exists the corresponding quotient category (inwv-
C)/ ~, denoted by pro-C and called the pro-category for the category C. Its
objects are all inverse systems X in C and its morphisms are all equivalence
classes f of morphisms of inv-C. The full subcategory of pro-C determined
by all inverse sequences in C (corresponding to CY/ ~) is usually called the
tow-category of C and is denoted by tow-C.

Recall that, if the index set M of an inverse system Y is cofinite (every
w € M has at most finitely many predecessors), then every f : X — Y admits
a representative (f, f,,), such that the index function f : M — A is increasing
and, for every related pair p < p/,

Jubso ) = Qup fur-

Such a representative is called a simple morphism of inverse systems. A simple
morphism (14, fy), belonging to a subcategory C*, is called a level morphism.
Finally, recall that every inverse system X admits an isomorphic (in pro-C)
X' having a cofinite index set.

Let D be a full subcategory of C. Given X € ObC, a D-expansion of X is
a morphism p = [(¢,pr)] : X — X of pro-C (X is a rudimentary system and
¢ is the constant function), where X belongs to pro-D, such that, for every
Y in pro-D and every p’ : X — Y in pro-C, there exists a unique morphism
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f: X =Y (in pro-D) satisfying fp = p’. D is said to be dense in C provided
every C-object X admits a D-expansion p: X — X.

Every two D-expansions of the same object are naturally isomorphic (as
the objects of pro-D, by a unique isomorphism), and every system which is
isomorphic to a D-expansion of X is also a D-expansion of X. A D-expansion
p: X — X is characterized by the following two properties:

(E1) for every P € Ob(D) and every g : X — P in C, there exist A € A and
an f: X\ — P in D, such that fp) = g;

(E2) if f,f' : XA — P in D satisfy fpn = f'px, then there exists A’ > A
such that fp,\)\/ = flp,\)\/.

Let p: X — X and p’ : X — X’ be D-expansions of the same object
XofC,andlet q:Y — Y and q¢' : Y — Y’ be D-expansions of the same
object Y of C. Then there exist two natural isomorphisms ¢ : X — X' and
7:Y - Y’ A morphism f: X — Y is said to be pro-D equivalent to a
morphism f' : X’ — Y, denoted by f ~ f', provided the following diagram
in pro-D commutes:

X 4 ox/
T
Yy L Y

It defines an equivalence relation on the appropriate subclass of Mor(pro-D).
The equivalence class of f is denoted by (f). If f ~ f' and g ~ ¢, then
gf ~ g'f whenever it is defined. Further, given p, p’, q, ¢’ and f, there
exists a unique f’ such that f ~ f’.

For given pair (C,D), where D is dense in C, one defines the (abstract)
shape category Shc py for (C,D) as follows. The objects of Shc py are all
the objects of C. A morphism F' € Sh(c p)(X,Y) is the pro-D equivalence
class (f) of a morphism f: X — Y, with respect to any choice of a pair of
D-expansions p: X — X, q: Y — Y. In other words, a shape morphism
F:X —Y is given by a diagram

X £ X
fl | F
Yy & v

The composition of F: X - Y, F=(f)and G:Y — Z, G = (g), is well
defined by the representatives, i.e., GF : X — Z, GF = (gf). The identity
shape morphism on an object X, 1x : X — X, is the pro-D equivalence class
(1x) of the identity morphism 1x in pro-D. Since

Sh(cﬁp)(X, Y)~pro—D(X,Y)

is a set, the shape category Sh(c p) is well defined. One often says that pro-D
is the realizing category for the shape category Shc p).
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For every f: X — Y in C and every pair of D-expansions p : X — X,
q:Y — Y there exists a unique f : X — Y in pro-D, such that the following
diagram in pro-C commutes:

X £ X
fl Lr.
Yy &L vy

The same f and another pair of D-expansions p’ : X — X', ¢ : Y — Y’
yield a unique f' : X’ — Y’ in pro-D. Then, however, f ~ f’ in pro-D must
hold. Thus, every morphism f € C(X,Y) yields a unique pro-D equivalence
class (f), i.e., a unique shape morphism F € Sh¢ p)(X,Y). If one defines
S(X)=X,Xe€eObC,and S(f)=F = (f), f € MorC, then

S:C— Sh(cyrp)

becomes a functor, called the (abstract) shape functor. The restriction of S
to D into the full subcategory of Sh(c p), determined by ObD, is a category
isomorphism. Therefore, P and @) are isomorphic objects of D if and only if
they are isomorphic in Shc p), i-e., they are of the same shape. Finally, if
X € ObC and P € ObD, then every shape morphism F' : X — P admits a
unique morphism f : X — P in C such that S(f) = F. Thus, the restriction
function (of S)
S|-: C(X, P) — Shic,py(X, P)

is a bijection. The most interesting example of the above construction is
C = HTop - the homotopy category of topological spaces and D = H Pol
- the homotopy category of polyhedra (or D = HANR - the homotopy
category of ANR’s for metric spaces, which yields the same theory, since
Ob(Pol) and Ob(ANR) are homotopy equivalent classes). Namely, the (full)
subcategory HPol C HTop is dense in HTop, since every space X ad-
mits a HPol-expansion p = ([pa]) : X — X = (Xx,[pan],A), which
is obtained by applying the homotopy functor to a polyhedral resolution
(pr) : X = X = (Xx,pan,A) of X, [12]. In this case, one speaks about
the (ordinary or standard) shape category Sh(mrop, rpoyy = Sh of topological
spaces and (ordinary or standard) shape functor S : Htop — Sh. Clearly,
the realizing category for Sh is the pro-category pro-H Pol (or pro-HANR).
The underlying theory is called the (ordinary or standard) shape theory for
topological spaces.

Let HcM C HTop denote the homotopy subcategory of compact metric
spaces, and let HcPol C H Pol denote the homotopy subcategory of com-
pact polyhedra. Since HcPol C HcM is a “sequentially” dense subcate-
gory (every compactum X admits a HcPol-expansion p = ([pi]) : X —
X = (X, [pir],N), which is obtained by applying the homotopy functor
to the limit (p;) : X — X = (X, piwr) of an inverse sequence of compact
polyhedra, X = lim X, [5]), there exists the shape category of compacta,
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Sh(trem,Hepoty = Sh(cM), which is a full subcategory of Sh. Notice that the
realizing category for Sh(cM) is the tow-category tow-HcPol. Clearly, since
the classes Ob(cPol) and Ob(cANR) (all compact ANR’s for metric spaces)
are homotopy equivalent, the tow-category tow-HcAN R may also serve as
the realizing category for the shape category Sh(cM).

Let us now recall the Mardesi¢-Uglesi¢ category S*, [16]. Its object class
(indeed a set) consists of all compact metric spaces, while the morphisms
are more sophisticated than the corresponding shape morphisms. First, an
S*-mapping (f,[f}']) + X — Y of an inverse sequence of metric compacta
X = (Xi,[pir]) € Ob(HeM"M) to another one Y = (Y}, [gj;]) consists of
an increasing and unbounded function f : N — N and of a set of homotopy
classes [f!'] of mappings f}' : Xy — Yj, n € N, j € N, such that there
exists an increasing unbounded function v : N — N| called the commutativity
radius for (f, [f']), which has the property that, for every n € N, the following
(finite) diagram is commutative:

Xy < Xpo < = Xy
(1) #7111 112 e L]

(The case y(n) = 1 is trivial, i.e., the diagram consisting of a single homotopy
class [f{'] is also considered to be commutative.) If (f,[f}']) : X — Y and
(9,l97]) + Y — Z are the S*-mappings, then their composition (h, [R}]) :
X — Z is defined by h = fg and h} = ggf;(k). For every X, the S*-
mapping (1, [1’}(]]) : X — X, where 1y : X; — X is the identity mapping
for every pair j,n € N, is the S*-identity mapping on X.

An S*-mapping (f,[f]']) : X — Y is said to be homotopic to an S*-
mapping (f',[fi"]) : X =Y, (f,[f}]']) = (f', [fj’»’”/]), provided there exists
an increasing function 0 : N — N, o > f, f/, called the shift function for
(fL 7D, (f',[fi"]), and there exists an increasing and unbounded function
X : N — NU {0}, called the homotopy radius for (f,[f}']), (f',[f;"]), such
that, for every n € N and every j, 1 < j < x (n),

L7psGrom] = L 1P (ho)]-
The homotopy relation ~ is a natural equivalence relation on the class
of all S*-mappings. The homotopy class [(f,[f}'])] of an S*-mapping
(f,[f}]) + X — Y is briefly denoted by f*. The composition of such ho-
motopy classes is well defined by putting g*f* = h* = [(h,[h}}])], where
(h, [h2]) = (9,[9xD(f, [f]']). Let S* be the collection consisting of the class
Ob ((HeM)N) = Ob(tow — HeM) of objects and of the class MorS* of all
the sets S* (X,Y) of all f*: X — Y. Then 8*, endowed with the above
composition and all the identities 1%, makes a category. There, also, exists
a functor J : tow-HcM — S*, which keeps the objects fixed and, for every
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F=I1/f.f)]: X =Y intow-HeM, J(f)=f": X - Y in 8, where f* is
the homotopy class of the S*-mapping (f, [f']), f]' = f; for every n € N. (In
[16], the functor J is denoted by S*!)

Now, let the objects of $* be all compact metric spaces. The morphisms
of §* are defined quite analogously to the shape morphisms in Sh(cM). Let
p=(p): X =X, p=(p)]) : X > X andqg=(gj]): Y =Y,
q = ([¢j]) : Y — Y’ be two sequential HcAN R-expansions of X and Y
respectively. Let 4 : X — X' and j : Y — Y’ be the (unique) natural
isomorphisms in tow-HcANR. f* € §*(X,Y) is said to be equivalent to
f e S*(X',Y"), denoted by f* ~ f*, provided S*(5)f* = f*'S*(i). This
relation is a natural equivalence relation on MorS*. The equivalence class
of f* is denoted by (f*). Finally, a morphism F* € §*(X,Y) is the S*
equivalence class (f*) of a morphism f*: X — Y, with respect to any choice
of a pair of sequential HcAN R-expansions p: X — X, q:Y — Y. In other
words, a morphism F*: X — Y in §* is given by a diagram

X £ X
£l | P
Yy & v

The composition of F* : X — Y, F* = (f*) and G* : Y — Z, G* = (g*),
is defined by the representatives, i.e., G¥*F* : X — Z, G*F* = (g*f*). The
identity on an object X in §*, 1% : X — X, is the 8* equivalence class (1% )
of the identity morphism 1% in &*. Since

S*(X,Y) ~ S*(X,Y)

is a set, the category &* is well defined. One may say that S* is the realizing
category for the category S*. There also exists a functor J : Sh(cM) — S*
which keeps the objects fixed and, for every F = (f) € Sh(X,Y), f =
(f.fi)]: X =Y, JF)=F=(f"), ff =J(f). (In [16], the functor J is
denoted by S*!)

The category S* classifies compacta (by its isomorphisms) strictly coarser
than the shape category, [16]. This classification coincides with the classifi-
cation of compacta by the Mardesi¢-Uglesi¢ S*-equivalence, which is a uni-
formization of the Mardesi¢ S-equivalence, [11]. On compact polyhedra and
compact ANR’s, it coincides with the shape type classification, i.e., with the
homotopy type classification.

3. THE PRO*-CATEGORIES

3.1. The category tow*-C. First of all, we shall characterize the basic con-
ditions for the category S* by means of conditions which are quite similar
to those for the usual tow-category. This description will indicate how to
generalize, for any category C, the whole “S*-structure” to obtain a category
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tow*-C on the inverse sequences in C as well as a category pro*-C on the
inverse systems in C.

THEOREM 3.1. Let X = (X, [pir]) and Y = (Y}, [g;;:]) be inverse se-
quences of metric compacta. Let f : N — N be an increasing unbounded
function and let, for every n € N and for every j € N, fI': Xy — Y; be a
mapping. Then the following three conditions are equivalent:

(i) (f,[f}]): X =Y is an S*-mapping.

(i1) For every related pair j < j' in N, there exists n € N such that, for
everyn’ > n,

(2) L3 sy sond = las 157 -
(iii) For every j € N, there exists n € N such that, for every n’ > n,

’

(2) 7 PGy pan) = gl

PrROOF. Let (f,[fl']) : X — Y be an S*-mapping. Let v: N — N be a
commutative radius for (f,[f]']). Let any pair j < j’ in N be given. Since v
is unbounded, there exists n € N such that v (n) > j'. Let n’ > n. Since v
increases, diagram (1) implies that

5 sy san) = lasg L5 )-

Therefore, (i) implies (ii). The implication (ii) = (iii) is trivial (§' = j + 1).
Let us now prove that (iii) implies (i). Let an increasing unbounded function
J N — Nand a set of mappings f/' : X;;y — Y, n €N, j € N, be given,
such that, for every j € N, there exists n = n; € N so that, for every n’ > n;,
condition (2’) holds. Let us define a function v : N — N to be a commutative
radius for (f, [fﬂ) Consider a strictly increasing sequence (my) in NU {0},
k € NU {0}, defined by induction as follows:

mo =0, my zmax{nl,mo—i-l},..., Mi41 = maX{nk_,_l,mk—i— 1},....

Then put v(n) = k+ 1, n € N, where k& = k(n) is the unique element of
NU {0} satisfying ms < n < mpy1. Thus, for every n, m. -1 < n < myy,).
Clearly, the function + is increasing and unbounded. Let n € N. If y(n) = 1,
then there is nothing to prove. Let v(n) > 1. Then, by construction, n >
no = max{ni, ..., Nym)—1}, and thus, for every j =1,...,v(n) — 1,

n

7 1lpso sG] = [+l
Therefore, the appropriate diagram (1) commutes, i.e., (f, [fﬂ) is an S*-
mapping of X to Y. O

THEOREM 3.2. An S*-mapping (f,[f}']) + X — Y is homotopic to an
S*-mapping (f',[f{"]) + X — Y if and only if, for every j € N, there exists
1e€N, 1> f(4),f (j), and there exists n € N such that, for everyn’ =n

3) 7 el = U7 1o syl
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PrROOF. Let (f,[f}']) = (f',[f;"]) be realized via o and x. Given any j €
N, put ¢ = o(j) € N and choose n € N such that x (n) > j (x is unbounded).
Since x increases, x(n’) > j whenever n’ > n. Hence, relation (3) holds.
Conversely, assume that, for every j € N, there exist ¢ = i;,n = n; € N,
i;j > f(4),f (j), such that, for every n’ > n;, relation (3) holds. Let us
define a shift function ¢ : N — N by induction as follows:

o(l) =11, 0(2) =max{is, o (1)},..., o(j+1) =max{ij11,0(j)},...
Then, obviously, ¢ is increasing and o > f, f’. Further, consider a strictly

increasing sequence (my) in NU {0}, ¥ € NU {0}, defined by induction in the
following way:

mo =0, m1 = max{ni,mo + 1},..., mrs1 = max{ngr1,mp +1},....

Let us define a homotopy radius x : N — NU{0} by putting x(n) = k, where
k = k(n) is the unique element of NU{0} satisfying my < n < my1. Thus, for
every n, My (p) < n < Mmypy4+1- Clearly, x is increasing and unbounded. Let
n € N. If x(n) = 0, then there is nothing to prove. Let x(n) > 0. Then, by
construction, n > ng = max{ni,...,nyy)}. Thus, for every j =1,...,x(n),

1i2sGre) = 15 Pr (ot

which shows that the functions ¢ and x realize the homotopy relation
(F LD = (5 15D o

We shall now use condition (iii) of Theorem 3.1 to define an analogue
of S*-mapping of inverse sequences in any category C. The conditions that
the index function has to be increasing and that the corresponding rectangles
commute will be relaxed in the usual way.

DEFINITION 3.3. Let C be a category, and let X = (X;,piv) and Y =
(Yj,qj;) be inverse sequences in C. An S*-morphism of inverse sequences
in C, (f, I7) + X =Y, consists of a function f: N — N, called the index
Junction, and of a set of morphisms [} : X¢;) — Y;, n €N, j € N, in C,
such that, for every j € N, there exists i € N, i > f(j), f(j+ 1), and there
exists n € N so that, for every n’ > n,

Ii Pryi = Gjr FiaPrivnic
If the index function f is increasing and, for every j € N, i = f(j + 1),
then (f, fI') is said to be a simple S*-morphism. If, in addition, f = 1y,
then (1N,f}1) is said to be a level S*-morphism. Further, an S*-morphism

(f, fJ") : X — Y is said to be commutative, provided, for every j € N, one
may put n = 1.

REMARK 3.4. (a) One can easily verify that the analogous definition of an
“S*-morphism” of inverse sequences by means of condition (ii) of Theorem 3.1
(i.e., ... for every related pair j < j" in N, there exists ¢ € N, i > f (j), f ()
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and there exists n € N such that, for every n’ > n, ...) yields the same
notion.

(b) The additional condition for a simple S*-morphism is a (non-essential)
property of an S*-mapping by its definition.

(c) Notice that a commutative S*-morphism of inverse sequences (f, f}') :
X — 'Y yields a sequence of morphisms (f" = f, fJ”) : X -Y,neN, inCV.
On the other side, every sequence of simple morphisms (f", fj") X oY,
n € N, in CV, such that f* = f for all n, determines the unique commutative
S*-morphism of the inverse sequences (f, fJ”) : X — Y. This fact indicates
the huge difference between the standard morphisms of inverse sequences and
the new S*-morphisms.

LEMMA 3.5. Let (f, f}') : X =Y and (9,93) Y — Z = (Zg,7h) be
S*-morphisms of inverse sequences in C. Then (h,h}}), where h = fg and
hp = g,?f;(k),is an S*-morphism of X to Z.

PRrROOF. Let k € N. Since (g, g}) is an S*-morphism, there exists j € N,
j>g(k),g(k+ 1), and there exists ny € N such that, for every n’ > ny,

Ik Qg(k)j = Thk+19h41g(k+1); -
Since (f, fj') is an S*-morphism, for the indices g(k), g(k + 1), j, there exist
iv > fa(k), f(g(k) + 1), iz > Fg(k+ 1), Fg(k + 1) + 1), ig > f(j), fG + 1),
and there exist ni, no, ng € N such that, for every n’ > ny, every n’ > ns and
every n’ > ng, the appropriate relations for (f, f]") hold respectively. Notice
that j+1 > g(k)+1,9(k+1)+1. Put i = max{iy, iz, i3} > fg(k), fg(k+1)
and n = max{ng,ni,n2,n3}. Then, for every n’ > n, one straightforwardly
establishes o ) )
gr f;(k)pfg(k)i = Tkk+19£+1f&k+1)pfg(k+1)i,
which proves that (h = fg,h} = g} ;(k)) : X — Z is an S*-morphism. O

Lemma 3.5 enables us to define the composition of S*-morphisms (f, fj") :
X — Y and (g,97) 1 Y — Z to be (fg,ggf;(k)) : X — Z. Since the
composition of functions and composition of morphisms in C are associative,
the composition of S*-morphisms is associative.

LEMMA 3.6. The composition of commutative S*-morphisms of inverse
sequences in C is a commutative S*-morphism.

PRrOOF. It suffices to observe that in the proof of Lemma 3.5, in this case,
one may put ng = n; = ne = ng = 1. The conclusion follows. O

Given an inverse sequence X = (X;, p;) in C, let (1, 1%,) be defined by
the identity function 1y on N and by the identity morphisms 1x, : X; — X;
inC,i €N, ie, 1%, = lx, for every n € N. Then (Iy,1%,) : X — X is
an S*-morphism (commutative and leveled). One readily sees that, for every
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(f; f7') : X = Y and every (9,9;") : Z — X, (f, f]')(In, 1%,) = (f, f}') and
(v, 1%,)(9, 91") = (g,91") hold. Thus, (1n,1%,) may be called the identity
S*-morphism on X.

As a summary, for every category C, there exists a category, denoted by
(CN)*, consisting of the object class Ob(CN)* = ObCYN and of the morphism
class Mor(CN)* of all the sets (CV)*(X,Y) of all S*-morphisms (f, f}) of
X to Y, endowed with the composition and identities described above. By
Lemma 3.6, there exists a subcategory (CN)* of (CN)* with the same object
class and with the morphism class Mor(CY)? consisting of all commutative
S*-morphisms of inverse sequences in C.

REMARK 3.7. Let (f, f;) be a morphism in CN. For every n € N, put
"= fand f}' = f; for all j € N. Consider all such sequences (f", f')nen
to be new morphisms, and define the new composition coordinatewise. Then,
clearly, the new category with the same object class Ob(CY) is isomorphic to
CN. On the other hand, it is obvious that the new category is a subcategory
of (CY)#. Consequently, the category CN may be considered as a subcategory
of (CY)* in a way that the morphism sets are significantly enriched.

We shall now use Theorem 3.2 to define an equivalence relation on a set
(€ (X, Y).

DEFINITION 3.8. An S*-morphism (f, I}7)+ X =Y of inverse sequences
in C is said to be equivalent to an S*-morphism (f', fi"): X —Y, denoted
by (f, f}) ~ (f', fi"), provided every j € N admits i € N, i > f(j), f'(j), and
n € N, such that, for everyn’ > n,

i vy = 13" pyoiic

LEMMA 3.9. The relation ~ is an equivalence relation on each set
(CN)*(X,Y). The equivalence class [(f, f")] of an S*-morphism (f, f}') :
X — Y s briefly denoted by f*.

PROOF. The relation ~ is obviously reflexive and symmetric. To prove
transitivity, one should take, for given j € N, the maximums of pairs of
indices {71,72} and {ni,n2}, which exist by (f, /') ~ (f', f;"*) (i1 and n1)
and (f', fi") ~ (f", f{™) (i2 and na). O

LEMMA 3.10. Let (f, f7), (f', fi*) : X = Y and (g,91),(9",9;") Y — Z
be S*-morphisms in (CV)". I (f, f7) ~ (/', f7") and (g,95) ~ (¢',9f"), then
(9, 9)(f [7) ~ (g g (s £i)-

PROOF. According to Lemma 3.9 (transitivity), it suffices to prove that
(9, 9 7)) ~ (g, 90)(f', 1) and (g, gp)(f5 f}') ~ (9", 9 )(f, f]). Given
k€N, choose i € N, i > fg(k), f'g(k), and n € N, by (f, /1) ~ (f', f{") for
j = g(k). Then, for every n’ > n,

9k foyPrakyi = 9 fo(iPra(hyi-
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Thus, (g, gp)(f, [7) ~ (9, 98)(f'; fi"). Further, if (g, g') ~ (¢', g;"), then, for
given k € N, there exist j > g(k), ¢’(k) and n;y such that

9k Ga(k)i = 9K" g’ ()5
whenever n’ > ny. Since (f, f]') is an S*-morphism, there exist

i > max{fg(k), f(g(k) + 1), fg'(k), f(¢'(k) + 1), f(5), f(5 + 1)}

and nz large enough, such that, for every n’ > ny, the n'-coordinate of (f, f7')
commutes at the indices g(k), ¢’(k) and j with “the tail” at ¢. Thus,

FiprGoi = Gaia £ D1 oy
where j; = min{g(k), ¢'(k)} and j» = max{g(k),¢'(k)}. Consequently, for
every n’ > n = max{ni,na},

n

9k ToeyPratyi = 9k Ty wyPrg (kyi-
Therefore, (g, 93)(f. f}') ~ (9", 95" )(f. f}')- O

By Lemmata 3.9 and 3.10, one may compose the equivalence classes of
S*-morphisms of inverse squences by putting g* f* = h* = [(h, h})], where
(h,h}) = (9, 90)(f, f7') = (fg, 9% ;(k)). The corresponding quotient category
(CN)* /~ is denoted by tow*-C. There exists a subcategory tow}-C C tow™*-
C determined by all equivalence classes having commutative representatives.
Clearly, tow}-C is isomorphic to the quotient category (CN): /~. According
to Remark 3.7, one may consider tow-C = (CV)/ ~ as a subcategory of tow} -C
and, consequently, as a subcategory of tow*-C. Namely, by Theorem 3.2, the
equivalence relations ~ in C and in (CY)* are of the same kind. (See also
Proposition 3.13 below.)

PROPOSITION 3.11. Every morphism f* = [(f, M X =Y in tow*-C
admits a simple representative (f’, f]'”) Moreover, one can achieve the index
function f' to be strictly increasing.

PROOF. Let (f, f]") be any representative of f*. Then, for every j € N,
there exists ¢ = i; € N, i > f(j),f(j +1), and there exists n = n; € N so
that, for every n’ > n,

fi ey = Gjer FlaPsG1yie

Let us define a function f’: N — N by induction as follows:
fra)=f@),
f1(2) =max {iy, f (1) +1},...,
fG+1) =max{i;, f'(j)+1},...
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Clearly, f’ is strictly increasing and f’ > f. Further, for every n € N and
every j € N, let f]’" = fIPrir ) Xp) — Yi. Now, given any j € N, put
i = f'(j +1) and n = n;. Then, for every n’ > n, the above relation implies

[ proysavn = g+ fid
Thus, (f', f;") : X — Y is a simple S*-morphism. Furthermore, given any
j €N, put i = f/'(j) and n = 1. Then, for every n’ > 1,

s =1 vropp oy = 15" =" proea = 15" prois
which proves that (f, f}') ~ (f', f;")- 0

Let us observe that in the case C = HcM, Proposition 3.11 yields the
following corollary:

COROLLARY 3.12. The category tow™-HcM is isomorphic to the category
S*. An isomorphism tow*-HeM — S* is given by the identity on the object
class and by [(f, [f}'])] — [(f', [f]"D], where (f',[f;"]) is a simple representa-

tive of [(f, [f}'])]-

Let us define a functor J = J,, : tow-C — tow*-C, which keeps the objects
fixed, by putting J(f) = f*, where £ = [(f, f;)], £* = [(f. f7)] and (f, )
is induced by (f, f;) in the following way: The index function f is the same,
while, for every n € N, f' = f; for all j € N. It is readily seen that J(f)
is well defined and that J is indeed a functor. Notice that every induced
(f, = fj) is a commutative S*-morphism of inverse sequences. Hence, J is
actually a functor of tow-C to tow-C C tow*-C.

ProproOSITION 3.13. Functor J is faithful. Therefore, one may consider
tow-C to be a subcategory of tow},-C and, consequently, a subcategory of tow™-

C.

PROOF. Let f, f' € tow-C(X,Y), f =[(f, )], f = [(f", f})], be given
such that J(f) = J(f'). Then, (f,f}') ~ (f', f{"), where (f, f"), (f', f;")
are induced by (f, f;), (f', f;) respectively. Thus, for every j € N, there exist
i,n € N such that, for every n’ > n,

3 prayi = 57 proivie
This means
fipsiiyi = fipgr(iyin
ie., (f, fj) ~ (f', f;). Therefore, f = f. O

REMARK 3.14. Given any category C, the category tow*-C is constructed
as a quotient category (CV)*/ ~ on the inverse sequences in C. It is a full
analogue of the known category 8" on compact metric inverse sequences (C =
HeM). According to Remark 3.4(a), one can construct in the same manner,
for any directed preordered set (A, <), the appropriate category (C*)* as well
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as the corresponding quotient category (C*)*/ ~. Moreover, there also exists
a faithful functor of (C*)/ ~ to (C*)*/ ~ C (C*)*/ ~. We shall not do this
explicitly because we may even abandon the fixed index set and work in the
most general setting of arbitrary inverse systems, i.e., in any inv-category.

3.2. The category pro*-C. The next definition is based on condition (ii) of
Theorem 3.1 (compare Definition 3.3 and Remark 3.4(a)).

DEFINITION 3.15. Let C be a category and let X = (Xx,pax,A) and
Y = (Y., quw, M) be inverse systems in C. An S*-morphism of inverse
systems, (f,f;) : X — Y, consists of a function f : M — A, called the
index function, and of a set of morphisms f : Xy — Yy, n €N, p€ M,
in C, such that, for every related pair p < p' in M, there exists A € A,
A= f(w), f (1), and there exists n € N so that, for every n’ = n,

Fi i = Qu fli D ua-
If the index function f is increasing and, for every pair p < pu', one may
put X = f(u'), then (f,f}) is said to be a simple S*-morphism. If, in
addition, M = A and f = 1y, then (14, f{) is said to be a level S*-morphism.
Further, an S*-morphism of inverse systems (f, )+ X — Y is said to be
commutative, provided, for every pair p < p’, one may put n = 1.

REMARK 3.16. Similarly to Remark 3.4(c), a commutative S*-morphism
of inverse systems (f, f/) : X — Y yields a sequence of morphisms (f" =
7 f[j) : X —- Y, n €N, in inv-C. On the other side, every sequence of
simple morphisms (f", f;) : X — Y, n € N, in inv-C, such that " = f
for all n, determines the unique commutative S*-morphism of the inverse
systems (f, [}) : X — Y. This indicates the significant difference between
the standard morphisms of inverse systems and the new S*-morphisms.

LEMMA 3.17. Let (f, f[}) : X =Y and (9,97):Y - Z = (Zy,rp, N)
be S*-morphisms of inverse systems. Then (h,h?), where h = fg and h?* =
gf}fg(y), n €N, v e N, is an S*-morphism of X to Z.

PROOF. Let v,/ € N, v < v/, be given. Since (g, g”) is an S*-morphism,
there exists p € M, u > g(v),g(v'), and there exists ng € N such that, for
every n’ > no, , ,

95 dgwyn = Tvv' G dg(v') -
Since (f, f[}) is an S*-morphism, for the pair g(v) < p, there exist A\y >
fg(), f(1) and ny € N such that, for every n’ > nq,

Faw)Prawirxe = gyl Pruyr-

Further, for the pair g(v') < p, there exist Aa > fg(v'), f(i) and na € N such
that, for every n’ > nao,

/

fownPrawnre = Aol Prurs-
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Since A is directed, there exists A € A, A > A, A2. Put n = max{ng,ny,na}.
Then, for every n’ > n, one straightforwardly establishes

’ ’ ’
n

9y f;(u)pfg(v))\ = Tuu Gy fg(u’)pfg(u’))\a
which proves that (h = fg,h? = g7 () 1 X — Z is an S*-morphism. O

Lemma 3.17 enables us to define the composition of S*-morphisms of in-
verse systems: If (f, f}) : X — Y and (g,9;) : Y — Z, then (g,9,)(f, f}}) =
(h,h) : X — Z, where h = fg i hl' = g7 o) Clearly, this composition is
associative.

LEMMA 3.18. The composition of commutative S*-morphisms of inverse
systems in C is a commutative S™-morphism.

PRrROOF. It suffices to observe that in the proof of Lemma 3.17, in this
case, one may put ng = ni = ny = 1. The conclusion follows. O

Given an inverse system X = (Xx,pax,A) in C, let (14, 1}), consists
of the identity function 15 and of the identity morphisms 1% = 1lx, in
C, for every n € N and every A € A. Then (I5,1%,) : X — X is an
S*-morphism (commutative and leveled). One readily sees that, for every
(f; f): X =Y and every (g,9%) : Z — X, (f, f})(1a,1%,) = (f, f}) and
(1a, 1%, )(g,9%) = (g,9%) hold. Thus, (14,1%,) may be called the identity
S*-morphism on X.

By summarizing, for every category C, there exists a category, denoted
by (inv-C)*, consisting of the object class Ob(inv-C)* = Ob(inv-C) and of
the morphism class Mor(inv-C)* of all the sets (inv-C)*(X,Y) of all S*-
morphisms (f, f[j) of X to Y, endowed with the composition and identities
described above. By Lemma 3.18, there exists a subcategory (inv-C)y of
(inv-C)* with the same object class and with the morphism class Mor(inv-
C)Z consisting of all commutative S*-morphisms of inverse systems in C.

Similarly to Definition 3.8, we shall use Theorem 3.2 to define an equiv-
alence relation on each set (inv-C)*(X,Y).

DEFINITION 3.19. An S*-morphism (f, f}}) : X — Y of inverse systems
in C is said to be equivalent to an S*-morphism (f', ;') : X —Y, denoted
by (f, £2) ~ (', £, provided every ji € M admits A € A, A > f(u), f'(n),
and n € N, such that, for every n’ > n,

Fi praoa = £ prrgoa-

LEMMA 3.20. The relation ~ is an equivalence relation on each set (inv-
C)*(X,Y). The equivalence class [(f, f})] of an S*-morphism (f, f}) : X —
Y is briefly denoted by f*.

PROOF. The relation ~ is obviously reflexive and symmetric. To prove
transitivity, one should take, for given u € M, the maximums of pairs of
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indices {A1, A2} and {n1,n2}, which exist by (f, f1) ~ (f', f') (A1 and nq)
and (f', fi") ~ (f", ") (A2 and ny). O

LemMA 3.21. Let (f, f2), (f', f;) : X = Y and (g,97),(9",9,): Y — Z
be S*-morphisms of inverse systems in C. If (f, ;1) ~ (f', f,') and (g,9;) ~
(9's9.%), then (g,90)(f, 1) ~ (¢', 90 )(f's 1)

PROOF. According to Lemma 3.20 (transitivity), it suffices to prove that
(9. 90)(f, 1) ~ (g, 90)(f", f1) and (g, 90)(f, fi1) ~ (9',9,")(f, fli)- Given
v € N, choose A € A, A > fg(v), f'g(v), and n € N, by (f, f!) ~ (f', f,I") for
1= g(v). Then, for every n’ > n,

g:} f;(y)pfg(u)k = gs f;r(ly)pf’g(u)k-

Thus, (g,97)(f, fi) ~ (9,90)(f', f,]')- Further, if (g,g;) ~ (¢, 9,"), then, for
given v € N, there exist p > g(v), ¢'(v) and ny such that

9 dg(yn = 90" dg' ()
whenever n’ > nj. Since (f,f}) is an S*-morphism, there exist A >
max{fg(v), fg'(v), f(i)} and ns large enough, such that, for every n’ > no,
the n'-coordinate of (f, f;}) commutes at the pairs g(v) < p and g'(v) < p
with “the tail” at A. Thus,

f;tllpf(ﬂl)A = Quips f;tlzpf(ﬂz)N
where p; = min{g(v),¢'(v)} and ps = max{g(v),g’(v)}. Consequently, for
every n’ > n = max{ny,na},

’
n

9 fgn(l/)pfg(V)A = gllzn fg/(l/)pfg’(lf))\'
Therefore, (g,97)(f, fi1) ~ (9", 90 )(f: f11)- ul

By Lemmata 3.20 and 3.21, one may compose the equivalence classes of
S*-morphisms of inverse systems by putting g*f* = h* = [(h, h?)], where
(h,hy) = (g, 90)(f, f11) = (fa, 97 ;(V)). The corresponding quotient category
(inv-C)* /.. is denoted by pro*-C. There exists a subcategory pro-C C pro*-
C determined by all equivalence classes having commutative representatives.
Clearly, pro},-C is isomorphic to the quotient category (inv-C)¥/~. Similarly
to a tow-category, one may consider pro-C = (inv-C)/ ~ as a subcategory of
prof-C and, consequently, as a subcategory of pro*-C (see also Proposition
3.24 below). First, recall the well known lemma (see [15, Lemma I.1.1]):

LEMMA 3.22. Let (A, <) be a directed set and let (M, <) be a cofinite
directed set. Then every function f : M — A admits an increasing function
f' M — A such that f < f'.

LEMMA 3.23. Let X = (Xx,panv,A) and Y = (Y, quu, M) be inverse
systems in C with M cofinite. Then every morphism f* = [(f, f})]: X =Y
in pro*-C admits a simple representative (f', f;") : X — Y.
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PROOF. Let p € M. If u has no predecessors, choose any A € A, A >
f(p), and put p(p) = A. If p is not an initial element of M, let py, ..., m €
M, m € N, be all the predecessors of yu (M is cofinite). Since (f, f}) is an S*-
morphism, for every i = 1,...,m and every pair pu; < pu, there exists A\; € A,
Xi > f(us), f(r), and there exists n; € N, such that, for every n’ > n;, the
appropriate condition holds. Choose any A € A, A > \; foralli=1,....,m
(A is directed), and put ¢(p) = A. This defines a function ¢ : M — A.
Notice that f < ¢. By Lemma 3.22, there exists an increasing function
f'+ M — A such that ¢ < f’. Hence, f < f’. Now, for every u € M, put
I = £y (- One readily verifies that (f', f") : X — Y is a simple
S*-morphism and that (f', f/") ~ (f, f,})- O

Let us define a functor J = J, : pro-C — pro*-C (an extension of the
already defined functor J : tow-C — tow*-C). Put J(X) = X, for every
inverse system X in C. If f € pro-C(X,Y’) and if (f, f.) is any representative
of f, put

l(-f) =f = [(fﬂf:})] Gp’l‘O*—C(X,Y),
where (f, fﬁ) is induced by (f, f.), i.e., for every n € N, fi! = f,, for all
w € M. One straightforwardly verifies that J (f) is well defined and that J
is indeed a functor. Notice that every induced S*-morphism is commutative.
Therefore, J is a functor of pro-C to the subcategory pro},-C C pro*-C.

PROPOSITION 3.24. The functor J : pro-C — pro’,-C C pro*-C is faithful.
PrROOF. Let f* = J(f) = J(f) = f*. Let (f, f.) and (f’,fl’t) be

any representatives of f and f’ respectively. By definition of the functor J,
=110 = f))and f7 = [(f', £ = f)]. Since (f, f;1) ~ (f', f;7), for
every u € M, there exist A > f(u), f'(n) and n such that, for every n’ > n,

FEpraox = 1 g
This means
fupsx = Fupg (-
Therefore, (f, fu) ~ (f', f)), ie, f=f". O

REMARK 3.25. The functor J is not full. For instance, let us consider
the restriction pro-C (X,T) — proi-C(X,T), where T = (Tp = T) is a
rudimentary inverse system. Let f € pro-C (X, T'). Then every representative
(f, fo) of f is uniquely determined by Ag € A (f(0) = Ag) and by a morphism
fo = fan € C(X,T). However, it is not the case for f* € prof-C (X, T).
Indeed, if (f, f§') is a representative of f*, then f(0) = Ao € A, while (f§ =
IX, Jnen is a sequence of morphisms f! € C(X\,,T). Notice that (f, f') ~
(f', fi) if and only if

(3A = Ao, X)) (Fn) (V) = n) [ pagr = fén/pAgA-
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By the well known “Mardesi¢ trick”, every inverse system X in C is
isomorphic (in pro-C) to a cofinite inverse system X'. If f: X — X' is an
isomorphism in pro-C, then J (f) : X — X' is an isomorphism in pro*-C.
Therefore, the next corollary holds.

COROLLARY 3.26. Every inverse system X in C is isomorphic in pro*-C
to a cofinite inverse system X'.

A morphism f* : X — Y in pro*-C does not admit, in general, a level
representative. However, the following “reindexing theorem” will help to over-
come some technical difficulties concerning this fact.

THEOREM 3.27. Let f* € pro*-C(X,Y). Then there exist inverse sys-
tems X' and Y' in C having the same cofinite index set (N, <), there exists
a morphism ™ : X' — Y having a level representative (1, ") and there
exist isomorphisms i* : X — X' and j% :' Y — Y’ in pro*-C, such that the
following diagram in pro*-C commutes:

x & v
i | 13
x oy

PrROOF. Let f* € pro*-C(X,Y). By Corollary 3.26, there exist cofi-
nite inverse systems X = ()Z’a,ﬁaa/,A) and Y = (?g,ijgg/,B), and there
exist isomorphisms u* : X — X and v 1 Y — Y in pro*-C. Let
}* = v f (u*)"! X Y. By Lemma 3.23, there exists a simple rep-
resentative (w, wj) of }'* Let

N={v=(a,8)|acABeBuwB) <atCAxB,

and define (N, <) coordinatewise, i.e., v = (o, 3) < (o/, ') = v/ if and only
ifa <a' in Aand 8 < ' in B. Clearly, N is preordered. Let any v =
(o, B),v = (a/, ") € N be given. Since B is directed, there exists 8y > 3, 5.
Since A is directed, there exists ag > a, o/, w(By). Then (o, Bo) =9 € N
and vy > v,v/. Thus, N is directed. Further, since A and B are cofinite
and since N C A x B is (pre)ordered coordinatewise, the set N is cofinite
too. Let us now construct desired inverse systems X' = (X,p.,,,N) and
Y' = (Y),q,,N). Given v = (a,8) € N, put X, = X, and Y, = Y;
for every related pair v = (o, 8) < (¢/,) = v/ in N, put p),, = Paes and
¢, = qpp- Now, for every v = (o, 8) € N, put f" = wiPu(p)a * X, = Y.
Then (1n, f) : X' — Y is a simple S*-morphism. Indeed, if v < v/, then
8 <@, Since (w, wg) is simple, there exists n € N such that, for every n’ > n,

WG Pu(g)w(s) = 433 W -
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Since a > w(fB), o > w(p’), w(f') > w(B) and o’ > «, it implies
V' Do = WG Pu(B)aPac’ = W5 Pu(B)w(B)Pu(s)ar
= QpWEDwE) = G fir
Let s : N — A be defined by putting s( ) = a, where v = (o, 3), and let,
for every n € N, s} C X, — X/, = X, be the identity lg in C for each
v € N. In the same way, let ¢ : N — M be defined by puttmg t(v) = 05,
and let, for every n, 7 : Y3 — Y, = Yg be the identity 1% for each v. It is
readily seen that s* = [(s,s7)] : X — X’ and ¢t* = [(t,t7)] : ¥ — Y’ are
simple commutative morphisms. Even more, they are induced by morphisms
(5,8, =15 ) and (t,1, = 1)75) of inv-C respectively. Notice that, in pro-C,
s=[(s,s")]: X - X" and t = [(t,t")] : ¥ — Y are isomorphisms. Since
s* = J(s) and t* = J(t), we infer that s* and ¢t* are isomorphisms in pro*-C.
Moreover, for every v = (o, 3) € N and every n € N,

tgw?(u)ﬁwt(u)a = wgﬁw(ﬁ)a = fm fm n

which implies (¢,t})(w,wj) ~ (1w, f,")(s,s;). Therefore, t*} = f*s*. Fi-
nally, put i* = s*u* : X — X' and j* = t*v* : Y — Y’, which are
isomorphisms in pro*-C. Then

J f —t*’U*f 7t*fu *fl* * * fl*’l/*

4. THE COARSE SHAPE CATEGORY

Let D be a full (not essential, but a convenient condition) and dense
subcategory of C. Let p: X — X and p’ : X — X’ be D-expansions of the
same object X of C, and let ¢: Y — Y and q' : Y — Y’ be D-expansions of
the same object Y of C. Then there exist two natural (unique) isomorphisms
i: X — X' and j: Y — Y’ in pro-D. Consequently, ¢* = J(i) : X — X'
and j* = J(j) : Y — Y’ are isomorphisms in pro*-D. A morphism f*: X —
Y is said to be pro*-D equivalent to a morphism f*: X' — Y’, denoted by
f* ~ f'*, provided the following diagram in pro*-D commutes:

x 2 x
ol L
Yy 2 Y’

According to the analogous facts in pro-D, and since J is a functor, it defines
an equivalence relation on the appropriate subclass of Mor(pro*-D), such
that f* ~ f* and g* ~ g’* imply g*f* ~ ¢"* f'* whenever it is defined. The
equivalence class of f* is denoted by ( f ). Further, given p, p', q, q and f*,
there exists a unique £ (= 7*f*(¢*)~!) such that f* ~ f*.
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We are now to define the (abstract) coarse shape category Shfc,D) for
(C, D) as follows. The objects of Shic py are all the objects of C. A morphism
F* € Shic p)(X,Y) is the pro™-D equivalence class (f*) of a morphism f* :
X — Y, with respect to any choice of a pair of D-expansions p : X — X,
q : Y — Y. In other words, a coarse shape morphism F* : X — Y is given
by a diagram

X £ X
Fa | P~
Yy <L vy

The composition of F* : X — Y F* = (f") and a G* : Y — Z, G* = (g*),
is defined by the representatives, i.e., G*F* : X — Z, G*F* = (g*f*). The
identity coarse shape morphism on an object X, 1% : X — X, is the pro*-D
equivalence class (1% ) of the identity morphism 1% in pro*-D. Since
Shic py(X,Y) ~pro"-D(X,Y)

is a set, the coarse shape category Sh’{cﬂ) is well defined. One may say that
pro*-D is the realizing category for the coarse shape category Sh?c,D)'

For every f: X — Y in C and every pair of D-expansions p : X — X,

q:Y — Y, there exists f* : X — Y in pro*-D, such that the following
diagram in pro*-C commutes:

X £ X
£l lr.
Yy L vy

(Hereby, we counsider C C pro-C to be subcategories of pro*-C!) The same f
and another pair of D-expansionsp’ : X — X', q': Y = Y yield f* : X' —
Y’ in pro*-D. Then, however, f* ~ £ in pro*-D must hold. Thus, every
morphism f € C(X,Y) yields a pro*-D equivalence class (f*), i.e., a coarse
shape morphism F* € Sh’("C,D)(X, Y). If one defines S*(X) = X, X € ObC,
and S*(f) = F* = (f*), f € MorC, then
SZ‘C’D) :C— Shz‘cyp)

becomes a functor, called the abstract coarse shape functor. Comparing to
the abstract shape functor, we shall show that the restriction of S* to D
into the full subcategory of Sh(*C’D), determined by ObD, is not a category
isomorphism (Example 7.4). Nevertheless, we shall prove that P and @ are
isomorphic objects of D if and only if they are isomorphic in Sh?c,D)’ ie.,
they are of the same abstract coarse shape (Claim 3 below). Thus, clearly,
the abstract coarse shape type classification on D coincides with the abstract
shape type classification. Further, recall that for every X € ObC and every
Q@ € ObD, the abstract shape functor induces a bijection

S| : C(Xa Q) - Sh(C,D)(Xa Q)
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However, we shall see that, in the same circumstances, the abstract coarse
shape functor induces an injection

S*|-: C(X,Q) — Shic p)(X,Q),

which, in general, is not a surjection (Example 7.4). Finally, the functor S (*C,D)
factorizes as SE‘c,D) = J¢,p)S(c,p), Where S¢ py : C — Sh(c p) is the abstract
shape functor, while Ji¢ p) : Sh(c,p) — Shé,p) is induced by the “inclusion”
functor J = Jp : pro-D — pro*-D. (This implies that the induced function
C(X,Q)— Sth,D)(X’ Q) is an injection.)

As in the case of the abstract shape, the most interesting example of
the above construction is C = HTop - the homotopy category of topological
spaces and D = H Pol - the homotopy category of polyhedra, or D = HANR
- the homotopy category of ANR’s for metric spaces. In this case, one speaks
about the (ordinary or standard) coarse shape category

Sh?HTOp,HPol) = Sh*(Top) = Sh*
of topological spaces and of (ordinary or standard) coarse shape functor
S*: HTop — Sh*,

which factorizes as S* = JS, where S : HTop — Sh is the shape functor, and
J : Sh — Sh* is induced by the “inclusion” functor J = pro-H Pol — pro*-
HPol. The realizing category for Sh* is the category pro*-H Pol (or pro*-
HANR). The underlying theory might be called the (ordinary or standard)
coarse shape theory (for topological spaces). Clearly, on locally nice spaces
(polyhedra, CW-complexes, ANR’s, ...) the coarse shape type classifica-
tion coincides with the shape type classification and, consequently, with the
homotopy type classification.

Similarly to the case of the shape of compacta, let us consider the ho-
motopy (sub)category of compact metric spaces, HcM C HTop. Since
HcPol C HeM and HcANR C HcM are “sequentially” dense (and ho-
motopically equivalent) subcategories, there exist the coarse shape category
of compacta,

Sh*(eM) = SthcM,HcPol) = Sh?HcM,HcANR)?
and the corresponding (restriction of the) coarse shape functor
S*: HeM — Sh*(eM),
such that S* = JS, where S : HcM — Sh(cM) is the shape functor on
compacta, and J : Sh(cM) — Sh*(e¢M) is induced by the “inclusion” functor
J i tow-HcPol — tow*-HcPol (or J : tow-HcANR — tow*-HcANR). The
category Sh*(cM) is a full subcategory of Sh*. Notice that the realizing

category for Sh*(cM) is the category tow*-HcPol as well as the category
tow*-HcANR.



168 N. KOCEIC BILAN AND N. UGLESIC

The category tow*-HcANR, being isomorphic to the category S* re-
stricted to inverse sequences of compact ANR’s (Corollary 3.12), classifies
(by its isomorphisms) compact ANR inverse sequences strictly coarser than
the category tow-HcANR (see [22] and Corollary 5.3 below as well as [16]
and our Example 7.2).

Let D be a full and dense subcategory of C, let X € ObC and let p = (p») :
X — X = (X, pan, A) be a D-expansion of X. Further, let Q € ObD and let
a sequence (®™) of morphisms " : X — @, n € N, in C be given. We say that
(®™) uniformly factorizes through p provided there exists a fixed A € A such
that, for every n, ®" factorizes through X . Such a sequence (®™) determines
a coarse shape morphism F* : X — . Namely, there is A € A such that,
for every n € N, there exists a morphism f" : X\ — Q of D (D C C is
full) satisfying ®” = f™py. Hence, the sequence (f™) determines a morphism
fF: X - Q = (Q) of pro*-D. Since 1 : Q — Q is a D-expansion of Q,
the morphism f* determines a coarse shape morphism F* = (f*) : X — Q.
We say that such F* is induced by (™). Notice that the above construction
depends on the index A.

CramM 1. Let X € OWC, let p = (px) : X — X = (X, pan, A) be a
D-expansion of X and let Q € ObD. Then every coarse shape morphism
F*: X — @Q is induced by a sequence of morphisms ®" : X — Q inC, n € N,
such that (®™) uniformly factorizes through p.

Proor. Let F* : X — @ be a coarse shape morphism. For D-expansions
p=(@(my):X > Xand1l:Q — Q = (Q), there exists a representative
f*: X — Q in pro*-D of F*. Consequently, there exists a sequence (f™) of
morphisms f" : Xy — @, n € N, in D which determines f*. Thus, by putting
®" = f"py, n € N, one obtains the desired sequence (®"). O

Let (®") and (®'") uniformly factorize through the same p : X — X
(via A and X respectively). Then (&™) and (®'™) is said to be almost equal
provided there exist ng € N and Ay > A, X such that, for every n > ny,
F™Pare = F™Parro- Obviously, (™) and (®'") are almost equal if and only if
®" = @ for almost all n.

CramM 2. Let (™) and (D) uniformly factorize through the same p :
X —>X. Let F*: X - Q and F”* : X — Q be induced by (P") and (P'™)
respectively. Then F* = F™ if and only if (®™) and (™) are almost equal.

ProOF. Let (") and (®'") uniformly factorize through the same p :
X — X, i.e., let there exist A\, \’ € A such that, for every n € N, ®" = f"p,
and " = f™p,,, where f* : X, — @ and f'™ : X»» — @ are morphisms
of D. Let F* : X — @ and F”* : X — (@ be coarse shape morphisms
induced by (®") and (®'") respectively. Let f*,f" : X — Q = (P) in
pro*-D be representatives of F*, F* respectively. Now, if F’* = F’* then
f* = f",and f*, f’* are determined by the sequences (f™), (f'™) respectively.
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Therefore, there exist A\g > A\, X and ng € N such that, for every n > ng,
F™Pxre = J™Parxo- This means that (") and (®") are almost equal.
Conversely, if (") and (®'™) are almost equal, then the corresponding
sequences (f™) and (f'™) induce the same morphism f* : X — @ in pro*-D.
Thus, the sequences (®") and (®") induce the same coarse shape morphism
F* = (f*) = F'*. O

Consider now the special case where X = P € ObD too. Then 1: P —
P=(P)and 1: Q — Q = (Q) are D-expansions. Thus, every coarse shape
morphism F* : P — @ is induced by a sequence of morphisms f™ : P — @ in
D, n € N. Furthermore, any two such sequences (™), (f'™) induce the same
coarse shape morphism if and only if f™ = f'™ for almost all n. This implies
that there is a surjection

C(p, Q))N - Sh?c,p)(Pa Q)

of the set of all sequences of C-morphisms P — (Q onto the set of all coarse
shape morphisms P — . Finally, one can readily see that if F* : P — @ is
induced by (f™) and G* : @ — R is induced by (g"), then the composition
G*F* : P — R is induced by (g™ ™).

CLAIM 3. For every pair P,Q € ObD, the following assertions are equiv-
alent:

(i) P and Q are isomorphic objects in D;
(i1) P and Q have the same abstract shape;
(i) P and Q have the same abstract coarse shape.

PROOF. The equivalence (i) < (ii) is the well known fact. The implication
(ii) = (iii) follows by the functor J¢ py : Shicp) — Sh?cﬂ). Let P,Q €
ObD have the same coarse shape. Then there exists a pair of coarse shape
isomorphisms F* : P — @, G* : Q — P such that G*F* = 1} and F*G* = 17,
in § hzfc,D)' By the above consideration, there exist sequences (f™) and (g™)
of morphisms f" : P — @ and g" : Q@ — P in D, n € N, which induce F*
and G* respectively. Furthermore, the sequences (¢" f") and (f"g™) induce
15 and 1. Since the constant sequences (1p) and (1g) also induce 1% and
1) respectively, Claim 2 implies that g" f" = 1p and f"g" = 1¢ for almost
all n € N. Consequently, P and @ are isomorphic objects of D, and thus, (iii)
= (i). O

5. AN APPLICATION

In [3], K. Borsuk had defined the relation of quasi-equivalence 2 of com-
pacta in terms of sequences of fundamental sequences between compacta lying
in AR-spaces. In order to characterize this relation in a category framework,
the second named author adapted in [20] the original definitions in terms of
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the Mardesié-Segal shape theory [15]. Let us briefly sketch the indispensable
definitions and facts from [20].

Let f = (f,[fi). F = (f', [f}]) € tow-HeM (X,Y') and let s € N. Then
f is said to be s-homotopic to f', denoted by f ~, f’, provided

(Vi € [1,sln)(Fi =i(5) = £(3), £'(4) Uillpreil = Lfllpgr il

Observe that f ~ f if and only if f ~, f’ for every s € N, where ~ is
the usual homotopy (equivalence) relation of morphisms of inverse sequences.
Then,

(i) for every s € N, the relation ~, is an equivalence relation on each set
tow-HeM (X ,Y);
(i) (Vs'<s) (f~s f' = F~s f).
Moreover, for every s € N, the relation ~; is compatible with respect to the
composition to the right, i.e.,

(Vh: W — X)(f ~ f' = fh~, f'h).

On the other side, if g : Y — Z, then f ~, f implies gf ~. gf whenever
g[[lv SI]N] C [17 S]N~

Let X and Y be compact ANR inverse sequences. Then X is said to be
quasi-equivalent to Y, denoted by X 2 Y, provided for every n € N there
exist morphisms f : X — Y and g : Y — X such that gf ~, 1x and
fg ~, ly.

This relation < is an isomorphism invariant relation. By [20, Theorem
3.1] if X, Y are compact metrizable spaces and if X, Y are arbitrary with
them associated compact ANR inverse sequences respectively (via the inverse
limits), then

Xivyexiy.
Consequently, a compactum X is quasi-equivalent to a compactum Y (in the

sense of Borsuk), X < Y, if and only if, for every n € N, there exist morphisms
f": X ->Y and g" : Y — X such that g"f" ~,, 1x and f"g"™ ~, ly.
One may assume, without loss of generality, that all the morphisms realizing
the relations X ~ Y are simple. We may also assume that n’ > n implies
f"/ > f™ and g"l > ¢". Further, it is obvious that the defining conditions
for X £ Y can be relaxed to the conditions g"f" ~,, 1x and f"g" ~,
1y respectively, where (s,) and (t,) are increasing unbounded sequences in
{0}UN.

In [20] is constructed a certain category IC which describes the relation 2
by means of an appropriate relation on the morphisms of . The objects of
KC are all compact ANR inverse sequences, while

KX, Y)={F=(f")| f* € tow-HcM(X,Y) simple,n € N}.
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The composition in MorC is the coordinatewise composition, i.e.,

GF=(g"f")=((f"9": gk fyn)]):

while the identity morphism on an object X € ObK is 1x = (1% ), where
1% = 1x for each n € N. A morphism F = (f") € £(X,Y) is said to be
quasi-homotopic to a morphism F’ = (f™) € K(X,Y), denoted by F 2 F,
provided there exists an increasing and unbounded sequence (s,) in {0} UN
such that f" ~, f, whenever s, > 0. The quasi-homotopy relation 2 is
an equivalence relation on each set £(X,Y). It is also natural from the right,
ie.,

(VH € K(W, X)) (VF,F' € K(X,Y))(F 2 F = FH < F'H).

Unfortunately, the quasi-homotopy relation 2 is not natural from the left, so
there is no corresponding quotient category. Nevertheless, by [20, Theorem
3.27],

xdy if and only if there exist morphisms F € K(X,Y)
and G € K(Y,X) such that GF 2 1x and Fa L 1y .
It was also shown in [20] that for a slight strengthening of the Borsuk
quasi-equivalence, reinterpreted as above, there exists a complete category
characterization. Let X and Y be inverse sequences in HcANR. Then X is

said to be g-equivalent to Y, denoted by X 2 Y, provided X LY and there
exists a pair F' = (f"), G = (g") of morphisms realizing this relation in the
category K such that, for every ¢ € N and every j € N, the sequences (f"(5))
and (g™ (7)) are bounded.

For a pair X, Y of compacta, we define X Ly provided X LY for
some (equivalently, any) pair X, Y of the associated compact ANR inverse
sequences.

Let K be the subcategory of K consisting of ObK = ObK and of Mork C
Mor K such that each K(X,Y) C K(X,Y) consists of all the morphisms F =
(f"), where all f" = (f",[f}']) have a unique index function f = f", n € N.
Such a morphism is denoted by F = (f, f"). The key fact is that the quasi-

homotopy relation 2 is a natural equivalence relation on MorK. Therefore,

there exists the corresponding quotient category K/ e = Q. Moreover, the

quotient category Q yields the associated category Q on compacta such that

0ObQ = Ob(cM) and Q(X,Y) ~ Q(X,Y),
where X, Y are any compact ANR inverse sequences associated with X, Y
respectively. (For given pair X,Y, any set Q(X,Y’) may represent Q(X,Y).)
An important result is the following one ([20, Theorem 6]):

X2Y ifand only if X =Y in O.
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Consequently, for every pair X, Y of compacta, X 2 Y if and only if
X 2Y in Q. Moreover ([20, Theorem 7)), there exist functors

Q:HcM — Qand T': Sh(eM) — Q,

which keep the objects fixed and I'S = @, where S : HcM — Sh(cM) is the
ordinary shape functor.

According to [20, Remark 8(b)], the quasi-homotopy relation admits a
slight strengthening in the following way. A morphism F = (f,f") €

K(X,Y) is said to be wuniformly quasi-homotopic to a morphism F’/ =

(f', f™") € K(X,Y), denoted by F L F’, provided F L F’ and there ex-
ists a sequence (¢;) in N, i; > f(j), f'(j), such that

(Vn € N)(Vj € [1,sa]n) [f]'][Priyi;] = L5 Ps i )s

where (s,) is a realizing sequence for F 2P Tt s readily seen that L
is a natural equivalence relation on K. Thus, there exist the corresponding
quotient category

*

K/ o = o)
and the associated category Q* on c;)mpacta. Further, there exist functors
Q" :HcM — Q" and '™ : Sh(cM) — QF,
which keep the objects fixed and I'*S = Q*. Moreover, there exists a functor
II: 9" — 9,
such that Q =T'Q* and I" = IIT"*.
Let X, Y be a pair of compact ANR inverse sequences. Then, X is said
to be ¢*-equivalent to Y, denoted by X ’3; Y, provided there exists a pair of

morphisms F: X - Y, G:Y — X in K such that GF % 1x and FG A ly.
Clearly, this means X 2 Y in @’“ Let the ¢*-equivalence of compacta be the
induced equivalence relation in the category Q*.

We want to relate the categories Q* and Q" to our categories tow™-
HcANR and Sh*(cM) respectively.

THEOREM 5.1. The category Q" is 1somorphic to the subcategory tow} -
HcANR C tow*-HcANR. Consequently, the category QF is isomorphic to
the corresponding subcategory Sh(cM) of the coarse shape category Sh*(e¢M)
of compacta.

PROOF. The object classes of Q* and of tow},-HcAN R coincide: It is the
class of all compact ANR inverse sequences X having the homotopy classes
of mappings to be the bonding morphisms. A morphism F € [0} (X,Y) is
the equivalence class [F],-, where F' = (f, f") € K(X,Y). Observe that

(f, ") = (f, [ff]): X — Y is a commutative S*-mapping, i.e., F' = (f, [f7'])
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is also a morphism in the category (HcAN RY)*. Further, the homotopy rela-

tion & guarantees that F' L= (f', f™) in K implies (f, 7D = (fS 17
in (HcANRN)*. (Put o(j) = i; and x(n) = s,,.) However, the converse holds
too. Namely, a commutative S*-mapping (f,[f]']) in (HcANRY)* is also the
morphism (f, f*) = Fin @, and (/, [f7]) = (f',[fi"]) in (HcAN RN)* implies

(F,fY=F~F =(f,f") in K. (Put i; = 0(j) and s, = x(n).) Finally, it
is obvious that (fg,g"f") in K becomes (fg, [gg][f;(k)]) in (HcANRN)*, and
that (1y,1%) in K becomes (1y, [1%,]) in (HcAN RY)*. Therefore, there exists
a functor ® : @ — tow’-HcANR, defined by ®(X) = X and ®(F) = f*,
where f* = [(f,[f7D], (f.[f}]) = (f, ") = F, [F],- = F, which is an iso-
morphism of the categories. The statement for the categories on compacta
follows immediately. O

The next corollary relates the coarse shape classification of compacta to
the classification in the subcategory Sh’ (cM).

COROLLARY 5.2. The isomorphism classification in the subcategory
Shi(eM) is strictly finer than the isomorphism (coarse shape type) classi-
fication in Sh*(cM), i.e., for every pair X, Y of metric compacta, Sh(X) =
ShX(Y) implies Sh*(X) = Sh*(Y), while there exists such a pair so that
Sh*(X) = Sh*(Y) and Sh},(X) # ShX(Y).

PROOF. It is clear that Sh)(X) = Sh¥(Y) implies Sh*(X) = Sh*(Y).
By Corollary 3.12, Sh*(X) = Sh*(Y') is equivalent to S*(X) = S*(Y'), and by

Theorem 5.1, ShY(X) = Sh%(Y) is equivalent to X LY. Now, if Sh*(X) =
Sh*(Y) would imply Sh¥(X) = Sh)(Y), then S*(X) = S*(Y) would imply

X & Y, which contradicts [22, Corollary 7). O

One can now see that the coarse shape is indeed coarser than the shape:

COROLLARY 5.3. For every pair X, Y of metric compacta, Sh(X) =
Sh(Y) implies Sh*(X) = Sh™(Y), while there exists such a pair so that
Sh*(X) = Sh*(Y) and Sh(X) # Sh(Y').

PROOF. It is clear that Sh(X) = Sh(Y) implies Sh*(X) = Sh*(Y) as
well as Sh)(X) = ShX(Y). If Sh*(X) = Sh*(Y) would imply Sh(X) =
Sh(Y), then Sh*(X) = Sh*(Y) would imply Sh)(X) = Sh)(Y), which con-
tradicts Corollary 5.2. O

At the end of this section, let us describe a coarse shape morphism F* €
Sh*(X,Y), where Y has the homotopy type of a polyhedron (equivalently, an
ANR) as well as Y has the coarse shape type a polyhedron (compare Claim 1).
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PROPOSITION 5.4. Let F* : X — Y be a coarse shape morphism of a
space X to a space Y, where Y has the homotopy type of a polyhedron. Then
there exists a representative f* € pro*-HPol(X,Y) of F* = (f*), such that
every representative (f,[f]!]) € inv*-HPol(X,Y") of f* = [(f,[f}!])] consists
of a sequence of homotopy class [f{], n € N, of a single term X of X to the
polyhedron. Therefore, F'* is represented by a sequence ([h™]) of the homotopy
classes [h"] : X — Y, n € N, uniformly factorizing through p: X — X.

PROOF. Let ¢ : Q — Y be a homotopy equivalence, where () is a polyhe-
dron. Then g = ((g,] = [g] ™) : ¥ — ¥ = (Qp = @ e = 1o, M = {pi}) is
a H Pol-expansion of Y. Let F* : X — Y be a coarse shape morphism. Then
there exists a morphism f* : X = (Xy,pav,A) — Y of pro*-H Pol such
that F' = (f*). Let (f,[f}]) : X — Y in inv*-HPol be any representative
of f*. Since Y = (Q) is a rudimentary system, the index function f is a
constant function of the singleton M = {u} to A € A and, for all n € N, the
homotopy classes [f);] are a single homotopy class [f}] : X\ — Q. Finally,
put [47] = [gf{pal, n € N. 0

PROPOSITION 5.5. Let F* : X — Y be a coarse shape morphism of a space
X to a space Y, where Y has the coarse shape type of a polyhedron. Then
there exists a representative f* € pro*-HPol(X,Y) of F* such that, for every
representative (f,[f!]) € inv*-HPol(X,Y") of f*, the index function f is \-
constant and all [f[j] : Xn — Y, factorize through the polyhedron. Therefore,
F* is represented by a family ([h]}]) of the homotopy classes [h};] : X — Y,
n € N, p € M, uniformly factorizing through p : X — X and through the
polyhedron.

PROOF. Let G* : Q — Y be a coarse shape isomorphism, where @ is a
polyhedron. Then there exists a representative g* : (Q, = Q) — Y of G* such
that, for every representative (g, [g);]) of g*, g is the constant function and
9] :Q =Y, neN, pe M. Let F*: X — Y be a coarse shape morphism.
Then F* = G*H*, where H* = (G*)"'F* : X — Q. By Proposition 5.4, there
exists a representative h* : X — (Q) of H* such that every its representative
(h,[h?]) consists of a sequence of homotopy classes [h"] : X\ — @, n € N,
with a fixed A\. Thus, every representative of f* = g*h™ € F* is a family
([fi]); n €N, p € M, where f} = gih™ : Xy — @ — Y, for a unique X € A.
Finally, put hj; = f/px: X — Y. O

REMARK 5.6. Concerning Proposition 5.4, recall that a shape morphism
F:X —>Y,Y ~Q,isrepresented by a unique homotopy class [hx] = [gfapa] :
X — Y. On the other hand, by Proposition 5.5, a coarse shape morphism
F*: X =Y, Sh(Y) = Sh(Q), is represented by a family ([f.])uer : X =Y,
such that every [f,] : X — Y, factorizes through a unique X and through Q.
Further, according to [21, Lemma 3 and Remark 3(a)], since the same shape
type implies the same coarse shape type, Proposition 5.5 applies to FANRs.
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6. A COARSE SHAPE ISOMORPHISM

In this section, we are going to establish an analogue of the well known
Morita lemma [17], which should characterize a coarse shape isomorphism
in an elegant and rather operative manner. According to the “reindexing
theorem” (Theorem 3.27) and definition of the abstract coarse shape category
ShZC’D), it suffices to characterize an isomorphism f* € pro*-D(X,Y’) which
admits a level representative (1, f¥) : X — Y in inv*-D. In the case of
inverse sequences, a strictly increasing simple representative will do. Since
the characterization does not depend on the objects of D, we shall consider
such f* in pro*-C as well as in tow*-C.

THEOREM 6.1. Let X = (Xx,par,A) and Y = (Y, qan, A) be inverse
systems in C over the same index set. Let a morphism f*: X — 'Y in pro*-C
admit a level representative (14, f). Then f* is an isomorphism if and only
if, for every X\ € A, there exist N’ > X and n € N such that, for every n’ > n,
there exists a morphism h&l' : Yy — X in C, so that the following diagram
in C commutes:

X)\ — X)\/
(4) gL\ L
Y)\ — Y,\/

ProoF. Let f*: X — Y be an isomorphism in pro*-C which admits a
level representative (14, f{). Let g* = [(9,9%)] : ¥ — X be the inverse of

e,
(9, 9%0)(Aa, £3) ~ (Ia, 1x,) A (1A, fX)(9,9%) ~ (14, 1yy).

Given any A € A, choose A|,\;, € A according to the above equivalence
relations. Then there exists A’ > A, A\,. Thus X > A g(\). Further,
choose ni,ne € N according to the above equivalence relations and the
given A. Since (1, f{) is an S*-morphism, for the pair g(A) < N, there
exists ng € N such that the appropriate commutativity condition holds.
Put n = max{nji,ne,ng}. Let us define, for every n’ > n, a morphism
h;fl : Yy — X, in C by putting

hY = g% -

We are proving that diagram (4) commutes. First, according to the second
equivalence relation,

SRS = TX 93 agoon = D
Thus, the left (lower) triangle in (4) commutes. Further, since n’ > ng,

NI =9X qaoon = g f;(A)pg(A)AH
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while, according to the first equivalence relation,

9N fo0)Pa(y)x = Pax-
Therefore,
hK f)?’ =P\,
which proves commutativity of the right (upper) triangle in (4).
Conversely, suppose that a morphism f* = [(14, f¥)] : X — Y in pro*-
C fulfils the condition of the theorem. Let g : A — A be defined by that
condition, i.e., g(A) = X > \. Further, given any A € A, choose n =n, € N
by the condition. Let us define, for every n € N and every A € A, a morphism
gy : Ygon) — X in C by putting
n | Y n<ny
I = R n = ny
where hY comes from the condition. We have to prove that (g,¢%) : Y — X is
an S*-morphism. Let a pair A < ) be given. Choose \g > g(A), g(\') and put
A1 = g(Ao). Since (1a, fY) is an S*-morphism, for the pairs g (A) < Ao and
g (X)) < )Xo, there exist ny,n9 € N such that the appropriate commutativity
conditions hold respectively. Put

n = max {nx, N, Nxg, N1, N2} .
For every n’ > n, consider the following diagram:

X)\ — X)\/ — Xg()\/)

N N N
X R X
5 ey Xo
) I Yoo
AN N N
YQ(A) — Y)\o — Y
We are going to prove, by chasing diagram (5), that
(6) 9N Ag(x)rr = PANIN Qg(\)A, -
Since n’ = ny,, the condition of the theorem implies
(7) Ix Qg = X dgre RPN, -
Since n' > nq,
(8) RY dg(nno frohrg = 1Y FoinPanre -

Since n’ = ny, ny, the condition of the theorem implies
9) BY foPa(rePae = Paxohx, = Pax BN o Pavyne a -
Since n’ > ng,

(10) P B FoianPa(are g = Pax AN Ggayne Fro Pag -



THE COARSE SHAPE 177

Finally, since n’ > nj,, the condition of the theorem implies

(A1) pax RN agoyne [ PNy = Pax PN dg(a)g(rne) = PANGN Qg(\)A, -

Now, by combining (7), (8), (9), (10) and (11), one establishes (6), which
proves that (g,g%) is an S*-morphism. Moreover, by the condition of the
theorem, it is readily seen that, for every A € A and every n’ € N, n’ > nj,

gn f;(,\) = hY f;()\) = Pagr) A gy =fihy = Arg(N)-
This shows that

(g,gg)(lA,f;\I)N(lA,].XA) A (1A7f§)(gagg)N(1A71YA)a
which means that g* = [(g,¢%)] : Y — X is the inverse of f*. Therefore, f*
is an isomorphism in pro*-C. O

REMARK 6.2. (a) Let us consider pro-C to be a subcategory of pro*-C (see
Proposition 3.24). Then, in pro-C, Theorem 5.1 allows to put ny = 1 for every
A. Consequently, for each A, the sequence (h%) reduces to a single morphism
hx. Thus, Theorem 5.1 in the subcategory pro-C becomes the original Morita
lemma.

(b) One can easily verify that the condition (of Theorem 5.1) character-
izing an isomorphism may be reduced to a cofinal subset A’ C A. Thus, the
following corollary holds.

COROLLARY 6.3. If f* = [(1a, f¥)] : X = Y in pro*-C admits a cofinal
subset A" C A such that, for every N € N, there exists n € N, so that, for
every n’ >n, fY, is an isomorphism in C, then f* is an isomorphism.

According to the proof of Theorem 3.1 and Definition 3.3, one can charac-
terize an S*-morphism (f, f]") in any category (CV)* in the “original” terms of
a commutativity radius . Further, by the proof of Theorem 3.2 and Defini-
tion 3.8, the equivalence relation (f, f}') ~ (f', fi") in any category (CN)* can
be characterized in the “original” terms of a shift function ¢ and a homotopy
radius x. Concerning isomorphisms of inverse sequences, this provides a very
useful sufficient condition by means of a simple representative (see Proposition
3.11):

THEOREM 6.4. Let X = (X;,piir) andY = (Y}, q;j) be inverse sequences
in a category C, let f*: X —'Y be a morphism in tow*-C and let (f, I7) be
any simple representative of f* with a commutativity radius v and f strictly
increasing. If for every n € N and every j = 1,...,7(n) — 1, there exists a
morphism N : Yji1 — Xy in C such that the diagram

Xy = XpG+y
F R N

Vi e—  Yin

commutes, then f* is an isomorphism in tow*-C.



178 N. KOCEIC BILAN AND N. UGLESIC

Conversely, if f* is an isomorphism in tow*-C, then, for every j € N,
there exist 7' > j and n € N such that, for every n’ > n, there exists a
morphism b : Y — Xy in C so that the following diagram in C commutes:

Xry  ——  Xs)
S N

}/j — }/j/

PRrROOF. Since f: N — N is strictly increasing, one can define g : N — N
by putting

N 1, iE[l,f(l)}
9(i) { 4L € G 41, FG+ Dln €N

Let n € N. If y(n) = 1, put g7 : Yy — Xy, i@ € N, to be arbitrary
morphisms in C. If y(n) > 1, then the compositions of the existing morphisms
R} 2 Yj1 — Xy in C, j = 1,...,9(n) — 1, and the appropriate bonding
morphisms p;; determine morphisms g : Yy;) — X;inC,i=1,..., f(y(n)—
1). Observe that g7, ... ’9?(7(71)—1) commute with the corresponding bonding
morphisms p;;r and g;;.. If i > f(y(n)—1), put g} : Yy;) — X; to be arbitrary
morphisms in C. Then (g,¢") : Y — X is an S*-morphism in tow*-C having
v N =N, 7y (n) = f(y(n) — 1), as a commutativity radius. (Since v is
increasing and unbounded and since f is strictly increasing, the function v/ is
increasing and unbounded.) It is obvious now, by construction, that

Indeed, for the first relation, the shift function is ¢ = fg and the homotopy
radius is x = f(y — 1n), while for the second relation, the shift function is
o' = gf and the homotopy radius is x’ = v— 1. This proves that g* f* = 1%
and f*g* = 13, where g* = [(g,9?")]. Therefore, f* is an isomorphism in
tow*-C.

Conversely, let g* = [(9,9")] : Y — X be the inverse of f*. Let the
equivalence relations (x) be realized via o, x and o, x’ respectively. Then,
given j € N, put j' = max{o(j),o’(j)} and choose n € N such that x’(n) > j/
(x’ is unbounded!). Finally, for every n’ > n, put h?' = Q?Ej)qs?f(j)j’ 1Yy —
X¢(j)- The conclusion follows. O

Let us finally prove that the “S*-condition” characterizes an isomorphic
pair of inverse sequences in tow*-C [16, Definition 6]).

THEOREM 6.5. Let X = (X, piir) andY = (Y}, q;;7) be inverse sequences
in a category C. Then X =2Y in tow*-C if and only if the following “S*-
condition” is fulfilled:
(Vi1 € N)(Jir € N)(Viy > i1)(351 > j1)(Vi2 > j1) -
(Vik41 2 i) Finer = i) (Vigyy 2 th41)(Fgqq = Jea1) -
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and, for every n € N, there exist C-morphisms f;} : X;, — Y, k=1,...,n,
and g;" : Yy — X, l=1,...,n—=1 andn > 1, such that the following diagram
commutes:

Xiy — Xi/l — Xy, — e — Xz';%l A in
(12) ml Tap L Tan, L.
Y} — Y31 — Y}2 DA — Y-le,—l — }/jn

PROOF. Let X 2Y in tow*-C. Then there exist isomorphisms f*: X —
Y and g* : Y — X such that g*f* = 1% and f*g* = 1} in tow*-C. By
Proposition 3.11, there exist simple representatives (f', f;"*) and (g'g;") of
f* and g* respectively, such that the index functions f’ and ¢’ are strictly

increasing. Let the equivalence relations

(¢ g f5") ~ (In, 1%,) and (f', f;")(9', i) ~ (1, 1%,)
be realized via (o,7n) and (o’,n') respectively. We are to prove that the “S*-
condition” for X and Y holds. Given j; € N, put 43 = f(j1). For every
i} > i1, put j; = max{o’(j1),¢'(i})}. Suppose that, for any k € N, the indices
il; .7{; e Z;ca j]/c are defined. Given jk‘+1 > j]/c) pUt ikJrl = maX{O—(i;g)v f/(.jk)}a
and for every i), > i}, put j, ; = max{o'(jx),g'(i})}. Observe that, for
(f'; f;"), there exists an increasing sequence (n;) in N such that, for every
JeN,

Fipranr G = wili"

whenever j/ < j and n > n;. (Indeed, if v is a commutativity radius for
(f', f;"), then, for every j € N, there exists n = n; € N such that y(n) > j.)
In the same way, for (¢’,¢/™), there exists an increasing sequence (n}) in N
such that, for every i € N,

954y (i1)g' (i) = Diridi"

whenever i < i and n > n}. Given any n € N, put

m, = max{n;,,ny 71},

m = max{n(i),nGr) | l=1,...,n—1,k=1,...,n},
and choose m > m,, = max{m,,, m/}. Now, for every k = 1,...,n, put
and, for every l=1,...,n—1and n > 1, put

9" = 95" g iy + Yig — Xig-
A straightforward verification shows that, for every k=1,...,nand n > 1,
fEPivit 9k = iy »
and, for every Il =1,...,n—1,

n n __
91 955141 fl = Pitiryq-
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Thus, diagram (12) in C commutes. Conversely, let X and Y be inverse
sequences in C satisfying the “S*-condition”. Then, for j; = 1 choose i1, and
for 4 =41 + 1 choose j; > ji; ...; for jr41 = jj, + 1 choose ix1 > 4}, and
for i), ., = irq1 + 1 choose jj 1 > jry1; ... Further, for every n € N, there
exist morphisms f* + X;, — Yj,, k=1,....n, and gy : Yy — Xy, k =
1,...,n—1,in C such that the corresponding diagram (12) commutes. Let us
define functions f’, ¢’ : N — N, by putting f’(j) = ix whenever jr_1 < j < ji,
k €N (jo =0), and ¢'(¢) = j; whenever 4;_; < i <), 1 € N (i;, = 0). Let
neN Forjr1 <j<jrand k=1,...,n,let

=@ i Xpgy — Y5,
and for every j > jn, let fi" be any C-morphism Xy ;) — Y;. (The “S*-
condition” assures that the set C(X/(;),Y;) is not empty!) Further, let the C-
morphisms g/ : Yy iy — Xi, i € N, be chosen arbitrarily (the set C(Yy (s, X;)
is not empty), while forn > 1,7 _; <i<ijandl=1,...,n—1, let

9" = pii gr * Yy i) — X
and for i >d;, ;, let g;" be any C-morphism Y/ ;) — X; (the set C(Yy 3y, Xi)
is not empty). It is readily seen that (f', f*) : X — Y and (¢', ;") : Y — X
are S*-morphisms, i.e., the morphisms of (CN)*. It is obvious by construction
that v : N — N, y(n) = j, is a commutativity radius for (f', f;") as well
as that v/ : N = N, /(1) = 1 and 4/(n) = i,_;, n > 1, is a commutativity
radius for (¢, g;"). Put f* = [(f', f")] and g* = [(¢',gi")]. Let us define
o : N — N by putting o(i) = 441, whenever 4)_; < i <], € N, and let
us define x : N — NU {0} by putting x(n) = i/,_;. Then, a straightforward
examination shows that o is a shift function and y is a homotopy radius for
the equivalence of S*-morphisms (f'g’, g;" 5’7’,’(i)), (In, 1%,) : X — X, ie,

(9" g ) ) ~ (I, 1, ).
Thus, g* f* = 1% in tow*-C. Similarly,
(f' £ gi™) ~ (In, 1%

holds via (¢’,x’), where o' : N = N, ¢/(j) = j;, ju—1 < J < jr, k € N, and
X :N— NU{0}, x'(n) = jn—1. Thus, f*g* = 1} in tow*-C. Hence, X 2Y
in tow*-C. O

7. THE EXAMPLES

It is clear that isomorphic inverse systems in pro-C are also isomorphic in
pro*-C. We shall now show that the converse does not hold. This will indicate
that, beside the shape theory, the coarse shape theory might be a non artificial
and useful new one, and therefore, a new geometric (and algebraic - by passing
to pro*-Grp) tool for studying and classifying locally bad spaces. The first
example is constructed for the pair pro-Grp C pro*-Grp.
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EXAMPLE 7.1. Let G = (G;, piv) and H = (H}, g;j;7) be inverse sequences
of groups G; = H; = Z?, for all i, j € N, and homomorphisms p;; : Z? — Z?
and ¢ : 72 — 7?2 defined via p;;41 and gj;j+1 respectively as follows:

For every ¢ € N, p;;+1 is given by the integral matrix

1 0
P = |:0 _24i:| )

for every j € N, gj54+1 is given by the integral matrix

—1 0
Qj = [22]' 24]'] .

Then, G and H are not isomorphic in pro-Grp, while G = H in pro*-Grp
(actually, they are isomorphic in the subcategory tow*-Grp).

In order to prove the statement, let us first consider an arbitrary mor-
phism f : G — H in pro-Grp. Let (f, f;) : G — H be a representative of
f. Without loss of generality, we may assume that (f, f;) is a simple mor-
phism of inverse sequences in Grp with the strictly increasing index function
f N — N, and that each homomorphism f; : G¢¢;) = 7* —7*=Hj,j€eN,
is given by an integral matrix

o
Fy=|% } |
! [51‘ 3
Then, for every j € N, ij+1fj+1 = fjpf(j)f(j+1), ie.,

QjFjt1 = FjPsj) - Prjpry-1-
—1 0 . Qi1 V41 _ Qg Y5 1 0
227 29| |Bjs1 Gj B 0;] [0 o5)’

1 0
[0 U]} = Prig) - Prign-1,

and o; = (~1)fUTVT02K k= (F(j+1) = 1) f(G+1) = (f() 1) f(). It
implies that, for every j € N,

This means

where

—aj=a;,  2Yag - 298 = 6.
Thus, aj = (—1)7« for some « € Z, while

(=177 12%a - B
Biv1 = 517 :

This recursive relation admits the following estimation (5 = (1)

g BB 2 a5
B I< 22iG+D) '
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Then, clearly,

@
| 6j+1 |< 2|2j—|1 + 22|j(€+|1)’
which implies that there exists jo € N, so that, for every j > jo, | 5; |<
1. Since each §; € Z, we infer that 8; = 0 for all j > jo. Then, by the
recursive relation, o = 0 must hold. Therefore, o; = 0 for all j € N. This
further implies that 3;, = --- = 81 = 0. Consequently, for every j € N, the

homomorphism f; is represented by a singular integral matrix

_ 10
fi = {0 5]‘] '
Since all the bonding homomorphisms are represented by regular matrices
(det P; # 0 # det Q;), f cannot be an isomorphism. Thus, G and H are not
isomorphic in pro-Grp. (Moreover, neither G < H nor H < G in pro-Grp
can hold.)

Let us now prove that the inverse sequences G and H are isomorphic
in the subcategory tow*-Grp C pro*-Grp. Consider a level S*-morphism
(1n, f]') : G — H defined by induction as follows:

If n =1, let f : Z*> — Z? be any homomorphism, and let fj1 =0:
72 — 72 be the trivial homomorphism for every j > 1; assume that, for
n € N and each £ = 1,...,n, all homomorphisms ff, j € N, are defined; let
frEl =172 : Z2 — Z? be the identity given by the identity matrix

n

1 0
n+1 __ .
Fn+11|:0 1:|7

let f;”'l be given by an integral matrix F ;Hl defined inductively via the
commutativity relation

FP, =
7 =mn,...,1, and let f;”'l = 0 for all j > n+ 1. One can verify, by a
straightforward calculation, that all F;LH € My(Z),j=mn,...,1, exist. More
precisely,

; 10 1 0
Fn = |:22n 1:| ’ Fr?j_ll = |:_(22(n—1) + 26(n—1)+2) 1:| )

FTL-‘,—I _ -1 0
n—2 — 22(n72) + 26(n72)+2 + 210(n72)+8 17

1 (_1)n—1(22+28+”.+22n ) 1|
The commutativity relations assure that (1y, f') : G — H is indeed an S*-
morphism of pro-groups. Let us prove that f* = [(In, )] : G — H is an
isomorphism of pro-grops in pro*-Grp. According to Theorem 6.1, given any
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jeN, put 5 =j+1and n =75+ 1. We have to prove that, for every n’ > n,
there exists a homomorphism h} : 7Z? — 72 such that

Ry fiv =D A fi R = gjita.
This means that we have to verify

HYFl, =Py A FYHY =Q,

where HJ”/ € M5(Z) represents h;?/. By Theorem 6.4, it suffices to verify the
following condition: For every n € N and every j = 1,...,n, there exists
H;-H'l € Mj(Z) such that

HIPFE =P A FPPTHIY = Q.

i+
A straightforward calculation yields
1 0 n -1 0
Hg-{-l =P, = |:0 24n] 7Hnir11 = [26(n1)+2 24(n1):| )

n+1 1 O
Hn—2 = 726(n72)+2 _ 210(n72)+8 724(7172) PRI

! — [ (=t , 0 } .
1 _28_218_.“_2271 _24
This completes the proof.

The following example is constructed in a quite similar way for the cate-
gory pair pro-HTop C pro*-HTop. First, recall that by a result of W. Schef-
fer [19], every homotopy class between compact connected abelian groups,
[f] : X — Y, contains a continuous homomorphism h : X — Y, h € [f]. Con-
sequently, every homotopy class [f] : T — T of a 2-torus to itself (T' ~ S x S*,
where the multiplicative group S* is the standard unit circle in the complex
plane) is (uniquely) represented by an integral matrix F € M2 (Z).

ExXAMPLE 7.2. Let X = (X;, [pir]) and Y = (Y}, [g;57]) be inverse se-
quences in HcPol having each term equal to a 2-torus, ie., X; =Y; =T
for all 4,5 € N, and with the bonding homotopy classes [p;;/] : T — T and
[gj5] : T — T defined via [pi;+1] and [g;;+1] respectively as follows:

For every ¢ € N, [p;;41] is given by the integral matrix

-1 0
P = |: 0 22i:| )
for every j € N, [g;;+1] is given by the integral matrix
1 0
Qj = [23‘ _22]} :

Then, X and Y are not isomorphic in pro-HTop, while X =Y in pro*-HTop
(actually, they are isomorphic in the subcategory tow*-HcPol).
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Similarly to Example 7.1, let us first consider an arbitrary morphism
f:X — Y inpro-HTop. Let (f,[f;]) : X — Y be a representative of f.
We may assume that (f,[f;]) is a simple morphism of inverse sequences in
HcPol with the strictly increasing index function f : N — N, and that each
homotopy class [f;] : X¢;y =T — T =Y}, j € N, is given by an integral

matrix
@
F= % 0
! [53' 5a}
Then, for every j € N, [g;11][fi+1] = [fillproh s+l ies,
QjFjr1 = FjPyjy - Pyj1)-1-

This means

L0 Vag ] _ [ay ] [(DIGFD=I0 0
20 2% B Gia| B G 0 2k |
where FE+D—£()
(1) uF=I0r 0
[ 0 ok | = Lri) - Prig+n-1,

and k; = (f(7+1)—1)f(G+1)—(f(5)—1)f(j). Without loss of generality, we
may assume that, for every j € N, f(j+ 1) — f(j) is an even integer. Hence,
for every j € N,

ajpi=aj,  Zaj =284 =06,
and thus (a; = a € Z for all j),

2 — B3
Bj+1 ZTJ-

This recursive relation yields the following estimation (8, = 0 € Z)

B < @2 A2 ) o+ |8
J+ll= 2i(G+1) :

Therefore,
o p
| Bj+1 |< ;—J + %;
which implies that there exists jo € N, so that, for every j > jo, | 8; |< 1.
Since each 3; € Z, we infer that 3; = 0 for all j > jo. Then, by the recursive
relation, o = 0 and, thus, o; = 0 for all j € N. This further implies that
Bj, = -+ = 1 = 0. Consequently, for every j € N, the homotopy class [f;] is

represented by a singular integral matrix

|0

fi = {0 5]‘] '

Since all the bonding homotopy classes are represented by regular matrices
(det P; # 0 # det@;), f cannot be an isomorphism. Thus, X and Y are
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not isomorphic in pro-HTop. (Moreover, neither X < Y nor Y < X in
pro-HTop can hold.)

Let us now prove that the inverse sequences X and Y are isomorphic in
the subcategory tow*-HcPol (C pro*-HcPol C pro*-HTop). Consider a level
S*-morphism (1N, [ fJ”]) : X — Y defined by induction as follows:

If n =1, let [f{] : T — T be any homotopy class, and let [f;] = [c] :
T — T, 7 > 1, be the homotopy class of a constant mapping; assume that,
for n € N and each k = 1,...,n, all homotopy classes [ff] T —T,j€eN,
are defined; let [f"1!] = [I7] : T — T be the homotopy class of the identity

n+1
mapping, which is represented by the identity matrix

1 0
n+1 __ o
Fn+11|:0 1:|7

let | f;’“] be represented by an integral matrix F ;’H defined inductively via
the commutativity relation

n+1 _ n+1
Fj P; = QJFJ-Jr1 ,

j=mn,...,1, and let [f;’“] = [¢] for all j > n+ 1. One can verify, by a

straightforward calculation, that all F;’H € My(Z), j=mn,...,1, exist. More
precisely,

. -1 0 1 0
Fn+1 = |:_2n _1:| ’ ng—ll = |:2n—1 _ 23(n—1)+1 1:| s

FnJrl — —1 O
n—2 _(271—2 _ 23(n—2)+1 + 25(n—2)+4) 1l

el _ { (=" L, 0 ] .
' (Dm2 =24+ (-DmTi2m) (="
The commutativity relations assure that (1y,[f]']) : X — Y is indeed an
S*-morphism of the inverse sequences. Let us prove that f* = [(1n,[f}'])] :
X — Y is an isomorphism in tow*-HcPol. According to Theorem 6.1, given
any 7 € N, put 7/ =j+ 1 and n = j + 1. We have to prove that, for every
n' > n, there exists a homotopy class [h?l] : T — T such that

(P11 = gl A LIRS ] = lasil:
This means
HYFr =P, A FVHY =Q;,
where HJ’-’l € Mj(Z) represents [h?']. By Theorem 6.4, it suffices to prove

that, for every n € N and every j = 1,...,n, there exists H}I‘H € My(Z) such
that

n+1 pn+1 _ . n+1rrn+1 _ .
O O R O ]
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A straightforward calculation yields

. -1 0 1 0
H'W' =p, = [ 0 2%] , H = [23(n—1)+1 _22(71—1)] ’

ntl _ -1 0
Hn—2 - _(23(n—2)+1 _ 25(n—2)+4) 22(n—2) A

i (~1)" 0
1ﬂ“‘h1w%@+~+<nw*>ﬂ'

This completes the proof.

REMARK 7.3. Both examples from above have their roots in the example
of Keesling and Mardesié¢ [9, Section 4]. One can also compare [20, Example
5 and Claim 3], [16, Section 4] and [6].

The final example shows that, in general, by the coarse shape functor
induced function
S*-:C(X,Q) — Shz‘cyp)(X,Q)
is not surjective (even in the case X = P € ObD).

EXAMPLE 7.4. Let C = HTop and D = H Pol. Let P = {x} be a singleton
and let @ = {*} U {*} (disjoint union). Then

card(HPol(P,Q)) = card([P,Q]) = card(Sh(P,Q)) = 2,
while (see Claim 2 in Section 4)
card(Sh*(P,Q)) = (card([P, Q)N = 2%,
Consequently, the induced function
§°-: [P,Q] — SK*(P,Q)

cannot be a surjection.
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