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The main purpose of this paper is to prove that ifK — {X ,̂ p^h. A} is an approxi
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Introduction 

A space means a Tychonoff space znda mapping means a continuous (not necessar
ily surjective) mapping. The cardinality of a set X will be denoted by |X|. 

Cov(X) is the set of all normal coverings of a topological space X. For other details 
see [1]. 

In this paper we study the approximate inverse system in the sense of S. Mardešić 
[6]. 

D E F I N I T I O N 1.1. An approximate inverse system is a collection X = {X^, pah A) 
where (A,<) is a directd preordered set, X^, a^A, is a to pological space and p^yXy -^X^, 
a <b, are mappings such thatpaa — id and the following condition (A2) is satisfied: 

(A2) For each aeA and each normal cover U eCov(XJ there is an index h>a such 
that (pacpcSpad) < U, whenever a< b< c< d. 

Othe r basic not ions , including approximate mapping, the limit of an approximate 
inverse system and approximate resolution are defined as in [6] and [7]. 

The inverse systems in the sens [3, p. 135.] we call a usual inverse systems. 
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T h e main t heo rem 

A topological space (X,t) is said to be topologically complete (od Dieudonne com
plete [3, p . 568.] iff there is a uniformity U such that (X,f/) is complete and topology t 
is the W-uniform topology. A topological space X is topologically complete iff X is a 
Tychonoff space and the universal uniformity Cov(X) 13, pp. 536, 568] on the spece X 
is complete. Each paracompact space is topologically complete. Topological complet-
ness is hereditary with respect to closed subsets and is multiplicative. The limit limX of 
an approximate system X of topologically complete spaces is topologically complete 
[7, Theorem (1.17)]. 

A space X is called m-compact [10, p. 177.] (where m is a infinite cardinal number) 
provided either of the following conditions holds: (i) for every filter-base F on X, ii\F\ 
<m, then ad̂ T̂̂  = f] {ClF:Fe F} ^^ 0,or (ii) every open cover Zl/lZll <m, has a finite 
subcover. t^o'Compact space are called countahly compact. It is obvious that each m-
compact space is countably compact. 

A continuous mapping f : X ^^ Y is perfect if X is a Hausdorff space, f is a closed 
mapping and all fibers f"'(y) are compact subsets of X [3, p. 236]. 

Let X be a locally compact space. By a X the Alexandroff compactification [3, p.222] 
of X is denoted. The remainder aXVX by cô  is denoted. Thus , a X = X |J {(¾}. 

Let X and Y be locally compact spaces: If f: X —>• Y is a surjective perfect mapping, 
then there exists and extension af: a X -^ QLY of f such that af(6^) = &L [2, p. 160]. 

Let f,g:X —>• Y be mappings between Tychonoff spaces. If cX and cY are arbitrary 
Tychonoff extensions of X and Y such that cf and eg exist, and if f and g are V|Y-near, 
then cf and eg are "Zi-near, where 11, VG C O V ( Y ) , siV<U (Lemma 2.8 [4]). If X = 
{Xjjpab^A} is an approximate inverse system of Tychonoff spaces X^ such that cp^t 
exist, then c X = {cK^,c^^\^,K} is an approximate inverse system. The proof is the same 
as the proof of Lemma 2.9 of [4]. Let X = {Xa, Pab» A} be an approximate inverse 
system of locally compact noncompact spaces and surjective perfect mappings pab- If 
aXa is the Alexandroff compactification of X^ with one-point remainder CD^, then for 
each, a,be A there is the extension apab of Pab such that CL^^\^{a>i) = co^. Thus, we have an 
approximate inverse system a X = {aX^,ap^^,A}. 

In the sequel the projections of limX into X^ by p^ are denoted. Similarly, the pro
jections of l imaX into aX^ by P^ are denoted. 

The following theorem is the main theorem of this section. 

T H E O R E M 2.1 LetX = {Xa,pab,A} be an approximate inverse system of non-empty 
locally compact noncomapct topologically complete (\A\ - compact) speces and surjective 
perfect bonding mappings. Then the projections pa : X -^ X^ a GA, are surjective and 
perfect and X — limX is a non-empty topologically complete (\A\ - compact) locally com
pact space. Moreover, cdimX is homeomorphic to limccX.. 

Proof. The proof is broken into several steps. 
Step 1. We consider the approximate system aX. = {aX^ap^/„ ^1}. The bonding 

mappings ap^^ : aX^ —> aX^ are onto mappings such that ap^/,((y^) = ö^,. This means 
that the projections P^ : Hm«X -^ aX.^ are onto [7, Corollary 4.5.]. 

Step 2. The projections pa, a eA, are onto. Let x^ be any point of X^. By virtue of Step 
1. there exists a point X G Y = l imoX such that Prt(x) = x.^. F rom the definition of the 
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thread it follows that there exists a b>a such that for c> b ap^cP^i^) is in X^ since X^ is 
open in aX^. We infer that Pc(x) eX^ since ap^ci^c) ~<^a- Let C = {c : c>b}. Then C is 
cofinal in A and {Pc(x) : C G C } is a thread in the approximate inverse system {X^,p^^, 
C } . If the spaces X^, b e A, are topologically complete, then by virtue of Theorem 1.19 
of [7] the thread {Pc(x) : C G C } induces a thread in X = {X^,p^^, A } . If the spaces X^, 
b e A, are |A| - compact, then for each b e A, J^= {pi,c(P^(x)) : c e C } is a Cauchy net in 
X^ [7, p. 597]. There exists a cluster point x^ G X ^ of the net .^^fsince X^ is | A| - compact. 
O n the other hand, J^f is convergent in aX^. It follows that . ^converges to x^. In both 
cases we infer that x is a thread in X = {X^,p^^, A} . Since this is true for each x with 
P^(x) = x^, we infer that P^^ (x^) is a compact non-empty subset of X. Clearly, V~^ 
(x^) = p~^ (x^). This means that p^, ae A, are surjective. 

Step 3. The projections p^ aeA, are perfect. From Step 2. it follows that P~^ (X^) = 
X = limX is non-empty. Since p^=P^|limX and P^ is closed, it follows from [3], Propo
sition 2.1.4] that p^ is closed and, consequently, perfect. 

Step 4. Local compactness of limX follows from Theorem 3.7.24 of [3]. From [7, 
Theorem (1.17)] it follows that l imXis topologically complete. Similarly, by a straight
forward modification of the proof of Theorem 3.7.2 [3] we obtain that hmX is |A| -
compact. 

Step 5. Let us prove that odim'K. is homeomorphic to limdK. It is clear that l imaX is a 
compactification of limX since the projections p^ are onto . Let us prove that the re
mainder Z = limoXMimX is non-empty and contains a single point. By virtue of p^^(ö^) 
= ^¾ it follows that co = (co^ : a e A) is a point of Z, i.e., Z is non-empty. Suppose that 
there exists a point ZG2,\{CO} . There exists an a e A such that pa(z) :^ Pa{^) = ^ - We 
infer that Pa(z) is in X^. This is imposible since P~^ (X^) = limX (see Step 2). It is 
known that a l imX is the smallest element of the family C (limX) of all compactifica-
tions of limX [3, p . 222, Theorem 3.5.11]. This means that there is a continuous map
ping f: l imaX —> a l imX such that i{co) = Q and f(x) = x for each xe l imX [3, p . 222], 
where Q is the remainder alimXlimMimX. It is clear that f is a homeomorphism. The 
proof is completed. 

If X = {X^,p^^,A} is a usual inverse system of T2-spaces and perfect bonding map
pings, then the projections are perfect [9, Theorem 7]. The following example shows 
that the local compactness cannot be omitted in Theorem 2.1. 

EXAMPLE 2.2. Let M^ be the Euclidean plane endowed with the ordinary rectan
gular coordinate system Oxy. We define the space X as the union of the subsets 
Ii,l2,....,In,--.Ioo, such that, for each n e i V , n >1, 

{ 1 1 . . 
I = <(x,l ) .• 0 < X < —,x is a rational number 

^ y n n 
and 

loo = { ( 0 , 1 ) } . 
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It is clear that X is not locally compact. For each nelN we define the homeomor-
phism h„ : X—>X as follows. If (x, y) e l„+/ u...uIoo, then h„ (x,y) =(x ,y) . For (x,y) = 
(x, 1 -1/m) GI ;„ , 1 < m < n, let h„(x,y) = (z, 1 - 1 / ( m - 1)) G I ^ _ ; such that the point (0,1, 
(x, 1 - 1/m) and (z, 1 - l ( m - 1)) are collinear. This means that 

[ m-lj 
or 

m(m -2) 

{m-\f 
Th us 

Finally, let h„ (x,0) = ((n - l )x /n , 1 - 1/n), for (x, 0 ) G I I . 

Let X = {X„,p„^^,W} be an approximate inverse sequence such that X„ = X for each 
n e i V . The bonding mapping p„,„: X^-> X„ is defined by p„,„((x,y)) = (x,y) for each 
m > n > 1 and n = m = 1. The mappings pi„, IIGIN, n > l , are defined such that p;„(x, 
y ) = h„(x,y) for each (x,y)GX„. 

Let us prove that X satisfies (A2). It suffices to prove that (A2) is satisfied for each 
normal cover 11 of X^. Let U be a member of 11 which contains the point (0,1). There 
exists a.£- ball B ((0,1), £•) about the point (0,1) such that B((0,1), f) c U. The follow
ing claim is obvious. 

Claim. There exists an^ & IN such that In^^ ((0,1), s) for each n> HQ. 
Nov, we prove that (A2) is satisfied for 11. We consider the following cases. 

1. Let (x,0) GIJ C X ^ and let nQ<m<n. Then pi„(x,0)G I„ and P;„„(x,0) = (x ,0 )GX^ . 
Hence pi;„p,„„ (x,0) = p i^ (X ,0 )GI I„ . We infer that pi„(x,0) and pi,„p^„(x,0) are in 
B((0,1), <£•) c U since 1^ and 1„ are subsets of B((0,1), £) for m, n > no (see Claim). 
Thus , pi„(x,0) and P\mPmn (XjO) are in some member of 11. 

m (m — 2) 
2. Let (x,l - 1/k) be a point of Ik, 1< k < m . Nov, pi„ (x,l - 1/k) = —̂^ ^ x , l - l / 

_ (m-\f 
(k-1)) and p ,^p^„ (x,l - 1/k) = p i^(x , l - 1/k) = "^^"^ / X, 1 - l / ( k - 1)) = 

Pi„(x,l - 1/k). Each member of f /which contains p i ^p^„ (x , l - l / k ) contains pi„ (x,l 

- 1/k). 

3. If (x,l - l /k)Gl^ , m < k < n , thenp i„ (x,l - 1/k) = (h„(x),l - l / ( k - 1)) andp i^p^„ 
(x , l - l / k ) = pxm (x,l - 1/k) = (hm(x) , l - 1/k). This means that pi„ (x, l- l /k)G Î _i 
c B ((0,1), £•) and pi^^P;„„ (x,l - 1/k) G Ij, c B((0,1), s), i.e., the points pi„(x,l - 1/k) 
and p i^p^„(x , l 1/k) are in U G 11. 

4. If (xl - 1/k) G 1 ,̂ k > n, then pi„ (x,l - 1/k) = (x,l - 1/k) and pi^p^„ (x,l - 1/k) = 
(x,l - 1/k). Thus , pi^p,„„ (x,l - 1/k) = pi„ (x,l - 1/k). 
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5. Finally, if (x,l)eIoo then we have again that p]„j p„j„ (x,l) = Pi«(x,l). 
All these imply that (A2) is satisfied for Zl. 
The limit of the sequence X 5̂ the space X. This follows from the fact that the se

quence X has the subsequence {X„, p„^, l < n < m< oo} which is a usual inverse se
quence with limit homeomorphic to X. Now, applying [7, Theorem (1.19)] we con
clude that limX is homeomorphic to X. This means that for each point z = (z„) elimX 
we have z„ = (x,y), n > 1, where (x,y) is some point of X. Moreover, p^„(z„) = z^ for 
m,n >l .This means that only Z] = lim{p]„(z„) :n >l}.This is true iff z = (x,0)elimX. 
One can readilly see that if 0 <x < 1, then {z„ : n >1} converges to (0,1)GXJ. We infer 
that pj"̂  (0,1) = {(0> f)} U {(x>0) : 0 < x < 1, x is a rational number}. This means that 
p^^ (0,1) is not compact since {(x,0) : 0 < x < 1} contains only the rational numbers. 
Thus, pi is not perfect. 

QUESTION. Is it true that topological completeness (|A| - compactness) cannot 
be omitted in Theorem 2.1? 

LEMMA 23. Let X = {X^, pah ^} he an approximate inverse system as in Theorem 
2.1. Then for each pair F,G of disjoint compact suhsets ofX = limX there exists an a&A 
such thatpy (F) f] Pb(G) = tfor each h> a. 

Proof. Consider the approximate inverse system aX = {aX^, ap^^, A}. The sets F 
and G are closed in limaX = alimX. By virtue of [4, Lemma 2.17] there exists an a&A 
such that P^(F) f) P^(G) = 0, b>a. It follows that p^,(F) fl Pb(G) = 0. The proof is 
completed. 

We close this section by the following theorem. 

THEOREM 2.4 Let X= {X„, p,„„, IN} he an approximate inverse sequence of separa
ble locally compact metric spaces with surjective perfect bonding mapping. Then there ex
ist: 

a) a cofinal subset M = {«;. ielN} of IN, 
b) an usual inverse sequence Z = {Z„ q^., M} such that Z^ = X^^, and qij = 

Pn,n„.^Pn,_^n,^2 '"Pn^.^Uj for each i,j £ IN, 

c) a homeomorphism h : limX. -^lim Z. 

Proof. Now, X = {aX„, ap„,„, IN) is an approximate inverse sequence of compact 
metric spaces since w(aX„) = w(X„) [3, p.222. Theorem 3.5.11]. By virtue of Theorem 
2.11 [5] there exists: 

A) a cofinal subset M = {n,.i&IN} oiIN, 

B) an usual inverse sequence Y = {aY^, Q^, M} such that Ŷ  = X„̂  and Q̂ y = 

^n,n„,^n,^n,,,-^Pn^^,n, f o r e a c h i,j G IN, 

C) a homeomorphism H : limaX ->limY. 
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such that if X = (x„)GlimaX, then H(x) = (y«. j e l imY with y„_. = lim {QikPn (^) • 

kGlN} . If X = (co„), then y„, = lim {Q,kPn, ( ^ n j : k e W } = lim o)„^ : k e W } = 0}„_ 

since Q^^ p^ (o)„^) = ^¾... Thus H : l imaX -^ limY is the homeomorphism which 

maps the remainder of a l imX on the remainder of a l imY. Let h = H|l imX. Then h : 

limX ->limZ is a homeomorphism. The proof is completed. 

Apphcations 

We start with the following lemma. 
LEMMA 3.L Let X = {X^ p^y, A) be an approximate inverse system of normal spaces 

with limit X. Let F be a closed subset of X^^ and let U be any open neighbourhood of F. 

Then there exists : 

a) a normal cover Ux of X^^ such that stZlj < ZIQ = { U, X\F}, 

b) a set C of the pairs (a, V) where VGCov(XaQ) and st^V< Uj, 
c) a family W = {W^: c^C} of subset ofX which is directed by inclusion such that 
d X ( F ) = n { W e : c G C } . 
Proof. It is clear that UQ is a normal cover of X^Q since it is a finite cover of the 

normal space X^Q [3> P- 379]. It follows that U^ exists. We define C as the set of all pairs 
C = (a, V), where V e Cov(X^o) st^ \<U\ Sinda satisfies the equation 

(Paoai, Pa^ar P ^ < ^ for a2 > a^ >a. (1) 

We define Z^ by 

2c = Cl\p:l(st(F,stv))]<^ X,, 
and Ŵ ^ by 

Wc^p-J{Z,). 

Now, we shall prove that the family W = {Wc : CGC} is directed by inclusion, i.e. 
that for each finite family {W„, i = 1,..., n} of the members of W , where Cj = (a,-, V,), 
there exists a member Wc G W such that W^ ^ W^/, i = 1,..., n. Let V = A {V/: 1 = 1, 
..., n} be the intersection cover [1, p. 13], i.e. the family of all V̂^ f] ... CW^-» w^here V, 
G V„ i = 1,..., n. Let V' be a normal cover of X^Q such that st V"" < V. Consider the set D 
of all pairs d = (a', V ' ) G C . We claim that p^>(Wd) Q Z„ . Let x be any point 
oip~/ (p~o^'(st(F, stV'))). This means that Pa' (x) p'^^' (st(F, stV')). We infer that there 
exists a V es tv ' such that PaOa'Pa'i?^) ^^' ^nd F f l V ^t 0. Since st V' < V ,̂ for each i = 1, 
..., n, we infere that there exist a V^ GV^, i = 1, ..., n, such that V ^ Vj' , i = 1,..., n. 
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Hence, p^o^'P^'(x) e v j , F fl V / 7^ 0, i = 1,..., n. It is clear that Vj = V^ f)... f) V" is 
a member of V. Since a '>a , it folows from (1) that there exists a V2 eV such that 
PaoaVa'{-^),PaoaiPaia'Pa'i^) V2 /^=^, - , n. We infer that p̂ ô .̂p̂ .̂̂ .p̂ >(x) es t (F , St V,). This 
means that 

Pa,a'Pa'{x) G ^ ^ ^ {st{F, StV,)), (2) 

I.e., 

PaAPi {st{F,stV))^p:l,^ {st{F, stv,), i = 1, ..., n. (3) 

Let d = (a', V ' ) G D be such that (AS) [7, p. 592] is satisfied for each â  and each 
normal cover /»̂ ^̂  (V,), i = l , . . . , n. This means that 

(.Pa^, Pa,bPh) < Pa^a, ( ¼ ) , i = 1, ..., n , b > a'. (4) 
From (2) it follows that there exists a pair V^^ , V-^ G p~^ Vj such that 

Paia'Pa'i^) ^ V,^ , Vf fl V / ^ 0 / ^ ^ , (F) fl V' • Then from'(4) it follows that there ex
ists a V̂ -̂  G p^^a, Vj such that p^^^'Pa'(x), pi(x) G V / and V^^ intersects V-^ ,i = 1, .-, n. 
We infer that p^^ (x) G p'^^ (st(F, st Vj)), i = 1,..., n. This means that XG p^ (p^^ ,̂ (st( F, 
St V/))). From the continuity of the projections Pa it follows W j ^ f] V^a : 1 = 1 ^ •••> 
n} . Finally, let us prove d) . If x e PlIWc : cGC}, then pc(x)G Z^. This means thatp^Q^pg 
(x)Gst(F, s tv) , where c = (a, V). From (4) it follows that p^Q(x)GSt(f,stV). Since this is 
true for each normal cover, we infer that PaQ(x) eF, i.e., XG p^ (F). Thus , p^^ (F) 2 fl 
{Wc : C G C } . Conversely, if x e p~^ (F), then p^Q(x)Gst(F, stV) for each V. By (4) it 
follows that Pa(x)GZ(;, for each c=(a ,s tV) . This means that XG n{W(. :cGC}, i.e., 
pa^ (F) — n { W c : C G C } . Finally, we have/7^^ (F) = n { W c : c G C } , as desired. The proofs 
is completed. 

THEOREM 3.2 Let X = {X^, p^y. A} he an approximate inverse system of locally 
compact noncompact topologically complete (\A\ - compact) spaces and surjectiveperfect 
handing mappings. If all spaces X^ are locally connected and if all honding mappings p^y 
are monotone, then the projections p^ : X^> X^ ae A, are monotone and X = limX. is a 
locally connected space. 

Proof. Let ao G A and let X̂ Q be any point of X^g. Let us prove that p~^ (x^Q)is con
nected. Let F = {X^Q}. Applyng Lemma 3.1 we see that p~^ (x^^) = fl {W^: C G C } . By 
virtue of the local connectedness of X^Q we may assume that each st(F, stV) is connect
ed. This means that each Z .̂ is connected since every p^^^ is perfect and monotone . 
Now, suppose that p~^ (X^Q) = fl {Wc : cC} is disconnected. This means that there ex
ists disjoint closed sets G, H such that p'a^ (x^J = G U H . By virtue of Theorem 2.1 the 
set p~^ (X^Q) is compact . We infer that G and H are compact . Thus , there exist the 
open subsets U, V of X such that G Q U, H Q V and C l U fl ClV = 0 because of local 
compactness of X. Moreover, we may assume that C l U and ClV are compact. Since 
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GUH = n {Wc: C G C } and the family {Wc : ceC} is directed by inclusion, it follows 
that there exists a CJGC such that W ^ ^ UUV and W^nU^^t 0^^^0^ for each CGC 
with Wc^Wci . By virtue of Lemma 2.3 there exists an aeA such that 
Pb (ClU) npb(ClV) = 0 for each b>a. Let b and V be such that c = (b, V)>c,. Then 
p^(ClU) and p^(ClV) are disjoint closed subsets of X^ which contains Z^ and both 
intersects Z .̂. This is impossible since Z^ is connected. Hence, pä^ (X^Q) is connected. 
At the end of the proof, let us prove that X is locally connected. Let x be any point of 
X and let U be a neighbourhood of X. By virtue of the definition of a base in X, there 
exists an ae A and an open set U^ containing Pa(x) such that XG p~^ (U^) Q U. By vir
tue of the local connectednes of X^ we may assume that U^ is connected. This means 
that p^^ (Ua) is connected [3, p. 441, Theorem 6.1.29] since p^ is perfect and mono
tone. Since, XG p~^ (U )̂» we infer that X is locally connected. The proof is completed. 

The following example shows that the local connectedness of the spaces X^ in The
orem 3.2 cannot be omitted. 

EXAMPLE 3.3 Let X be the space as in the example 2.2 and let Y be the closure of 
X in M^. This space is locally compact, topologically complete but not locally connect
ed at the point (0,1). Set Y^ = Y and Y = {Y ,̂ q^^y, JN}, where q^^ are defined by the 
same equations as p^„ in the example 2.2. As in 2.2. we infer that q^^ (04) = 
{(0,1)} U{(x,0) : 0<x<l}. Thus, q^^ (0,1) is not connected and qj is not monotone. 
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SAŽETAK 

Ako je X = {Xg, pab, A} običan inverzni sistem T2 - prostora sa savršenim veznim 
preslikavanjima, tada su i projekcije p^: lim X— X̂̂  savršene [9, Theorem 7]. Primjerom 
2.2 dokazuje se da to nije istina za aproksimativne inverzne sisteme. Glavni teorem 
rada (Theorem 2.1) tvrdi da su projekcije p^ savršene ako su prostori X^ lokalno kom
paktni topološki kompletni (A - kompaktni) a vezna preslikavanja savršena. Spomenu
ti primjer 2.2 pokazuje da se lokalna kompaktnost u teoremu 2.1 ne može izostaviti. 
Autoru nije poznato da U se topološka kompletnost (| A| - kompaktnost) može izostaviti. 
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