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ABSTRACT. We present the results of a research which aims to deter-
mine, up to isomorphism and complementation, all primitive block designs
with the projective line Fy U{oco} as the set of points and PSL (2, ¢) as an
automorphism group. The obtained designs are classified by the type of
a block stabilizer. The results are complete, except for the designs with
block stabilizers in the fifth Aschbacher’s class. In particular, the problem

is solved if ¢ is a prime. We include formulas for the number of such designs

with ¢ = p2a3ﬁ, «, 3 nonnegative integers.

1. INTRODUCTION AND PRELIMINARIES

Our aim is to determine, up to isomorphism and complementation, all
nontrivial primitive block designs on the projective line with PSL (2, ¢) as an
automorphism group. For each ¢ we denote by npd(g) the number of such
designs. We also determine which of the occurring 2-designs is even a 3-design.

Several authors have considered the action of group PSL (2,¢q) on the
projective line. For this research the most significant contribution is the work
of Cameron et al. [5,6], which we use in the part involving 3-designs with
q odd. Focusing on primitive designs only, we extend the results taken from
[5,6] by solving the problem of isomorphism of the designs and by finding
their full automorphism groups. Additionally, our method yields the series
of 3-designs (Proposition 5.2) undetected in [5,6]. The rest of the research
comprises 2-designs and 3-designs with ¢ even.

The obtained designs are presented following the type of a block stabilizer.
We completely solved the problem in case when a block stabilizer is not in
the fifth Aschbacher’s class and, in particular, for ¢ a prime number. In
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Section 5 a part of the designs is described by an explicit base block and
an automorphism group. In Section 6 we give the data determining the full
automorphism groups for the rest of the designs. Section 7 is a contribution
to the calculation of the numbers npd(q). Formulas for npd(g) are determined
in case ¢ = p2a3ﬂ, a, B nonnegative integers. For instance, Proposition 7.1
relates to the case a = = 0. The validity of the obtained formulas is
illustrated through computer construction of designs up to ¢ = 103, for which
we used software packages GAP [9,15] and MAGMA [3] and the libraries of
primitive groups that they contain.

We start with a few basic notions and facts that are relevant for our study.
More details on design theory the reader can find, for instance, in [2,7], while
for group theory we refer the reader to [1,4,8]. Our notation and terminology
is in accordance with the cited literature.

A t—(v,k,\) design is a pair D = (Q, B), where Q is a set of v points, B a
set of k-sets of € called blocks, such that any ¢ different points are contained
in exactly A blocks, t < k and A > 0. Any 2 — (v, k, A) design we simply call
(v, k, ) block design.

An isomorphism of t-designs D = (,B) and D’ = (Q,B’) is a permu-
tation of € which sends blocks of D to blocks of D’. An isomorphism from
D to itself is called automorphism. The group of all automorphisms of D is
denoted by AutD. For any w € © by G, < AutD we denote a point stabilizer;
Gp < AutD denotes a block stabilizer, B € B.

A permutation group G acting transitively on a set X, |X| > 2, is
primitive if each point stabilizer G,,x € X, is a maximal subgroup of G
[8, p. 14]. We call a t— design D primitive if there exists an automorphism
group G < AutD which acts primitively on the point and block sets.

It is known that 2-homogeneous permutation groups are primitive [8,
p. 35], thus all 2-transitive permutation groups are primitive.

PROPOSITION 1.1 ([8, p. 9]). Let G be a permutation group acting transi-
tively on a set X . Then a subgroup L < G is transitive if and only if G = LG,
z e X.

An overgroup of a primitive group is primitive. All primitive groups that
have the same socle with a specified (transitive) permutation action form a
cohort [8, p.138]. The primitive groups G of this research are almost simple,
ie. T < G < AwtT, T nonabelian simple, [13]. The definition of Aschbacher’s
classes can be found in [11].

We denote by Fj a finite field with ¢ elements; we also set ¢ = pl,pa
prime, Fy = F;\{0} and Fq(2) = {2?| x € F;}. We consider primitive designs
with respect to GG, such that

(1.1) PSL(2,q) =T < G < AwtT = PT'L(2,q).
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The socle T' of the cohort (1.1) is the group of all fractional linear transfor-
mations

az+b
taped: 2 > P
on the projective line F, U {oo}, a,b,c,d € F,, where ad — be is a square;
Tl — _a(@®=1)
7] = ged(2,¢—1) "

Let £ be a primitive element of F, and let § = t¢0,0,1. By ¢ we denote
the automorphism z — 2P of F, which fixes co. Then we have

PGL(2,q) = (PSL(2,q),6) = (T\6), [PGL(2,9)| = q(¢° — 1);
PTL(2,q) = (PSL(2,9),0,¢) = (T,6,¢), |PTL(2,9)| = fq(¢* - 1);

fa(¢®> —1)
ged(2,¢— 1)
Our theoretical considerations are restricted to ¢ > 13, ¢ # 23.

PYL(2,q) = (PSL(2,q),¢) = (T, ¢); |PXL(2,q)| =

2. CONSTRUCTION METHOD
The basis of our construction method is the following theorem.

THEOREM 2.1. [2, p.175] Let G be a permutation group on the finite set
Q, let B C Q be a k-subset with at least two elements and let Gg < G be a
setwise stabilizer of B.

If G is t-homogeneous and k > t, then D = (Q, B¢ = {BY |y € G}) is a
t-design with b = |BY| = |G| /|G| blocks and

1)/ ()= () o)

The set B is called a base block for D.

We take Q = F, U {oc}, |9 = ¢ + 1. It is well-known that T-action on
projective line is 2-homogeneous if ¢ = 1(mod 4), whereas it is 3-homogeneous
if ¢ = 3(mod4) or ¢ is even. It is also known that PGL(2,q) acts 3-
homogeneously on projective line for all ¢. If, for a given group G from
(1.1), we select a subset B C Q and construct the set B =B%, then the pair
D = (Q,B) is a 2 or 3-design with a base block B and G < AutD (Theorem
2.1). G obviously acts primitively on the set of points of D. If the base block
stabilizer G < G is a maximal subgroup, then G acts primitively on blocks
as well. Consequently, in order to construct a primitive design D in this way,
it suffices to choose B to be a union of orbits of some maximal subgroup of G.
Hence we denote by D(G, B) such a design. We only consider possible non-
trivial choices for B with the property k = | B| < v/2 because the complement
of a primitive design is also primitive with the same full automorphism group.
If the action of AutD(G, B) is 3-homogeneous then the underlying design is
a 3-design.
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3. MINIMAL GROUP FOR PERFORMING THE CONSTRUCTION

Suppose that for primitive design D(G, B) we have T' < G; < G. Then G,
is normal subgroup of GG, so (G acts transitively on blocks. Now, if Gg NG is
maximal in (G1, then the constructions by G; produce also all primitive designs
admitting G as an automorphism group. The consequence of this simple
observation is that, eventually, we only need to consider maximal subgroups
of T and PGL(2, q) as setwise base block stabilizers to construct all desired
primitive designs. Namely, if G is any group from (1.1) and M < G its

maximal subgroup not contained in 7', then M N 7T is maximal in T with

one single exception: normalizer M = Ng(A4) = Sy in G = PGL(2,¢) and
g =p = =+11,19(mod40) [10, Theorem 1.1 and Corollary 1.2].

‘ Type ‘ H < T (block stabilizer) ‘ Asch. ‘ GMIN ‘ nee ‘ GMAX ‘
CZJ; XC_g-1
1 ged(2,4=1) Cy; | PSL(2,q) 1 | PTL(2,q)
(point stabilizer)
D 2(q—1)
ged(2,q—1)
2 two points Co PSL(2,q) 1 | PT'L(2,q)
setwise stabilizer
3 D 2(g+1) 05 PSL(Q,(]) 1 PFL(2,(])
ged(2,9—1)
PSL(2 = q[
5 (2,90), 9 = g, Cs | PSL(2,q) | 1 | PTL(2,q)
qo # 2,7 odd prime
As,q = p? =49 (mod 60) ,
6 | p=713,17,23,37,43, Co |PSL(2,q) | 2 | PEL(2,9)
47,53 (mod 60)
A =p=1,11,19
7 54 =P= 25700 Co | PSL(2,q) | 2 | PSL(2,q)
29, 31,41, 49, 59 (mod 60)
As,q=p=13,37,43,53
8 HA=P= 100058999 oo | PSL(2,q) | 1 | PGL(2,q)
67,77,83,107 (mod 120)
S4,q=p=1,7,17,23,31,
9 41,47,49,71,73,79, 89, Cs | PSL(2,q) | 2 | PSL(2,q)
97,103,113, 119 (mod 120)
S4,q=p=11,19,29,59
10 HA=P =20 49,29 Cs | PGL(2,¢) | 1 | PGL(2,q)
61,91, 101, 109 (mod 120)

TABLE 1
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Maximal subgroups of T' can, for instance, be read off from [10, Theorem
2.1 and Theorem 2.2]. Here we rewrite that division into nine isomorphism
types following the orbit structure. The types are listed in the first nine rows
of Table 1 and denoted by H. The corresponding Aschbacher’s class ([11]) is
indicated in the third column.

In Table 1 GMIN denotes minimal groups from (1.1) with maximal sub-
group H, i.e. minimal primitive automorphism groups of the prospective
designs. The tenth row of Table 1 relates to the case GMIN = PGL(2, q);
here the socle T' of cohort (1.1) does not act primitively on blocks.

Group GMAX will be defined and explained in the next section. The fifth
column reads the number ncc of conjugacy classes of H in GMIN; nee < 2 for
any isomorphism type of maximal subgroup of T.

To accomplish the construction of all our aimed designs it suffices to:

(i) Compose base blocks as all possible unions of H-orbits, H of type 2
thru 10. (Block stabilizer H of type 1 has two orbits whose lengths are

1 and ¢. The corresponding design is obviously trivial.)
(ii) Generate the block set B from each base block B by the action of

T on B, for H of type 2 to 9;
PGL(2,q) on B, for H of type 10.

4. PRELIMINARY ANALYSIS OF DESIGNS

In this section we give important facts about full automorphism groups
and possible isomorphisms of the designs we consider. By H we denote a
maximal subgroup of 7.

The following assertion has been observed in [5, Introduction] and [12].

PROPOSITION 4.1. Let G belong to the cohort (1.1) and let D = D(G, B)
and D' = D(G,B’) be any two considered designs. If m : D — D' is an
isomorphism, then m € PT'L(2,q).

Taking D' = D, from the proposition it follows that each considered
design D has the property AutD < PT'L(2, ¢). Isomorphisms from PT'L(2, q)
act on the set of blocks of a design in the sense that they preserve T as the
generating group:

(4.1) (BT)" = BT = B™ 77 = (B")", w € PTL(2,q).

For a given design D = D(T, B), the set stb(D) = {Tg-| B* € B=B"}
of stabilizers of all blocks of D we call D-stabilizer. It is the set of all sub-
groups conjugate to some block stabilizer H = T, i.e. stb(D) = H”. For an
isomorphism 7 : D — D’ we have (stb(D))"™ = stb(D'), cf. (4.1). This means
that we obtain all designs up to isomorphism if the construction (i)—(ii) is
performed only for a chosen representative of every conjugacy class of H in
PT'L(2,q). Clearly, PT'L(2,q) acts on the classes of T. So if H = T for the
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design D(G, B) then by GMAX we denote the set stabilizer of the conjugacy
class of H in T. Obviously, AutD < GMAX and

PT'L(2,q), if there exists one conjugacy class of H in T;
GMAX _

PYL(2,q), if q is odd and there exist two conjugacy

classes of H in T.

From Proposition 1.1 we deduce
(4.2) GMAX — T Ngmax (H).

Ngmax (H) acts on the set of H-orbits and, accordingly, on the block set
of the design.

PROPOSITION 4.2. Let D1 = D(T, By) and Dy = D(T, By) be designs
with Tp, = T, = H. Then D1 and Dy are isomorphic if and only if there
exists m € Ngmax (H) so that BT = Ba.

PrROOF. Let ¢ : D1 — D3 be an isomorphism. Then there exists g € T'
such that B‘f = Bg, and for the isomorphism 7 = <pg_1 : D1 — Dy we have
Bf = By. Now H =Tp, = Tpr =Tf = H™, which proves m € Ngmax (H).

Conversely, let there exist m € Ngmax (H) such that Bf = Bs. Then

T (4.1) I
By =" (81",
i.e. m is an isomorphism. O
COROLLARY 4.3. AutD =T - {n € Nguwax(H)| B™ = B}.

PROOF. Proposition 1.1 implies AutD = T - AutDp, while previous
proposition with D1 = Dy = D gives AutDp = {7 € Nguax (H)| B™ = B}.
O

5. DESIGNS WITH BLOCK STABILIZERS OF TYPES 2 THRU 5

In this and the subsequent section we describe all primitive 2-designs D
with PSL (2,¢) < AutD on ¢ + 1 points up to one undecided case. For the
description and for solving the problem of possible isomorphism between two
designs we use group Ngmax (H). Henceforth that group we denote by K.

For H-types 2 thru 5 we explicitly give H-orbits and a base block of the
design. The description is incomplete for H-type 5 in the sense that we found
orbit lengths for H but not for K.

A) H-type 2 (a dihedral group, two point stabilizer)

PROPOSITION 5.1. Let g > 13. A block design D with the socle PSL (2, q)
of AutD and the base block stabilizer H in the second Aschbacher’s class
exists if and only if ¢ = 1(mod 4). Then D is 2-(¢ + 1, %1, %) design
which is unique up to isomorphism and complementation. Moreover, AutD =
PYL(2,q).
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PRrROOF. If D exists then

—1
H:T{o,m}Z{xHax:aqu@)}><1<ac»—>?>7

GMAX = PT'L (2’ q) and K = PT'L (2, q){07oo} .
The orbits of subgroup {:c — az|a € Fq@)} are {oo},{0}, Fq(2) and
F\Fy?. Consequently,

{0,00} and Fy, for ¢ even or ¢ = 3 (mod 4);
H — orbits are

{0, 0}, Fq@) and F;\Fq@), for ¢ =1 (mod4).
Thus, nontrivial 2-designs exist for ¢ = 1 (mod4), ¢ > 13. Up to complemen-
tation it remains to consider base blocks consisting of one orbit each, that
being By = Fy” and By = Fy\Fy" .

Obviously the mapping = — &x,£ € F;\Fq(2), lies in K and maps the
orbit Fq@) into F, ;\Fq@), so up to isomorphism and complementation there
exists a unique 2 — (q +1, q%l, W) design D = D (T7 Fq(2)>. Using
Corollary 4.3 we easily get AutD = PXL (2, q).

2 (q + 1) )
ged(2,q —1)

PROPOSITION 5.2. Let ¢ = pf > 13. A block design D with the so-
cle PSL(2,q) of AutD and the base block stabilizer H in the third As-
chbacher’s class exists if and only if ¢ = 1(mod4). D is unique up to
isomorphism and complementation. If p = 1(mod4), then D is a 2-

(¢ + 1, %1, %) design with AutD = PXL(2,q). If p = 3(mod4), then

D isa3— (q +1, %1, %) design with AutD = PSL (2,q) - A, where

A is cyclic group of order 2f and |PSL(2,q) N A| = 2.

B) H-type 3 (a dihedral group of order

PRrOOF. If ¢ = 3 (mod4) or ¢ is even, then H acts transitively on the
projective line, which leaves the possibility ¢ = 1 (mod4), so H is a dihedral
group of order ¢ + 1 and GMAX = PI'L (2,q). In [6, Lemma 14, (i)] we find
that H acts in two orbits on €.

Let Fy = (§) and A = {x s G g b e By a? — b€ FéQ)}. Then

bx+a
A is a cyclic subgroup of H of order % and H = Ny (A). One H-orbit

on Q is {oo} U {a € F;: a? €&+ Fq(2)}. Up to isomorphism and comple-
mentation, design D = D (T, {0} U {a S a? €&+ Fq(Q)}) is a unique

2 — (q +1, %1, %) design with the base block stabilizer A x A, where
A = {0,|u € Z} is a cyclic group of order 2f and §,, is the action on €2 defined
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1—p

by z — &2 =" (Ouy © Ouy = Oyqtuy). Corollary 4.3 implies AutD =T - A.
If p =3 (mod4), then §1pr is not a square, so AutD is 3-homogeneous. O

REMARK 5.3. 3-designs from the above proposition are not given in [5,6].
The group PSL (2, g)- A has the same order as PXL (2, ¢) but is different from
this group.

c) H-type 4 (H = PGL(2,q0),q = ¢3)

PROPOSITION 5.4. Let ¢ = g > 13. Then, up to isomorphism and comple-
mentation, there exists a unique primitive block design D with automorphism
group PSL (2,q) and a block stabilizer H = PGL (2, o). AutD = PXL(2,q)
and one of the following holds:

(1) q is even and D is a 3 — (g3 + 1,q0 + 1,1) design;

(2) q is odd and D is a2 — (¢3 + 1,90 + 1, q(’;l) design.

PRrROOF. If ¢ is odd, in [6, Lemma 14, (i)] we find that H acts in two orbits
on ). If ¢ is even, then H consists of all fractional linear transformations in T’
with coefficients from F,. Obviously, {co}UFy, is a H-orbit. Let v € F,\ Fy,.
v generates F, and every element in Fy\ Fy, can be presented in the form
ay+b,a € Fy , b € Fy,. H contains the group {x Har+bra€ kg be qu},
so Fy\ Fy, is also a H-orbit, i.e. H acts in two orbits on 2 also for ¢ even.
Thus, because D (T, F,\ Fy,) is complementary to D = D (T, F,, U {oo}), D

is a unique existing 2 — (g2 +1,q0 + 1, W‘b) design up to isomorphism

and complementation; AutD = PXL (2,q). For g even, the group PXL (2,q)
is 3-homogeneous, so D is a 3 — (qg + 1,90+ 1, 1) design. O

Designs from the above proposition, (1), are called Mdbius planes ([7, p.
82]).

D) H-type 5 (H = PSL(2,q0),q = qf, qo # 2, 7 > 2 prime)

For this H -type we only partly solved the problem by finding orbit struc-
ture for H. Orbit structure for K = Nprp (2,4 (H) remained beyond our reach
because of the great number of combinatorial possibilities for the action of the
automorphisms of Fy (contained in K') on H-orbits.

If ¢ is odd, from [6, Lemma 14, (ii)] it follows that {oco} U Fy, is the only
H-orbit which is not regular. In case ¢ is even, H consists of all elements
in T with coefficients a,b,c,d € Fy,, g0 # 2 is a prime power. Obviously,
{00} U F, is a H-orbit. Let v € F\Fy,. Because r is prime, vy generates

F,. Let © — % be an element of H which stabilizes v. Then ‘gig =, ie.

cy?+(d—a)y—b=0. ¢ # 0 would imply that v is a root of a polynomial of
degree 2 with coefficients in F, , which is a contradiction. Thus ¢ =0, a = d
and b = 0, which means that points in F,;\ Fy, have trivial stabilizer and that
{00} U F, is the only non regular H-orbit also in case ¢ is even.
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Consequently, for H-orbit lengths we find (qo + 1)1 [PSL(2, q0)|*", where

r—1
Sp = %’13_—_11 -ged (2,q0 — 1), Substituting o = p/" we can write s, =

(a-1/m)_
% ~ged (2,p— 1) as well.

Design D = D (T, {oc} U F,,) is 3—(gj + 1,q0 + 1, 1) design called spher-
ical geometry, [7, p. 82]; AutD = PT'L(2,q).

In case r = 3 we can easily describe all existing designs because s3 €
{1,2}. If ¢ is even then s3 = 1, so there exist only spherical geometry and its
complement. If ¢ is odd then s3 = 2. Let v € F,,\ F}, generate Fy,. There exists

m € I such that w ¢ F(§2). Now 7 and 7y lie in different orbits as an equation

ay+b
cy+d

one more design (up to isomorphism and complementation), that being D+ =
2 3 2
D (T, ,YPSL(Q,QO)). Dtis2— (qg +1, ‘10(‘13*1)7 (%*U(qoi%*l)*m) design. Ifq =

3 (mod4), then D* is 3 — <q103 11, qo(qgfl), (‘10(‘13*1)*2)8(‘10(‘13*1)*4)) design.

= 7y with a,b,c¢,d € Fy, is impossible. In this case there exists exactly

6. ON THE DESIGNS OBTAINED FOR H-TYPES 6 THRU 10

In this section we consider designs with block stabilizers H from the last
five rows of Table 1, i.e. H & A4, Sy, As < PSL(2,q) and H = S, < PGL(2,q).
We determine the number of designs and their full automorphism groups using
orbit lengths of groups H and K; here either K = H or [K : H] = 2. Orbit
lengths for groups H and K, in case of H-types 7-10, can be found in [5,6],
as well as H-orbit lengths in case of H-type 6 (¢ = p?). On the other hand,
if H is of type 6 then K-orbit sizes can not be read off from the papers of
Cameron et al. Therefore, subsequently in the section, we give in detail only
the determining of K-orbit lengths for H-type 6.

Let us begin with the calculation of the numbers npdg(¢) of nontrivial
primitive t-designs having a particular block stabilizer H, regarded up to
isomorphism and complementation. Let # be the number of H-orbits. If
K = H, obviously npd(q) = (2¢ —2)/2 =21 — 1. In case [K : H] = 2 let
I > 0 be the number of H-orbits that K fixes setwise. Then 6 — [ is even,
say 8 —1 =27, j > 1. Let O = {011,021, 012,022, . .., 015, 02; } be the set of H-
orbits that K does not fix setwise, where {01;,09;},i =1,...,7 are K-orbits
on 0. If we denote by A the number of nonisomorphic designs with base
blocks B C O, then we have npdy(q) = [2! - A — 2]/2. In order to calculate
A one can observe 2 x j matrices A = [A,,;] whose 0, 1 entries correspond to
the specific base block B in the sense that

17 Omi gg

A . = ~
" {O,omigB
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The action of K\ H on O and the consequent development of B reflect in the
entries of A as swapping the position of the rows of A. Eventually, we use the
following lemma to determine A.

LEMMA 6.1. Let A be the set of all 2 x j matrices with 0,1 entries. For
Ay, As € A we define Ay ~ Ay if and only if Ay = As or As is obtained from
Ay by swapping the rows. Then ~ is an equivalence relation and |A/~| =
22j71 + 2]'71.

PROOF. Obviously |A| = 2%7. It is easily checked that ~ is an equivalence
relation with 1 or 2 elements in each equivalence class. A class consists of only

one matrix if the columns of that matrix are of the form [ 8 } or [ 1 ] , SO

the number of singleton classes is 27. Let’s denote the number of classes with
two elements by . Then we have 27 4 2 = 2% or p = 2%~1 — 2/~ From
|A/~| =27 + p we finally obtain |A/~| = 2%~1 4 27-1, a

From the lemma we conclude that for a given block stabilizer H with
[K : H] = 2 we have A = 22~1 4+ 271 and consequently npdy(q) = [2'-
(22—t 4 2i-1) — 2] /2.

E) H-type 6 (H = As)

Here ¢ = p? = 49 (mod 60), p = 7,13,17,23,37,43,47,53 (mod 60) , [10,
Theorem 2.2]. There are two conjugacy classes of H in T, so GMAX =
PYXL(2,q); K = S5. According to [6, Lemma 11, (i)] the only possible com-
bination of H-orbit lengths is: 20'30'60%% . H-orbits of length 20 and 30
are obviously fixed by K- action. On K-orbits of length 20, 30 and 60 H
acts transitively, so for any point w from these orbits K, ¢« H holds. Let
7 € K\ H be an involution. All such involutions are conjugate in K, thus
they fix the same number of points, say . The list of possibilities for K-
action on the orbits of length m is obtained by computer calculations ([9],

[31):

m 20 120 |30 | 30 | 60
Kw 53 C16 C'4 022 02
o 6 |2 [0 |6 |6

If K acts on an orbit of length 20, then 7 has at least two fixed points in
that orbit. Without loss of generality we may take that 7 fixes points 0 and
oo; namely, such a choice of K can be obtained by the action of some element
from GMAX | Then 2™ = azP, where a € Fq(2) and a?t! = 1. The equation
2P~! = @~ ! has p — 1 solutions in Fy. These solutions are fixed points of 7,
so that 7 has exactly p + 1 fixed points. Let 1, 2 be the numbers of fixed
points in orbits of length 20 and 30, respectively; ¢1 € {2,6}, @2 € {0,6}.
Let d be the number of orbits of length 60 fixed by involution 7. Then the



PSL(2,q) PRIMITIVE ACTION 11

equation
(6.1) Y1 +p2+6d=p+1

holds. By substituting all admissible ¢1 and @2 into equation (6.1) and then
solving it for d we finally obtain orbit lengths for K:

1. p= 13,37 (mod 60) — 2013016075 1207 (“s0” ~"5"),

2. p= 17,53 (mod 60) — 201301605° 1203 (“50° ~*5°),

3. p= 7,43 (mod 60) — 20'30160 7" 1202 (“&" ~*5")
p—11 q—49 p—

4. p= 23,47 (mod 60) — 20'30'60°5 1202 (‘5" ~*5).
Obviously the following assertion holds.

PROPOSITION 6.2. Let p > 5 and let S5 be a maximal subgroup of
PY.L(2,p?). If orbit lengths of S5 are 20'30'609120%, d; = i (432 —d),
then for the number of primitive designs with ¢ = p*> we have the following:

1) If p # 49(mod 60), then npd(q) = 3.
2) If p=49(mod 60), then npd(q) = 2 + 2¢+1(22d1—1 4 2di—1)

For ¢ = p? = 49 (mod 60) we obtain the series of 2— (q + 1, k, %)
designs D with PSL(2,q) < AutD < PXL(2,q).

For H-types 7 through 10 we only note possible orbit lengths and the cor-
responding number of primitive designs npdy (¢) which we need for counting
the total number of designs. AutD is easily read off from Table 1, except for
H-type 8 where it is necessary to take into account Corollary 4.3 to obtain
AutD.

F) H-type 7 (H = As)

‘ g=p= ‘ H = K = Aj; orbit lengths ‘ npdy (¢) ‘
1 (mod 60) | 12120130160 2% — 1
11 (mod 60) | 1216050 2% — 1
19 (mod 60) | 2060 %" 29502 — 1
29 (mod 60) | 301605 2952 _ 1
31 (mod 60) | 121201605 2% _ 1
41 (mod 60) | 121301605 2% 1
49 (mod 60) | 20130160%" 2% — 1
59 (mod 60) | 600 2% — 1
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G) H-type 8 (H = Ay)

‘ g=p= ‘ H=>~A, ‘ K=S5, npdy (¢)

53,77 (mod 120) | 6'12%= | 6'24°% 2% Lot 1
83,107 (mod 120) | 12%% 121245 | 2% 4 2% g
13,37 (mod 120) | 426112°%2" | 6'8124"m | 2% + 2= — 1
43,67 (mod 120) | 4212°%" gl12124%%:" | 2%% 4+ 2% — 1

H) H-type 9 (H =2 Sy)

‘ q=p=

‘ H = K = S, orbit lengths ‘ npdy (q) ‘

1,49,73,97 (mod 120) | 618112124 3% 9
7,31,79,103 (mod 120) | 8124 2% _ 1
17,41, 89,113 (mod 120) | 6112124 =" 2% 1
23,47,71,119 (mod 120) | 2457 9% _

1) H-type 10 (H = Sy)

‘quz

‘ H = K = S, orbit lengths ‘ npd (¢) ‘

29,101 (mod 120) | 6!24%" 2% 1
11,59 (mod 120) | 121247 2% 1
61,109 (mod 120) | 6824z 2%t _ 1
19,91 (mod 120) | 8112124%" 2%% _ 1

7. SURVEY OF RESULTS

The g¢-range covered theoretically in this research is ¢ > 13,q # 23.
Cases with ¢ < 13 and ¢ = 23 are solved using programming and com-
putation in GAP and MAGMA. In this way the nonexistence of primitive
designs with ¢ = 4,7,8,11, and 23 is proved. For ¢ = 23 it is interesting that
PSL(2,23) < May holds, [14], cf. Proposition 4.1. However, an exhausting
computer search shows the nonexistence of primitive design with an automor-
phism group having PSL(2,23) as the socle.

Below we give the number of primitive designs obtained through exhaus-
tive computer search for all ¢ < 103. The designs and the related documen-
tation are available at: http://www.pmfst.hr/~sbraic/t-designs/.



PSL(2,q) PRIMITIVE ACTION

q 415789 [11]13] 16 ] 17 [19[23[25[27
mpd(q) [0 |1 |0]0]2[0]4] 13 ]1]0][3]2

q 29 (31323741 [43[47] 49 | 53 |59 61 64 | 67
npd(q) || 3 | 20 11| 69| 1] 4 [11]3 |12] 235

q 711 73]79|81 83|89 |97 |101 | 103

npd(q) || 4 [17] 8 | 3 35|18 33| 20 | 15

The sole existing design for ¢ = 5 has a block stabilizer H of type 3. It is a

13

2—(6,3,2) design to which extends the validity of Proposition 5.2. Out of two
designs existing for ¢ = 9, one is 2 — (10, 4, 2) design with a block stabilizer H
of type 4, described in Proposition 5.4, (2). The other is 3 — (10,5, 3) design
with a block stabilizer H = C5 x C4. The subgroup H N7 is not maximal in

T = PSL(2,9), whereas H is maximal in Mg, which is the full automorphism

group of this design.

The total number of nontrivial primitive ¢-designs, up to isomorphism

and complementation, for a given ¢ is the sum of npd (q) over all H-types.
Due to the incompleteness of results for block stabilizers H of type 5, in the
following proposition we give that number only for ¢ = p. The proof is pure
combinatorics.

ProrosiTiON 7.1. If ¢ > 7 is prime then the following formulas hold:

a+23

1. ¢ =1(mod 120) = npd (q) = 245" 4 25E

© PN W

e e e e e e
N I e R N o O =)

. ¢ =49 (mod 120) = npd (q) =2 e i
. ¢=53,77(mod 120) = npd (¢) =212 +2 41,
5 1

¢ = 17,103 (mod 120) = npd (¢) = 2% — 1,
g = 11 (mod 120) = npd (¢) = 2% + 2% — 2,
q—13

g = 13,37 (mod 120) = npd (¢) = 2= + 231" + 1,
¢ =17,113 (mod 120) = npd (¢) = 2%+ +1,

g =19 (mod 120) = npd (q) = 2% 4+ 9% — 2,

q = 23,47 (mod 120) = npd (q) = 94z _ 1,

g =29 (mod 120) = npd (¢) = S 4 2%

g = 31 (mod 120) = npd (¢) = 2%5? + 2%: —2,
g+19 at

. =59 (mod120) = npd (q) =270 +2" 7@ —2,
. ¢ =61 (mod 120) = npd (q) = 2% 4+ 2%

. ¢ =71 (mod 120) = npd (q) = 2%~ + 2% — 2,
. ¢ = 73,97 (mod 120) = npd (¢) = 2;‘333 L

. ¢ =79 (mod120) = npd (¢) =270 +2721 —2,
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19. ¢ = 83,107 (mod 120) = npd (¢) = 25" + 2°%" — 1
20. ¢ =89 (mod 120) = npd (¢) = 2% + 2%,

21. ¢ =91 (mod 120) = npd (¢) = 2“% 4+ 2% —2,
22. ¢ =101 (mod 120) = npd (g) = 2 Eo“’ +22%°,

23. ¢ =109 (mod 120) = npd (¢q) = 2%
24. q =119 (mod 120) = npd (q) = 2%%" + 2% — 2.

The number npd(p?) is given in Proposition 6.2. Notice that ¢ = pf, f > 2
can appear only for H-types 2,3,4 and 5.

PROPOSITION 7.2. Let a, B be nonnegative integers. Then for the number
of primitive designs with q = p2a35 we have the following:
1. npd(22“) =1,a>2.
npd( N=1,a>2.
pd(2273°) = 2,0, 8 > 1.
d(p2a) =3,p#2 and a > 2.
npd(p®”) = 2, p = 3(mod 4) and o > 1.
npd( 3a) =4,p=1(mod4) and o > 1.
npd(p? ﬂ):5,p7é2 and a, 3 > 1.

.\’.@.U‘r“f*’.“

PROPOSITION 7.3. Let ¢ > 4. Then npd(q) = 0 if and only if ¢ = 7,11,23
orq=2",r a prime.

PRrROOF. If ¢ = 7,11,23 or ¢ = 2",r a prime, we use Proposition 7.1,
Proposition 5.1 and Proposition 5.2 to obtain npd(q) = 0. Conversely, let
npd(q) = 0. If ¢ = p, we simply solve the equalities npd (¢) = 0 in Proposition
7.1. If ¢ = p/, f > 2, then there exists a prime 7| f so that ¢ = ¢§ (qo = p//",
this relates to H-types 4 and 5) and it is known that 3-designs D(T, {co}UF,,)
called spherical geometries exist, [7, p. 82]. The spherical geometry is not
primitive design only in case p = 2 and f is a prime. O
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