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ABSTRACT. In this paper, we show that there does not exist a quadru-
ple of positive integers a1 < a2 < a3 < a4 such that aja; +1 (i # j) are
all members of the Tribonacci sequence (7% )n>0-

1. INTRODUCTION

A Diophantine m—tuple is a set ai,...,a,, of positive rational numbers,
or integers, such that a;a; + 1 is a square for all 1 <4 < j < m. The pro-
blem of finding Diophantine m—tuples has a long history. Diophantus found
the rational quadruple {1/16,33/16,17/4,105/16} and only long after Fermat
found the integer quadruple {1,3,8,120}. In the integer case, it is known that
there are infinitely many Diophantine quadruples of integers. Recently, there
has been remarkable progress by Dujella ([5]), who showed that there is no
Diophantine sextuple and that there can be at most finitely many Diophantine
quintuples and all of them are, at least in theory, effectively computable.
However, in the rational case, it is not even known if m must be universally
bounded. Gibbs ([7]), found a few examples with m = 6.

Natural generalizations of this problem have been studied by replacing
the squares by higher powers of fixed, or variable exponents in [1,2,8-10],
or by members of nondegenerate binary recurrences (un)n>0, by Fuchs, Luca
and Szalay in [6]. In this last setting, some research was done concerning Dio-
phantine triples (a, b, ¢) of distinct positive integers, such that ab+ 1,ac+ 1
and bc + 1 are all three members of a particular recurrence (uy)n,>o. Par-
ticularly, Luca and Szalay showed that there are no Diophantine triples with
values in the Fibonacci sequence (see [11]) and that the only Diophantine
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triple with values in the Lucas companion (Ly,),>0 of the Fibonacci sequence
is (a,b,¢) = (1,2,3) (see [12]).

In this paper, we look at Diophantine quadruples with value in the Tri-
bonacci sequence. The Tribonacci sequence (Ty,)n>0 starts with Tp = 0 and
Ty = T5 = 1 and each term afterwards is the sum of the preceding three terms

Tots =Thyo+ Thns1 + T, for all n > 0.
We prove the following theorem.

MAIN THEOREM. There do not exist positive integers a1 < as < az < ay
such that a;a; +1 =Ty, ;, with 1 <i < j <4, for some integers positive n; ;.

We conjecture that in fact there are only finitely many Tribonacci tripes
(a, b, c), that is triples of positive integers a < b < ¢ such that ab+ 1, ac +
1, bc+1 are all three Tribonacci numbers, but we do not know how to attack
this question. We leave this as an open question for the reader.

2. PROPERTIES
The characteristic polynomial of the Tribonacci sequence is
U(z)=a—2? —2z— 1.
It has a real root
o= % (1+ (19 -3v33)"/° + (19 + 3V33)"/*)
and two complex conjugated roots
(2.1) B=a"1%" and y=a %" with 6 € (x/2,7).

Using a result of Dresden ([4]), we have the following Binet-like formula
for T3,:

(2.2) T, =coa™ ' + 056"71 + 077”71,

where ¢, = (z — 1)/(4z — 6). Dresden also showed that the contribution of
the complex roots 8 and +, which have absolute value less that 1, to the
right-hand side of (2.2) is very small. More precisely, he proved that the
inequality

1
(2.3) |Tn = caa™ | <5 holdsforall  n>0.

Another well-known property of the Tribonacci numbers which is useful
to us is the following (see [3]):

(2.4) a" 2 < T, <ot for all n>1.
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3. FIRST OBSERVATIONS
Let a1 < as < ag < a4 be a Tribonacci Diophantine quadruple. Then
(3.1) aaz +1="T,, asaz+1=Ty, asas +1=T,, aras +1="T,,
for some positive integers x, y, z and w. We see easily that
(3.2) 4 <z < min{y, w} < max{y,w} < z.
Combining the equalities in (3.1), we conclude that
(3-3) (T:c - 1)(Tz -1)= (Ty - 1)(Tw - 1)-
From inequalities (2.4) we have a" =25 < T,, — 1 < o™~ !, for all n > 4. Thus,
a0 (T = 1)(T2 — 1) < o F572
and
VTS < (T, = 1)(Ty — 1) < oVt 2,
Hence, considering equality (3.3), we deduce that
(3.4) [(z+2) — (y+w)| <2.

In the rest of this paper, we work on the Diophantine equation (3.3) by
distinguishing two cases:

r+z#y+wand x4+ 2z =y + w.

4. THE CASEx+z#y+w

By using formula (2.2) and inequality (2.3), we have that
(4.1) T, = coa™ ' +e(n), with |e(n)| < 1/2.
Thus, by expanding equation (3.3) this can be rewritten as
a2 2Vt = o (1 —e(2))a® 4 co(l —e(x))a* ™!
+ cale(w) — Da? ™t +cqole(y) — Da* ! + e(x)
+e(2) —ey) — e(w) — e(z)e(2) + e(y)e(w).

rt+z—2

Dividing both sides of the above equation by ¢« and taking absolute

values, we get

3 (1 1 v ave 2.5
_ gty o 9
1 o @te—y—w ‘ < 5 (azl t—gt =t aml) Qe

1 3 1 5 8
4.2 < — (14— — | < —
(42) ar—1 <ca < + a> + 20§a5> as—1’

where we have used (3.2) and that |e(n) — 1| < 3/2. On the other hand, by
inequality (3.4) and since x + z # y + w, we obtain

(4.3) L i |1 — @~ @F2=v=w)| 5 0.4563.
z+z—y—w|<L2
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Thus, by (3.2), (4.2) and (4.3), we get x =4 or 5.
Now, from equation (3.3) we have the equality
(T, — V)T, —T\Ts =T, — T\ — Ts,
where A = min{y, w} < § = max{y,w}. Replacing T,, T», Ts according to
the equation (4.1) in the above equation, we conclude that
(Ty — et — 2o 072 = ¢ (e(0) — 1) + cale(N) — Da’ ™t —e(N)
—e(d) +e(Ne(d) — (Tp — 1)(e(z) — 1) + 1.
Dividing both sides of above equation by (T} —1)c,a* !, and taking absolute
values, we get
1/2 /2 9/(4cqa?) 1.4
a?—A a?=90 a?=5 < a?=9’

where we used the fact that z —5 > 2z — XA > z —J (by (3.2)) and that
T, — 1 > 3. However, by inequality (3.4) and since = 4 or 5, we obtain that
A+ —2z—1] <6. We find that
(4.5) min |1 — (T — 1) eqa™™ 7271 > 0.179.
z€{4,5}
IA+d—2—1|<6
Thus, combining (3.2), (4.4) and (4.5) we conclude that z — ¢ = 1, 2 or 3.
Returning to inequality (3.4), we get that 5 < X\ < 10.
Going back one more time to equality (3.3), we rewrite it as

(Ty — V)T, — (Tx — )T = Ty, — Th.

(4.4) ‘1 — (T — 1)7lcaak+57%1‘ <

Replacing T,, Ts according to (4.1), dividing by (Tx — 1)cqa®~! and taking
absolute values, we get

5
ad—1"

(4.6) |1— (T, — 1)(Th — 1) 'a* 70| <
By analyzing the minimum value of the left hand side in (4.6), we get

(4.7) min |1 — (T, — 1)(Tx — 1) *a*7%| > 0.08.
ze{4,5}
5<A<10
z—06e{1,2,3}
Hence, from inequalities (4.6) and (4.7) we conclude that § < 7 and, in par-
ticular, that 6 < z < 10.

Let us record what we have proved so far.

LEMMA 4.1. Let 4 < 2 < min{y, w} < max{y, w} < z be positive integers
such that

c+z#y+w and (I, —1)(T.-1)=(T,—1)(Tw—1).

Then
4 <x <5, 5<y, w<7 and 6<z<10.
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5. THE CASEz + 2z =y +w
Substituting 8 and v given by (2.1) in equation (2.2), we conclude that

¢(n) c(n)/ca 1/ca ) ,

1) T, —1=cpa™ ! — —
(61) T Cad” F Ty Qi) gnt

1=cqa™ ! (1 +

where ¢(n) := cge??D 4 ¢ e 01,

Combining the above equation with (3.3) and performing the respective
calculations, we get an equality with dominant terms 1/a*~! and 1/a*~! in
each of the two sides. Grouping these terms in one side, we obtain

Vea 1/ca _ ¢(d)/ca n cN)/ca ez)/ca x)/ca | 1/ca

ar1 a®—1 a%(‘s*l) a%()‘*l) a%(zfl) a%(zfl) a1
Clfen AN/ &)/

ad—1 as(A-1)+o6-1 s (6—1)+x-1

clx)/cd c(z)/ca (€V)20) — e@)elz)) /ea

a%(xfl)Jrzfl a%(zfl)Jra:fl a%(erzfQ)

(5.2)

Multiplying both sides of (5.2) by c,a® ! and taking absolute values, we
conclude that

[)l/a* | [e/a | [E)l/e®?  [e@)]

1—a 2| <

v kD) P o@D
o ok )| O
&(2)|/(cqa® e(2)|/ (cqal
659 () | o)
(EN[EN)] + [E)I[EN)])/ (caa™?)
* aa—D)

2.1 0.3 24
— <

b= " aF ~ af’

where ¢ := min{x/2,§ — z}. In the above inequality, we used the facts that
[c(n)] < |egl/2 < 0.1, for all n > 4, as well as inequalities (3.2). Thus, noting
also that [1 —a~(~?)| > 1 —1/a > 0.45, we obtain from (5.3) that of < 5.4,
which leads to ¢ < 2.8.

If ¢ = 2/2, we then get that = 4 or 5. Returning to equation (3.3) and
replacing T, T5 and T, (from the first part of (5.1)), we get an equality with
dominant terms 292 and (T, — 1)c,® 1. Separating them into one side
and putting all the rest into the other side, we obtain
c(8)caa®™t EN)cqad ™t n ¢(A)e(0)

az(6-1) az(=1) a3 (A +i-2)
)T —1) ) ) A1

5—1
— — — — Cq — Cq + 1.
a%(zfl) a%(‘s*l) a%()‘fl) @ @ r

(T, — 1)cqo ™t — cia’\+5_2 =
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As usual, we divide both sides of the above equality by c2a**°~2 and take
absolute values to get:

(T Detar- O Ly < [OVea | B /e | FO)IEG)/E

a3(-1) as(-1) as(A+6-2)
@R 1) | [e6)l/e
s (z=D+A+6-2 Qs (6-1+r-1

|E()‘)|/Ci 1/ca + 1/cq Tx/ci
ag(,\_1)+5_1 045*1 a1 aA+6—2

1 ( leal | lesl? 3|cs] |cs]

a1l \cpa?  4cZa®  2ald/2 0 2ab

L2, T\ 5
Coa C2at ar1’

(5.4) +

In the above chain of inequalities, we used inequality (3.2) in each term of the
right side and the fact that T,, < T5 = 7. Further, since z — (A4 0) = —z and
xr =4, or 5, we get that
min (T, — 1)e; =P+ _ 1| > 0.15.

ze{4,5}
Therefore, it follows from (3.2) and (5.4) that A = 5 or 6. Once more, we
return to equation (3.3). Replacing T, Ts according to (5.1), dividing by
(T — 1)cqa®~ !, and taking absolute values, we have

1. 2-6 B B
e A ad-1 (2%042 * 2c,0%/2 * Ca

(5.5) 54

< .
o1

Now, we estimate the minimum value of the left hand side in (5.5), where
z—0=A—x,x=4orb5 and A =5 or 6, to get
(5.6) min_ |1 — (T, — 1)(Tx — 1) "' > 0.08.

z€{4,5}
Ae{5,6}

Hence, from inequalities (5.5) and (5.6) we conclude that § < 7 which implies
that 6 < z < 9.

But, if ¢ =5 —z then A < § < x+2. In particular, x+2z = A+ < 2z +4,
and so z < x 4+ 4. To summarize, we proved the next result.

LEMMA 5.1. Let 4 < z < min{y, w} < max{y, w} < z be positive integers
such that x+z=y+w and (T, —1)(T, —1)= (T, — 1)(Tw —1). Then

4 <x<5, 5<y, w<7 and 6<2z<9,

or
r+1<yw<xr+2 and r+2<z<zx+4.
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6. THE PROOF OF THE MAIN THEOREM

6.1. Case x + z # y + w. Listing the values of T, T,, T, Ty, with
x,y, z,w in the range given by Lemma 4.1, we note that (3.3) has no solutions.
So, there is no Tribonacci Diophantine quadruple that satisfies (3.1) in this
case.

6.2. Case x+z = y+w. From the first conclusion of Lemma 5.1, we obtain
by simple verification that the only solution of (3.3) is (x,y, z,w) = (4,5,6,5).
Hence, from (3.1) we get

aiag = 3, aga3 — 6, azty — 12, a1aq = 67

which does not lead to an integer solution (a1, a2,as,as). So, there is no
Tribonacci Diophantine quadruple that satisfies (3.1) in this case.
From the second conclusion of Lemma 5.1, we can rewrite the equation
(3.3) as
(T = D) (Totitj —1) = (Tags = D(Tagy — 1),
where 1 <14 < j < 2. Using identity (5.1) in above equation, and by making

the respective calculations and simplifications, we get
1/cq 1/cq 1/ca 1/ca

aerjfl aerifl a:eriJrjfl azfl
_cla+i)e(x+7)/c2

dz)e(z+itj)/ck  dz+itj)/ca

s (2e+itj—2) s (2e+itj—2) s (@titj—1)
_ dx)/ca c(x)/c2 Az+itj)/ca | catj)/ca
as@-1) ' Gi@-Dtetiti-1 = 3 (atiti-1)+e-1 as(@+i-1)
oz +i)/ca Az +1)/ch Az +j)/ca

+ qdti-1)  GEeti-Dteti-1 S (eti—1)+ati-1"

Multiplying both sides of the last equation by c,a®, and taking absolute
values, we conclude that

1 1 1
ai—1 ai-1 qiti-1 —a
__ lesP/2ca |cs] |es| lesl/ca
v (42+3i+35-6) 3 (€+3i435-3) s (@=3) s (@=1)+itj—1
n |cs|/ca n |cs] n |es] n |ca|/ca
b (atitj—1)-1 3 (@+35-3) 3 (@+3i=3) s (@t+i=1)+j-1
o lesl/ea

s (eti-1)+i-1"

It is easy to check that for x > 6 and 1 < ¢ < j < 2, the above inequality is
impossible. Thus, x = 4 or 5, and from Lemma 5.1 we obtain values for y, w
and z which were already considered, and which do not lead to positive integer
solutions to equation (3.1). This completes the proof of the main theorem.
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