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ON APPROXIMATE GENERALIZED LIE DERIVATIONS

JANUSZ BRZDEK AND AJDA FOSNER
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ABSTRACT. Motivated by the notion of the Hyers-Ulam stability, we
prove results that are efficient tools for the study of approximate gene-
ralized Lie derivations on Lie algebras. We also provide simple examples
of applications of our outcomes. In particular, we obtain some auxiliary
results on the stability of the additive Cauchy equation.

1. INTRODUCTION

One of the fundamental questions in the theory of the stability of func-
tional equations is: When is it true that a mapping, which satisfies a functional
equation approximately, must be close to an exact solution of that equation?
It is related to a problem raised by Ulam (cf. [13,26]) concerning the stability
of group homomorphisms. This question was partially affirmatively answered
by Hyers ([13]) in Banach spaces. Subsequently, the result of Hyers was gen-
eralized by Aoki ([2], see also [25]). For further information about the topic
we refer the reader to, e.g., [5,14,17].

The first result of this area is due to Jun and Park (see [18]) who in-
vestigated approximate derivations of C"([0,1]). Further, Badora [3] studied
the Hyers-Ulam stability of derivations acting between Banach algebras. Du-
ring the past few years, approximate derivations were studied by a number of
mathematicians (see [1,3,4,10,11,20-22,24] and references therein). Following
this line of investigations, we prove several results on functions that satisfy
the conditions, defining the generalized Lie derivations, only approximately.

The paper is organized as follows. First we fix the notations and give basic
definitions. In section 2 we obtain some auxiliary results on the stability of
the additive Cauchy equation. In section 3 we prove our main results on the

2010 Mathematics Subject Classification. 16W20, 16W25, 39B62, 39B82.
Key words and phrases. Stability, normed algebra, Banach bimodule, Lie derivation,
generalized Lie derivation.

7



78 J. BRZDEK AND A. FOSNER

stability of generalized Lie derivations and, at the end of the paper, in section
4, we present three simple examples of applications of them.

Throughout the paper, A will represent a Lie algebra over the real or
complex field F and M a Banach A-bimodule. For x € A4 and y € M, the
symbol [z,y] will denote the commutator xy — yzr € M. We say that an
additive mapping d : A — M is a Lie derivation if

d([z,y]) = [d(2),y) + [2,d(y)],  z,y €A

Hvala ([12]) has introduced the notion of generalized Lie derivations as follows.
An additive mapping g : A — M is called a generalized Lie derivation if there
exists an additive mapping d : A — M such that

(1.1) 9([z,y]) = g(x)y — g(y)x + zd(y) — yd(z), z,y € A

For the sake of precision, given an additive d : A — M, every additive
g: A — M satistying (1.1) will be named a generalized Lie d-derivation.

Of course, the class of generalized Lie derivations covers both the class
of Lie derivations and the class of generalized derivations. The definition of
generalized Lie derivations was suggested by Bresar (see [12]). Related yet
somewhat different definitions of generalized Lie derivations were introduced
also by Nakajima ([23]).

2. AUXILIARY RESULTS

Before stating our auxiliary theorems, let us introduce some basic defini-
tions and known results, which we will use in the sequel.

Let By stand for the family of all sets I' C F such that each additive
function f : F — M that is bounded on I' must be continuous. It is well-
known that if I' C F and intT" # @, then I' € By. This is also the case
when I' C F has a positive inner Lebesgue measure or contains a subset of the
second category and with the Baire property (cf. [19]). For more information
on B and further references concerning the subject we refer the reader to,
e.g., [15,16,19].

We say that an additive mapping f : A — M is F-linear if f(A\zx) = Af(z)
for all x € A and all scalars A € FF.

LEMMA 2.1 ([8, Lemma 1]). Let F = C, Ty € B¢ be a bounded set and
let f: A— M be an additive function such that f(Ax) = Af(x) for allz € A
and A € T'g. Then f is C-linear.

Let S := {A € C: |\ = 1}. Using the results of [15,16] one can also
obtain the following.

COROLLARY 2.2. LetF = C, T' be a connected nontrivial subset of S, and
f i+ A —= M be an additive function such that f(Ax) = Af(z) for all z € A
and all A € T'. Then f is C-linear.
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In the proof of our first theorem we will use a fixed point result from [7].
To simplify its presentation we need the following two hypotheses. Here, X
is a nonempty subset of A, p,q: X — X, and \,v € F. As usual, A® denotes
the family of all functions mapping a set B # ) into a set A # () and 2P
stands for the family of all subsets of a set D.
(H1) T : MX — M is an operator satisfying

[(TO () — (To)(@)|| < M 1I¢(p(2)) — np(=))]]
+v (@) = nla@)],  ¢(neMFzeX.
(H2) A: RY¥ — R is defined by
(A0)() = [No(p()) + [v|o(a(2)), 6 €RY,z € X.
The subsequent theorem follows easily from [7, Theorem 1].

THEOREM 2.3. Assume that hypotheses (H1) and (H2) are valid and there
aree: X - Ry and ¢ : X — M with

[(Te)() = p()|| <e(@),  zeX,
e*(x) = iA”E(m) < 00, z e X.
n=0

Then there exists a unique fixed point v of T such that
le(z) —(@)]| <e(x), zeX

Moreover,
P() = lim (T¢)(@), z€X.

Let us recall that Z C 24 is an ideal provided 2P ¢ Z and C U D € T for
every C, D € Z. Next, we write D +z :={z+y:y € D} and vD := {yy :
yeD}forze A, vyeF, and D € 24, We will need the following.

LEMMA 2.4 ([6, Proposition 3.8]). Assume that T C 2 is an ideal such
that

(2.1) D+zel, DeZxe A
IfT#2* B€Z, andh: A\ B — M satisfies
h(z +y) = h(z) + h(y), z,y€ A\B,x+y e A\ B,
then there is a unique additive f : A — M with h(z) = f(z) for z € A\ B.

REMARK 2.5. Clearly, if Z = {D C A : card D < card A}, then Z is an
ideal satisfying (2.1) and, in particular, {x} € Z for each z € A. The next
natural examples of such ideals are given below.

(a) T={D C A :suph(D) < oo} for some additive and nontrivial h :
A—R.
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(b) A is a real normed space and Z = {D C A : D is bounded }.

(¢) Ais a real topological linear space of the second category of Baire and
7 is the family of all first category subsets of A.

(d) A is a locally compact real linear topological space and Z ={A C A:
1(A) < oo}, where p denotes the Haar measure in A.

(e) A is a Polish linear space and Z is the o-ideal of Christensen zero
subsets of A (see [9]).

In what follows Z C 24 always denotes an ideal, which is proper (i.e.,
T # 24) and satisfies the condition (2.1).
We are now in a position to prove our main auxiliary result.

THEOREM 2.6. Let ' C F, B € I, A :== A\ B, ¢ : A2 — [0,00),
d:A— M, and

(2.2) |d(yz+y) —vd(@) —dy)l < ¥(z,y), zyeAyel,yx+yeA
Suppose that one of the following two collections of assumptions is fulfilled.
(i) There are £ : A2 — [0,1), ¢ € F\ {0}, and u € T\ {0} such that
cACpA, (1—c)AC A and

(2.3) (s ) + (1 =)z, (1= c)y)
<&z y)p(z,y), Yy €A,
24) €(groy) <€y, €0 -0n0-agy sty nyea

(ii) There is p € I'\ {0,—1} such that A C (u+ 1)A,

(2.5)  ah(x) = Z 41" ((p+ 1) "z, (p+1)""z) < oo, x €A,
n=0

(2.6) nh—>H;<> 4+ 1" ((p+1) "2, (p+1)""y) =0, x,y € A.
Then there exists a unique additive mapping D : A — M such that
(2.7) D(ya) =7D(x), zeAyeT,

(2.8) ld(z) = D(@)|| < ¥(z), x€A,

where, for each x € A,
W(z) = (1= &l(e/myw, (1 = )2)) " b ((e/p)z, (L = e)x),  if (i) holds |
O((p+1)" ), if (i) holds
In particular,
D(z) := nlLrI;O(T"d)(x), z €A,

with T defined by (2.16). Moreover, if T' has a bounded subset belonging to
By, then D is F-linear.
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PROOF. Let
A\ 1L, if (i) holds 1, if (i) holds
= , V= o .
p~+1, if (ii) holds 0, if (ii) holds
Given a € F, we define A, : RA2 — RA2 by
Mad(r,y) = I3 (S Toy) +w8((1 — ), (1= a)y)
for § € Rf, (z,y) € A%, and v, : A% — [0,00) by
a
Yalwy) =0 (Sa, (1= aly),  wyeA
Note that in the case when (i) holds, by (2.3), we have
Acp(z,y) <&z, y)o(z,y),  zy€ A,

whence, by induction, in view of (2.4), we easily get

(Ae)"¥(z,y) < &(z,y)"b(z,y), z,y€AnEN,

where N denotes the set of positive integers. Consequently,

T, ) Ye(2, 2) x
(29) ;::o ol 2) < —&((c¢/w)z, (1 —c)z)’ €4
(2.10) lim (Ae)"Y(z,y) =0, z,y € A

On the other hand, in the case of (ii), (2.5) and (2.6) mean that (2.10) holds
with ¢ = /(1 + 1) and

oo

(2.11) Z M/(MJrl) wu/(pﬁrl) (I,I) < 00, T €A,

n=0

because 1,/ (,+1) (@, 2) = p((n+ 1) 'z, (u+ 1)) for 2 € A. So, writing

(2.12) Lo e %f (1) holds ’
p/(p+1), if (i) holds
on account of (2.6), (2.9), (2.10), and (2.11) we get
(2.13) > (M) "Yalw,2) <00,  wE A,
n=0
(2.14) nh_)II;O (Ag) "(z,y) =0, x,y € A.

In the rest of the proof we assume that a is described by (2.12). Replacing
x by (a/p)z and taking v = p, y = (1 — a)x in (2.2) we obtain the inequality

(2.15) Hd(m) - ,ud(%ac) —d((1 - a)I)H < w(%x, (1- a)x), x € A.
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Now, let 7 : M4 — M4 be defined by
(2.16) Tn(x) = )\n(%m) +uvn((1 —a)x), x € Ane M
Then (H1) holds with p(z) = (a/p)z and g(x) = (1 — a)x for z € A. Using
(2.15), we get
I1Td(@) - d(2)|| < ta(w,z) = d(x), €A

Next, Agtha(z,z) = A{/;(:E) for x € A, where A is defined by (H2). Hence,
according to (2.13) and Theorem 2.3 (with e = ¢ and ¢ = d), there is a fixed
point Dy : A — M of T such that

ld(@) = Do()|| < >~ A™b(x) =Y (Aa)"talz,2),  we€A.
n=0 n=0

Moreover Do(z) := limy 0o (T"d)(z) for x € A. Clearly, Dy is a solution of
the functional equation

(2.17) D(z) = )\D(gm) +uD((1 - a)z).

=

Note that (2.9) (in the case of (i)) and (2.5) (in the case of (ii)) imply that
(2.18) |Do(z) — d(z)|| < ¥(x), z e X.

In the next step we show that for each n € Ny := N U {0}, we have
(219)  ||T"d(ye +y) =T "d(@) = T d(y)|| < (Aa) (@, y)

for all (z,y) € A% and v € T’ with vo +y € A. Clearly, the case n = 0 is
trivial. So, fix m € Ny and assume that (2.19) is true for n = m. Then

|77 dye 4+ ) = AT () — T ()|
- ermd(%(w +9)) +vT7d((1 - a)(yz + )
- ’y)\de(%x> —wT™d((1 - a))
_ )\de(%y) —uT™d((1 - a)y) H
<\ Hde(%(w +y)) - 77””d<%x) - de(%y) |
+v[|T™d((1 = a)(yz +y)) = 7T ™d((1 — a)z) — T™d((1 - a)y)|
SII(A) "9 (50 2y) + (M) (1 = a)ar (1~ a)y)

= (A)" M (zy),  wyeAyeTl,qztycA
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Thus, by induction, we have shown that (2.19) holds for all z,y € A and
v €T with vz +y € A and all n € Ny. Taking the limit n — oo in inequality
(20), due to identity (2.14), we deduce that

(220) D0(7x+y):7D0(m)+D0(y)a x7y€A77€Fa7m+y€A
Take z,y € Awith z+y € Aand v € I'\{0}. Since Z is an ideal satisfying
(2.1), there is z € AN(A—~yy)N(A—~(z+y)). Clearly, yy+z,v(x+y)+z € A
and, by (2.20),
Do (x) +vDo(y) + Do(2) = vDo(x) + Do(vy + 2)
= Do(v(z +y) + 2) = yDo(z +y) + Do(2).
In this way we have proved that
(2.21) Do(z +y) = Do(x) + Do(y), z,y € A,z +ye A

Hence, by Lemma 2.4, there exists an additive D : A — M such that Dy(z) =
D(x) for z € A.
Let z € A and v € T'\ {0}. Clearly AN (x + A) # (), which means that
T = x1 — T2 with some z1,z9 € A. Take
y€ AN (A+yx2) N (A+yzy — 7).
Using (2.20) and the additivity of D we derive

vD(z) + D(y) = vD(z1) + D(y) — yD(—22)
=7D(z1) + D(—yz2 +y)
= D(yz1 — yz2 + )
= D(yz) + D(y).
Thus, we have proved (2.7). If I has a bounded subset belonging to By, then
Lemma 2.1 implies that D is F-linear.

To prove the uniqueness part of the theorem, assume that there exists an
additive mapping D : A — M with the properties

D(px) = pD(x),  |d(z) - D(x)|| < ¥(x), z€A

Then it is easy to see that D is a solution of the equation (2.17) (i.e., it is a
fixed point of 7) and

(2.22) |D(z) — D(z)|| <2¥(x), €A

We have to consider the cases (i) and (ii) separately.
CASE (i). We have

v((c/m)z, (1 - o))

) = T (/e L= 9a)°

T € A.
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We show by induction that, for each j € Ny,

D) <2 (M) ¥ ((¢/m)w, (1 =)o)

(2.23) I1D(z) — —&((c/p)z, (1= o)z)

T € A.

The case j = 0 is exactly (2.22). So, fix j € Ny and assume that (2.23) holds
for j. Then, by (2.4), we get

ID(@) = D(x)|| = | TD(x) - TD(x)|

- H)\D(Ex)JrVD((lfc) ) — AD(; z) —vD((1- o))

( ) (e, (1 = ¢)(c/p)x)
< 2 e (e, < = (e/n))
( ) (el 0, (01— o)
T e = O, (1= o)
<2|A|< Do/, (1 &)(e/p)e)
= e/ 1 0w)
W (Aa) 0 (/)1 — o), (1 — e)2a)
—e((c/mw (1 — )
(M) 0 ((e/p)z, (1 — 0)2)
— &/ (1 - o)

+2

=2

, xz e A

Thus, we have shown (2.23). Letting j — oo in (2.23) and using (2.14), we
get D(x) = D(x) for z € A, whence Lemma 2.4 yields D = D.
CASE (ii). In this case

= N 1 1
=Y lu+1 1/)(<M+1)n+1:c, (NH)on), z €A

We show that, for every j € Ny and = € A, we have

220) D)~ D)l <23 e+ 10 )
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The case j = 0 is exactly (2.22). So, fix j € Ny and assume that (2.24) holds
for j. Then, for each x € A, we get

ID(z) = D(x)|| = | TD(z) - TD(x)|

- "(qul)D(,u—ll—lx) G 1)5(;1—1|— 1:8)H

o0
1 1
Sm”+”§:m+iwau+1W”qu+1W”x)

n=j

= " 1 1

n=j+1

Thus, we have proved (2.24). Letting j — oo in (2.24), due to assumption
(2.6) we get that D(z) = D(z) for z € A, whence, by Lemma 2.4, we have

D = D. The proof is completed. O

The next theorem provides a result that is complementary to Theorem 2.6
(ii). We can prove it analogously as Theorem 2.6 (ii), but, for the convenience
of the readers, we present a more direct, elementary, and simpler reasoning,
patterned on the original ideas of Hyers from [13].

THEOREM 2.7. Let T CF, B€Z, A:= A\ B, ¢ : A2 = [0,0), and let
d: A — M satisfies the inequality (2.2). Suppose that there is p € T\ {—1,0}
such that (n+1)A C A and

_ = 1" 1"
(2.25) w@%Z%MWﬂJjﬁﬁf)m)<w, z € A
(2.26) fiming LEF D" WD) g

n—o0 w1
Then there exists a unique additive D : A — M such that (2.7) holds and
ld(z) = D(z)|| <W(z), z€A
In particular,
1 n
D(z) = lim 7d((u+ )"2)
nooe (p+1)"
Moreover, if I' has a bounded subset belonging to Br, then D is F-linear.

, x € A

PRrOOF. Replacing y by « in (2.2), we obtain
|ar+ Do) = (y+ Da@)| < v(@a). v eaqeT\{-10},

which, with v = p, gives

| =t + Do) - a@)] <
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Using the induction, it is easy to see that

) Haw+nwﬂa<

(n+1)? (0 +

’ Ef (p+ e, (u+ 1))

IS

k=

for all z € A and all p > ¢ > 0. By (2.25), it follows that for all z € A, the
sequence

d mx)y e
(e

is Cauchy and, since M is complete, it is convergent. Thus, we can define a
mapping Dy : A - M by

Dofx) = lim AR V")

Replacing x by (@ + 1)z and y by (x4 1)"y in (2.2), we obtain

H dy(p+1)"z+@E+D"y)  d(p+D"x)  d((p+1)"y) H

EE BN ESYE (+1)"
< Ylp+ 1), (p+ 1))
- o+ 1"

for z,y € A, v € ' with vz + y € A and n € N. Hence, by (2.26), we get
(2.20). Next, in the same way as in the proof of Theorem 2.7, we deduce from
(2.20) that there exists an additive D : A — M such that Dy(x) = D(zx) for
x € A and (2.7) holds. Moreover, such D is F-linear when I" has a bounded
subset belonging to Bp.

Now, writing ¢ = 0 in (2.27), we obtain

Z¢ (n+ D*z, (u+ 1)*z)
CERTEE—

1)P
|das i) e

(n+1)P

whence, letting p — oo, we get ||d(z) — D(z)|| < 1 (x) for x € A.

It remains to show that D is the unique additive mapping satisfying (2.7).
So, suppose that there exists another additive mapping D : A — M such that
D(yz) =~vD(z) for z € A, v €T, and ||d(z) — D(z)|| < () for z € A. Then
it is easﬂy seen that
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and, consequently, for all x € A,
|D(@) = D(@)|| = Jim_ o+ 117" [d(( + 1)"2) = D((u+ 1))
< lim fp+ 17" ((n 4 1) )

1 kJrn 1 k+n
hmzw (1 + 1), (5 + 1))
n~>oo M + 1|k+n+1

P((p+ Dz, (u+ 1)kz)
lim =0.
nLOOZ |M+1|k+1 0

Therefore, D(z) = 5(36) for z € A and, by Lemma 2.4, D = D. This
completes the proof. O

3. STABILITY OF GENERALIZED LIE DERIVATIONS

Given A C A, we write Ag := AU {[z,y] : &,y € A}, A:= A, \ {0} and,
for a € A\ {0} and v € IF\{O} with aA C yA and (1 —a)A C A, we define a
linear operator AV RA U RA — RA RA2 by

~ a
ANo(x,y) = 725<—:E,—y) + 75(—1, 1—a y) + 75( 1—a)x, —y)
“()va"v()"()v

A? A?
+0((1 —a)z, (1 —a)y), deRy URY ,x,y € A
The next two theorems are the main results of this paper.

THEOREM 3.1. Let T CF, BET, A= A\B,d: A—> M, g: Ay = M,
and @1, pa, 3 A% — [0, 00) satisfy the following three inequalities
(3.1) [ld(yz +y) —yd(z) —d(y)l| < v1(z,y), z,y€Ayel,ye+ycA,
(32) [lgve+y) —v9(z) — gl < pa(,y), @y A yeT,ya+ye A4,
3.3) llg(lz,9) — 9(2)y + 9(y)x — zd(y) + yd(2)[| < @s(x,y),  x,y € A.
Suppose that one of the following two collections of assumptions is fulfilled.

(i) There are &,& : A2 — [0,1), ¢ € F\ {0}, p € T\ {0} such that
cAC pA, (1—c)AC A and, for every x,y € A, j =1,2,

(34)  Iules (S m) + 00— A (1= ) < &G v)es )
(35 &5 ;)s&( W, &1 =0z (1- ) < &(e,y),
(3.6) lim (/A\é‘)ngag(m,y) =0.

n—oo
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(ii) There is € T'\ {0, =1} with A C (u+ 1)A and, for all x,y € A,

(3.7) Zi@) =D Ip+1"e; ((+1) ", (u+1)""z) < oo,
n=0

(3.8) i [+ 175 ((n+ 1) 7", (+1)7"y) =0,

(3.9) Jim [+ 13 (0 + 1) "2, (n+1)7"y) = 0.

Then there exist a unique additive D : A — M and a unique generalized Lie
D-derivation G : A — M such that

(3.10) G(yx) = vG(x), D(~x) = vD(x), xeAyeT,
(3.11) [[d(z) — D(x)[| < ®1(2), llg(y) — GW)| < Pa(y), z€AyeA,
where @1 : A — M and ®5: A — M are given by

B, (z) = {(1 = &((c/wz, (1 = c)x) Lo;((c/p)m, (1 = c)z), if (i) holds

?;((p+1)" ), if (ii) holds”
In particular,
(312) D(z):= lim (T"d)(x), Gly):= lim (T"g)(y), weAyeci

where T is given by (3.13) if (i) holds and by (3.14) if (ii) holds. Moreover,
if T’ has a bounded subset belonging to By, then D and G are F-linear.

PROOF. It is easily seen that, by (3.1), (3.2), and Theorem 2.6 with
1 = ; for i = 1,2, there exist unique additive functions G, D : A — M
satisfying (3.10) and (3.11). Moreover, (3.12) holds. Here, in the case of (i),

(3.13) Tn(x) = ,un(gac) +n((1 = ¢)x), ne MU MAU M‘ZO,
and, in the case of (ii),

(314) Ty =(u+ 1>n(u_1F ),

If I has a bounded subset belonging to B, then G and D are F-linear.
Next, we show that

(3.15) G([z,y]) = G(z)y — G(y)r +xD(y) —yD(x), z,y € A,[z,y] #0.

At this part, we have to distinguish two cases according to (i) and (ii).
CASE (i). First, we prove that for all n € Ny,

(3.16) 17" g([z,y]) — T"g(x)y + T g(y)z — T d(y) + yT"d(z)|
< (M) "ps(z,w), oy € A lr,y] £0.

ne MAUMAUMAo,
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Since (3.16) with n = 0 is just (3.3), it is enough to observe that for every
n € Ng and z,y,z,w € A with [z,y] # 0,

T gl y]) =p T g (e 0l) + T g (1= ) )
=T [ y]) + 79 (101 - 9w, y))

(
S (L ()
(

([0 =) ] ) + T ([(1 = ), (1))

T "Hg(z)w =u27"9(£ )uw +uT"g (M >(1 —w

FUTg((1 = 02) w+ T"g((1 = ¢)2)(1 = cJu

wT™ld(z) = ( w)T"d (u 2) +u(l - JuwT™d (u )
+u( ) Trd((1 - €)2) + (1 — uT"d((1 - c)2).

Consequently, under the assumption that (3.16) holds for some n € Ny, we
have

|72V g([a,y]) — T g(x)y + T g(y)a — 2T d(y) + yTHd(z)|
2 e\, (E € IN DL A _
1l (A) s (1 = ), —y) + ()" es((1 — ), (1~ ely)
= (A" ps(x,y),  x,y € Az,y] #0,n € No.

So, we have proved (3.16). Letting n — oo in (3.16) and using (3.6), we obtain
the equality (3.15), as desired.
CASE (ii). Note that

G(z) = lim (u+1)"g((u+1)""z), z€A,

n—oo

D(z) = lim (p+1)"d((p+ 1) "z), x € A.

n—oo
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Hence, according to (3.3) and (3.9), for every z,y € A with [z,y] # 0, we
have

1G([z,y]) — G(x)y + G(y)x — xD(y) + yD(z)||
= Tim |p+ 17" ||g([(e + 1) 2, (n+1)7"y])

—g((n+ 1)) (u+1) "y +g((p+ D) "y)(p+1) "
—(p+ 1) 2d((p+1)""y) + (p+ 1) "yd((p+ 1) ") |
< lim Jp+ 125 ((n + 1) 7", (+ 1) "y) = 0.
Thus, (3.15) holds in this case as well.
Finally, let z,w € A be arbitrary. Utilizing identity (3.15) and the addi-
tivity of the mappings G and D, we receive
G([z,w]) =G([z1 — z2, w1 — wa])
G( 1 wi]) = G([z1, we]) — G([z2, wr]) + G([22, wa])
G(z1)w1 — G(wy)z1 + z1D(w1) — w1 D(z1)
G(z1)wa + G(wa)z1 — z1D(w2) + waD(z1)
G(z2)w1 + G(wy)za — zoD(w1) + wi D(22)
G(z2)we — G(wa)za + 22D (w3) — waD(22)
= G(zl — z9) (w1 — we) — G(wy — wa)(z1 — 22)
+ (21 — 22)D(w1 — wa) — (w1 — we)D(21 — 22)
=G(z)w — G(w)z + zD(w) — wD(z).

z

22

In this way we have shown that G is a generalized Lie D-derivation. The
proof is completed. O

As the following corollary shows, assumptions (3.2) and (3.3) in the pre-
vious theorem can be replaced by only one inequality (for the sake of the
simplicity, we consider only the case A = A).

COROLLARY 3.2. Let ' CF, ¢ : A* = [0,0), d,g: A — M and
(317)  [ld(yz +y) —d(z) —dy)|| < (2,9,0,0),  z,yeAryel,

(3.18)  [lg(vz +y+ [2,w]) = v9(x) — 9(y) — g(2)w + g(w)z
— zd(w) + wd(z H<<pacy,z w), z,y,z,we AyeTl.

Suppose that one of the collections of the assumptions (i) and (ii) of Theorem
3.1 is fulfilled for A = A, pj(z,y) = ¢(2,9,0,0) (x,y € A, j =1,2), and
w3(z,w) = ¢(0,0,z,w) (z,w € A). Then all the statements of Theorem 3.1
are valid with A = A.
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PROOF. Taking z = w =0 in (3.18) we get
(3.19) lg(ve +y) —vg9(x) —gW)|| < p2(z,y), zy€AyeT.
Next, taking x =y = 0 and v = p in (3.18), we obtain
9([z, w]) = g(2)w + g(w)z — zd(w) + wd(z)||
<ps(z,w) + |u+ 1] [lg(0 )|| = @3(z,w),  zweA

Again, we observe the cases (i) and (ii) separately.
CASE (i). Clearly, (3.4) implies that

(|M| + 1)901(0’ O) < 6(07 0)901(07 0)
Since |pu|+1 > 1 > £(0,0), this means that 2(0,0) = 0. Consequently, (3.18)
with x =y = 2z = w = 0 and v = p yields g(0) = 0. Hence, in this case
3 = p3 and it is enough to use Theorem 3.1 (i).
CASE (ii). Note that if [u+1| > 1, then from (3.8) we get ©2(0,0) = 0, whence
(3.18), with z = y = 2z = w = 0 and v = p, yields g(0) = 0. Consequently,
w3 = p3 and it is enough to use Theorem 3.1 (ii).
Finally, when |p + 1] < 1, by (3.9), we have

lim |+ 13 (e + 1) ", (p+1)""y)
n—oo

= lim |+ 1% ((e+1) "2, (n+1)""y)
[+ 1" g (0)]]

+nh_>n;0 = ot 1] =0, z,y € A
Consequently, we use Theorem 3.1 (ii) with ¢3 replaced by @s. O

The next theorem is complementary to Theorem 3.1 (ii).

THEOREM 3.3. Let D CF, B€Z, A:= A\ B, ¢1,02,03: A2 = [0,00),
d: A= M, g: Ay = M, and let (3.1)—(3.3) be valid. Suppose that there is
pw €T\ {1} such that (u+1)A C A,

_ wi((p+ )", (p+ 1)"z) ) ~
3.20 - < 00, =1,2,x € A,
( ) (pz Z |,LL T 1|n+1 0 (3 X

(3.21) lim g P2+ D", (4 1)"y)
’ n—o00 |lu, + ]_|2”

and (2.26) is fulfilled by ¢ € {¢1,p2} with A replaced by A. Then there exist
a unique additive D : A — M and a unique generalized Lie D-derivation
G: A — M such that (3.10) holds and

(322) [ld(z) - D(@)| <Py(2), llgw) =G <Puoly), weAyeA

In particular, the condition (3.23) is valid. Moreover, if T' has a bounded
subset belonging to Br, then D and G are F-linear.

:0) I)yeA)
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PRrROOF. According to (3.1), (3.2) and Theorem 2.7, there exist additive
mappings G, D : A — M with

n n
(3.23) D(z) = lim M, G(y) = lim gllp+ V")
n—oo  (p+1)" n—oo  (p+1)"
for all x € A, y € A. Moreover, the mappings D and G are the unique
solutions of (3.10), resp. (3.22). If T" has a bounded subset from Bp, then D
and G are F-linear.
Further, for every z,y € A,

g D™yl ([ D), (e +1)"y])

)

whence, in view of (3.3) and (3.21),
|G([x,y]) — G(x)y + G(y)x — xD(y) + yD(z)||
= Tim |p+ 117" {|g([(e + )"z, (1 +1)"y))
—g((p+1)"2)(p+1)"y +g((n+1)"y)(p +1)"x
— (p+ 1) ad((u+1)"y) + (p+1)"yd((p+1)"2)||

Thus, we have obtained (3.15). Now, in the same way as at the very end of the
proof of Theorem 3.1, we can show that G is a generalized Lie D-derivation.
O

4. APPLICATIONS

Let A; C A, n;,e; € [0,00), and p; € R for i = 1,2,3. Moreover, suppose
that p; > 0or 0 ¢ A; for i =1,2,3. We will show applications of some of our
results to a very simple case when A is a normed Lie algebra and

(41) ()Ol(x7y) = 77i+5i(||$”p7' +Hprl)) x7y€Ai7i: 15273'

In this section, we assume all the time that I' C F \ {0}, 0 # A C A,
O1, 02,051 A2 = — [0,00) are defined by (4.1), and ¢ : Ay > Mand d: A —
M are mappings satisfying conditions (3.1)—(3.3).

The first theorem reads as follows.

THEOREM 4.1. Let ps # 2, n3(ps — 2) < 0 and suppose that one of the
following three conditions is valid
(a) A=A, T is unbounded, p1 > 1, po > 1, and 1 = n2 = 0;
(b) A= A\{0}, T is unbounded, and p; <1 fori=1,2;
(¢) pi <0 fori=1,2 and there exists B € T with 2B = B and A = A\ B.



ON APPROXIMATE GENERALIZED LIE DERIVATIONS 93

Then there exist a unique additive mapping D : A — M and a unique gene-
ralized Lie D-derivation G : A — M such that (3.10) holds and

(4.2) d(z)=D(x), gy)=G(y), =z€AycA
If T has a bounded subset from By, then G and D are F-linear.

Proor. Note that the condition n3(ps — 2) < 0 is equivalent to the fol-
lowing one

(4.3) if p3 > 2, then n3 =0.

First, we show that there exist unique additive D, G : A — M fulfilling (3.10)
and (4.2). We have to consider all three cases separately.
CASE (a). Clearly, the conditions (3.4) and (3.5) hold with the constant &;
given by (4.15). Next, for each n € N, there are y1,, € I and ¢,, € F such that
ltin| > n,

lenllPlun ' 7P + 111 = enl” <1, i=1,2,
and lim,,_,~ ¢, = 1. Theorem 2.6 (i) implies that, for every n € N, there exist
unique additive D,,, G,, : A — M such that

(4.4) Gn(yz) = 7Gn(2), Dy (yzx) = vDp(z), reAyerl,

(4.5)  |ld(z) = Du(2)]| < drn(x),  [lg(x) = Gu(2)]| < dan(z),  z €A,

where
fin(z) = el Il 0+ 11— a1
R =

il ceAi=12.
L= [lenllPi|pn]t =P — |11 — cy[Pf eifl 2™, z X 5

The uniqueness of D,, and G,, implies that D; = D,, and G; = G,, for every
n € N. Since

lim ¢in(z) =0, x€A,

n—oo
(4.5) yields (4.2) with D = D; and G = G;.
CASE (b). For each n € N, there is u,, € I" such that |, + 1| > n. Note that

Z 901 Nn + ]- (Mn + l)kx)
[n + 11

2 —
e >~ o + 110 Vo
" k=0

o0
; B
Pi + -
;) |Nn + 1|k+1

Ui
= +
|Mn+1|_|ﬂn+1|pi |Mn+1|_1’

Pi

o Pl + D (o + D)) no
lim = lim =
k—oc0 |‘Ll,n+]_|k k—o00 |:U/ —|—1|k(1 Di) |‘un+]_|k

)
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for x,y € A, n € N, ¢ = 1,2. Hence, Theorem 2.7 implies that, for every
n € N, there are unique additive D,,, G, : A — M such that (4.4) holds and

(4.6) [ld(z) = Du(@)ll < ¥y, (), Ng(@) = Gu(@)]| < Wy, (2)(x), = € A

The uniqueness of D,, and G,, implies that D; = D,, and G; = G,, for every
n € N. Since

lim ¢, ,(z) =0, reAi=1,2,

n—oo

(4.6) yields (4.2) with D = D; and G = G;.
CaAsE (¢). Fix p € '\ {0}. Since p; < 0 and py < 0, there is an m € N such
that
MR 1P 4 (2" — 1P < 1, i=1,2,n>m.
It is easy to check that conditions (2.3) and (2.4) hold with ¢ = ¢; and
E=¢nfori=1,2and n € N, n > m, where
gi,n (’JJ, y) =2"P

From Theorem 2.6 (i) we derive that, for each n € N, n > m, there exist
unique additive Dy, G,, : A — M such that (4.4) is fulfilled and

(4.7) () = Dn(@)|| < ¢1,n(x),  llg(x) = Gu ()] < ¢2,n(y)

forxe A, ye A and with

2mPi || 1=Pi 4 (27 — 1)Pi

. — pi
Pin (@) 1 —2mPi|p[l=pi (27 — 1)Pi el

p|t P4 (2 — 1P, i=1,2,neN,n>m.

fori=1,2,neN,n>m,zé€ A. Clearly, the uniqueness of D, and G,
implies that

D,, = D,, Gm =Gy, n € N,n>m.
Consequently, (4.7) yields (4.2) for D = Dy and G = G; because

lm ¢ipim(z) =0, i=122¢cA.

n—oo

Thus, we have proved that, in all those three cases, there exist unique
additive D,G : A — M such that (3.10) and (4.2) are valid. Moreover, if
I has a bounded subset belonging to By, then (3.10) and Lemma 2.1 imply
that D and G are F-linear.

It remains to show that G is a generalized Lie D-derivation. To this end,
we first prove that

4.8)  g([z,y]) = g(x)y — g(y)z + zd(y) — yd(x), z,y € A, [z, y] #0,
(4.9)  g(x)y —g(y)r +2d(y) —yd(x) =0,  x,y€ A [r,y] =0,
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Suppose that p3 < 2 and fix 2,y € A. If [x,y] # 0, then, according to
(3.3) and (4.2),

lg([z,y]) — 9(x)y + g(y)x — zd(y) + yd(z)||
=272 g([2"z, 2"y]) — g(2"x)2"y
+9(2"y)2"x — 2"xd(2"y) + 2"yd(2" )|
<27 2gg((12"x )P + |27y [70) + 27 s
=2 Dy (|| + [ly|P*) + 272 ns,  mEN,

whence, letting n — 0o, we obtain that (4.8) holds. If [z, y] = 0, then for each
n € N, we have ¢g(0) = ¢g([2"z,2"y]) and, again by (3.3) and (4.2),

19(0) — 2°™(g(x)y — g(y)x + xd(y) — yd(x))||
<es([2"z[|P* + (12 y|P*) +n3 = 2”3"€s(llwll”3 + [[ylI?®) + n3,
whence
[27279(0) — g(z)y + g(y)x — zd(y) + yd(z)|
< 237 2neg (|| ||2 + ||y[|P*) + 272 s

which, with n — oo, yields (4.9).
Now, let p3 > 2 and z,y € A. If [z,y] # 0, then, in view of (3.3), (4.2),
and (4.3), we obtain that

lg([z,y]) — 9(x)y + g(y)x — zd(y) + yd(z)||
=2"[g([27"x, 27 "y]) — g(27 )2 "y
+g(27"y)2 " — 27 "wd (27 "y) + 27 "yd(27 ") ||
<2%eg([27 a2 + 127y [1P?)
=20@ P gy (||z|Ps + [ly|**), meN.

Letting n — oo, we get (4.8). If [x,y] = 0, then, again by (3.3), (4.2), and
(4.3), for every n € N, we have

|9(0) = 272" (g(x)y — g(y)x + xd(y (@)
<es([l27"z||P* 4+ 127 y[|”*) +ns =27 p3”€3(||$||p3 +yl”*) + s
and, consequently,
12*79(0) — g(x)y + g(y)x — xd(y) + yd(x)|| < 227 P e5(]lx]|P* + y[P*),

whence, with n — oo, we get (4.9).
It is easily seen that from (4.2), (4.8), and (4.9) we obtain

(4.10) G([z,y]) = G(z)y — G(y)r + xD(y) — yD(x), z,y € A

Now, we can complete the proof analogously as in the proof of Theorem 3.1.
Namely, for every z,w € A, there exist z1, 20, w1, we € A with z = 27 — 29,
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w = w; — we and, consequently, by (4.10) and by the additivity of G and D,
we have

G([z,w]) =G([z1 — 22, w1 — w2))
= G([z1,w1]) = G([z1,wa]) = G([z2, w1]) + G([22, w2])
=G(z1)wy — G(w1)z1 + z1D(wy) — w1 D(z1)
=G(z1)wy — G(w1)z1 + z21D(wy) — w1 D(z1)
G(z1)we + G(wa)z1 — z1D(wa) + waD(z1)
G(z2)w1 + G(wy)ze — zoD(w1) + w1 D(22)
G(z2)we — G(wa)z + z2D(wa) — waD(22)
= G(Zl — z9) (w1 — wa) — G(wy — wa)(z1 — 22)
+ (21 — z2)D(w1 — wa) — (w1 — wa2)D(21 — 22)
=G(2)w — G(w)z + zD(w) — wD(z).
In this way we have shown that G is a generalized Lie D-derivation. The

proof is completed. O

The next two theorems concern some cases that are complementary to
those described in (a)—(c). For the sake of simplicity we present them only
for A = A or, when necessary, for A = A\ {0}. As before, we assume that
g: Ag— Mandd: A— M are mappings satisfying conditions (3.1)—(3.3).

THEOREM 4.2. Let A=A and s :=sup{|]y|: v € I'} < co. If there is
Yo €T with || =1, m =n2=n3 =0, p1 > 1, pa > 1, and p3 > 2, then
there exist a unique additive mapping D : A — M and a unique generalized
Lie D-deriation G : A — M such that (3.10) holds and

piea]z|” p2ea| x|
(411)  |ld(z) = D@)|| < ————,  lg(x) = G(2)]| < =
1—p; 1—p2
for all x € A, where
P ::inf{|c pi:cEIF}, i=1,2.

Moreover, if I' has a subset from By, then G and D are F-linear.

Pigl—pi

PRrROOF. Taking x =y =0 in (3.1) and (3.2) we get
(4.12) g(0) =0, d(0) = 0.
Next, since p; > 1 for i = 1,2, p3 > 2, and s > 1, there are ¢ € F \ {0} and
w €T\ {0} with
(4.13) le

Pi ‘LL|1*P1' + |1 —c

Pl i=1,2,

(4.14) (el + 1) (el 11772 4 1 = c?) < 1.

For example, we can choose ¢ = 1/2 and p = 7.
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It is easy to check that conditions (3.4) and (3.5) hold with the constant
function &, defined by

(4.15) &(z,y) = el |pl P+ [L—cffr,  j=1,2.
Further, for every z,w € A, we have
Atpg(z,w) = 5|l + 1)([efP* |17 + 1= cfP*) (|| 2][P* + [|w]*)
= (el + D (JefP* [ 772 + 1 = cfP*) s (2, w),
whence, on account of (4.13),

lim (/A\é‘)nga;g(z,w) = 0.

n—oo

By Theorem 3.1 (i) (with A = A) and by (4.12), there exist a unique additive
D : A — M and a unique generalized Lie D-derivation G : A — M fulfilling
(3.10) and such that

[d(z) = D(z)|| < ®1(2), [lg(z) - G| < P2(z), x €A,
with

N R
R v e

Moreover, by Theorem 2.6 (i), for every co € F \ {0} and po € "\ {0} with
lleoll? ol P + 1 = collP <1, i=1,2,
there exist unique additive Dy, Gg : A — M such that
Go(yx) =1Go(x),  Do(yx) =vDo(z), wze€Aryel,

el reAi=1,2.

ld(z) — Do()|| < ®1(2),  ||lg(@) — Go(@)]| < P2(x), @€ A,

where

~ Di 1—ps 1— Di

Bi(z) = llco HO| 17% 11— col
Pl 7 — T —co

Clearly, the uniqueness of G, G, D, and Dy means that G = Gy and D = D,

whence (4.11) is valid. The proof is completed. O

. Dpi M
=T e - eillx||P?, reAi=1,2.

THEOREM 4.3. Let A= A\{0}, o:=sup{|lp+1l:peT}>1,p <1,
p2 < 1, p3 < 2, and suppose that T' is bounded. Then there are a unique
additive mapping D : A — M and a unique generalized Lie D-derivation
G: A — M such that (3.10) holds and

< 2alal” , m

@) ) - D) < e oy,
@17) e - ) < 2 T e g oy,

Moreover, if I' has a subset from By, then G and D are F-linear.
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PROOF. Take p € T with |+ 1| > 1. Note that

Z% (14 )", (5 + 1))

I

— + 1@ Dg, ||z ||P* +
WHZW R e

j i
= + , x €A,
|u+1l—lu+1|’“ lw+1 -1

pi((p+1)"x, (p+1)"y)

lim
n—oo |+ 1
pPi Pi .
~ lim 12l Ll T _0, ayedi=12,
N N A
lim £l )"z (4 1)"w)
n—>o0 [+ 12"

B e

e R I 2 1T L

Hence, by Theorem 3.3, there exist a unique additive D, : A — M and a

unique generalized Lie D ,-derivation G, : A — M such that (3.10) and (3.22)

hold with D and G replaced by D,, and G,,, respectively. Moreover, if I' has
a bounded subset belonging to By, then D, and G, are F-linear.

Clearly, the uniqueness of D, and G, implies that D := D, = D, and

G =G, =G, for all v € T with |v 4+ 1| > 1. Thus, (4.16) and (4.17) are

valid and the proof is completed. 0

=0, z,w € A.
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