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ABSTRACT • In most cases high cutting speed is used when cutting wood by circular saw. This results in oscillat-
ing of circular saw blade, which may lead to destroying the tool, machine or hurting the operator. The aim of this 
paper is to show that it is possible to apply any of the methods used in the research as an equivalent method for 
obtaining the values of natural frequencies of circular saw blade. The article deals with three methods for obtain-
ing the values of natural frequencies. The fi rst method is modal analysis, the second method is the determination 
of values measured experimentally and the last method calculates the values by Bessel functions. A circular saw 
blade was used with the diameter of 350 mm and 36 teeth on the blade.
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SAŽETAK • Tijekom rezanja drva kružnim pilama vrlo se često primijenjuje velika brzina rezanja, što uzrokuje 
oscilacije lista kružne pila te katkad može rezultirati uništavanjem alata odnosno stroja ili dovesti do ozljede 
radnika. Cilj je ovoga rada prikazati mogućnosti primjene različitih metoda za određivanje vrijednosti vlastitih 
frekvencija lista kružne pile. U članku se prikazuje primjena triju metoda za određivanje vrijednosti vlastitih 
frekvencija lista kružne pile. Prva je metoda modalna analiza, druga je metoda eksperimentalno određivanje 
vlastitih frekvencija uz pomoć mjernog uređaja, a treća je metoda izračunavanje vrijednosti frekvencija s pomoću 
Besselovih funkcija. U eksperimentu je upotrijebljen list kružne pila promjera 350 mm s 36 zubi.

Ključne riječi: list kružne pile, kritična brzina vrtnje, vlastite frekvencije, metoda konačnih elemenata
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1  INTRODUCTION
1.  UVOD

Circular saw dynamic features such as workpiece 
characteristics, circular saw blade accuracy, and static 
and dynamic properties of the tool infl uence the accu-

racy of sawing, surface roughness, operating noise 
level, tool life, etc.

As the circular saw blade is the most common 
device for cutting wood and wood based materials in 
the wood industry, it is important to deal with the prob-
lem of oscillation of circular saw blade. Vibrations are 
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emitted during the cutting process and when the critical 
rotational speed is reached, the circular saw blade be-
comes unstable. So the reduction of the amplitude of 
oscillations is essential for improving the parameters 
such as surface quality, precision of cutting, increase of 
the yield and longer tool life, but also for reducing 
noise. Therefore, it is necessary to fi nd solutions to 
eliminate these adverse effects. 

There are many methods for determining natural 
frequencies (the next step is to calculate critical rota-
tional speed). The values calculated using various 
equations do not give an idea of how the circular saw 
blade behaves. For better understanding, a software 
program was used in this paper that displays the defor-
mation of the circular saw blade as a result of oscilla-
tion. The results of circular saw blade static modal 
analysis (for nodal diameter n=4, and nodal circles 
m=0) is shown in Figure 1.

Instability of circular saw blade was the subject of 
many scientifi c studies. Many scientists dealt with ex-
perimental methods of circular saw blade oscillation 
(Mote, 1965; Pahlitzsch and Rowinski, 1966; Stakhiev, 
1970, 1998, 2000; Schajer and Mote, 1983; Yu and 
Mote, 1987; Nishio and Marui, 1996; Siklienka and 
Svoreň, 1997; Orlowski et al., 2007; Javorek, Ľ. et al., 
2010; Veselý et al., 2012). Some authors studied the ap-
plication of the fi nite element method using different 
software programs to determine the oscillation of saw 
blade (Gogu, 1988; Holyen, 1987, Leopold and Münz, 
1992; Michna and Svoreň, 2007; Ekevad et al., 2009). 
The analytical solution that uses the Bessel function was 
studied by Southwell (1922) and Kirshoff (1982).

2  MATERIAL AND METHODS
2.  MATERIJAL I METODE

In practice, one of the most important questions 
is how to evaluate the critical rotational speed of circu-

lar saw blade. To solve this problem, it is necessary to 
determine the values of natural frequencies. The pa-
rameters of the circular saw blade used in this paper are 
shown in Table 1.

Table 1 Parameters of the circular saw blade
Tablica 1. Parametri lista kružne pile

Outer diameter / Vanjski promjer 350 mm
Inner diameter / Unutarnji promjer 30 mm
Number of teeth / Broj zubiju 36
Thickness of body / Debljina 2.4 mm
Height of tooth / Visina zuba 13 mm

For clamping circular saw blade, clamping col-
lars were used with the diameter dc = 110 mm.

This paper considers three methods for obtaining 
the values of natural frequencies:
- Bessel functions
- FEM (academic version ProEngineer WF 4)
- Experimental measurement.

2.1  Bessel functions
2.1.  Besselove funkcije

Differential equation of vibration of circular saw 
blade can be expressed as follows (Benhao, et al. 
2009):

 (1)

Here, the bending stiffness of the blade is:

  (2)

Where:
h –  thickness of circular saw blade / debljina lista 

kružne pile, mm
E –  modulus of elasticity / modul elastičnosti, Nm-2 

(E=2.1× 1011)
n – Poisson ratio / Poissonov omjer (n=0.33).

The differential equation is solved by separation 
of variables. The resulting function can be written in 
the form:

  (3)

Where:
n – number of nodal diameters / broj čvornih promjera.

Function R(k,r) is solved by Bessel functions.

 (4)

Where:   (5)

r – density / gustoća, kgm-3 (r=7800 kgm-3)
Jn –  the Bessel function of the fi rst kind of order n / 

Besselova funkcija prve vrste reda n
Nn –  the Bessel function of the second kind of order n / 

Besselova funkcija druge vrste reda n

Figure 1 Model of circular saw blade by modal analysis in 
deformed state (n = 4; m  = 0; f = 439.45 Hz)
Slika 1. Model lista kružne pile u deformiranom stanju 
dobiven modalnom analizom (n= 4; m = 0; f = 439,45 Hz)
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In –  the modifi ed Bessel function of the fi rst kind of 
order n / modifi cirana Besselova funkcija prve 
vrste reda n

Kn –  the modifi ed Bessel function of the second kind of 
order n / modifi cirana Besselova funkcija druge 
vrste reda n

An, Bn, Cn, Dn  are (to be) determined constants / utvrđene 
konstante.

After the theoretical solution, the formula ob-
tained for natural frequency was:

  (6)

Where
D –  diameter of circular saw blade / promjer lista 

kružne pile, mm
α –  coeffi cient (depending on n and clamping ratio) / 

koefi cijent (ovisan o n i o omjeru pričvršćenja lista)
Natural frequency can be expressed by the fol-

lowing formula:

  (7) 

2.2  Modal analyses
2.2.  Modalna analiza

Pro/Engineer WF4 software with FEM module 
was used for the theoretical modal analysis. The values 
of natural frequencies were obtained for n = 1, 2, 3, 4 
in static modal analysis. The parameters for computing 
by FEM were: clamping diameter – 110 mm (absolute-
ly rigid); outer diameter of the model – 350 mm; num-
ber of teeth – 36. 

The resulting values of modal analysis are infl u-
enced by various parameters (material, type of model 
mesh, number of elements, etc). Five modal analyses 
were made with different element sizes. In the modal 
analysis Shell 5, shell elements of the model were used 
with the maximum size of 5 mm. In the modal analysis 
Shell 10, shell elements of the model were used with 
the maximum size of 10 mm and in the modal analysis 
Shell 20, the maximum element size was 20 mm. The 
density of circular saw blade mesh for modal analysis 
Shell 10 is shown in Fig. 2.

2.3  Experimental measurements
2.3.  Eksperimentalna mjerenja

Solid circular saw blade, whose parameters are 
presented above in Table 1, was used for experimental 
measurements of natural frequencies. The method 
(harmonic test) was presented in more detail in the pa-
per of Siklienka and Svoreň (1997). 

Natural frequencies of the non-rotating circular 
saw blade f(n=0) were measured for n = 1, 2, 3, 4 on an 
experimental stand in the Technical University in Zvo-
len (Fig. 3).

3  RESULTS AND DISCUSSION 
3.  RESULTATI I DISKUSIJA

In the next paragraph, mathematical and experi-
mental results are presented in the same sequence as in 
paragraph Material and Methods. The calculated val-
ues of natural frequencies determined by the Bessel 
function are shown in Table 2.

Table 2 Calculation values of natural frequencies deter-
mined by Bessel functions (B.F.)
Tablica 2. Izračunane vrijednosti vlastitih frekvencija 
Besselovim funkcijama

n 1 2 3 4
f, Hz 147 179 297.6 500.5

Leopold and Münz (1992) showed that the type 
(shell/solid) and number of elements had no signifi cant 
infl uence on calculation accuracy of natural frequen-
cies of circular saw blade. Our results confi rm the same 
(see the values in Table 3 and 4).

Table 3 and 4 show two very similar frequency 
values for n=1.  These values of natural frequency of 
cosine and sine components were called split mode by 
Yu and Mote (1987).

When comparing values in different columns 
(Shell 5) and (Shell 20), i.e. for maximum and mini-
mum density of mesh, the difference is practically neg-

Figure 2 Mesh density of circular saw blade and detail
Slika 2. Gustoća mreže lista kružne pile; detalj

Figure 3 Scheme of experimental stand (Orłowski and 
Javorek, 2009); A - digital oscilloscope, B - tone generator, 
C – amplifi er, D - Electromagnetic (solenoid) driver, E – 
non-contact displacement transducer, F - circular saw blade
Slika 3. Shema provedbe eksperimenta (Orłowski and 
Javorek, 2009.): A – digitalni osciloskop, B – ton-generator, 
C – pojačalo, D – elektromagnetski vozač, E – beskontaktni 
davač pomaka, F – list kružne pile.

A

B

C

D E F
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ligible (see Fig. 4), but time of computing for Shell 20 
is shorter than for Shell 5.   

The modal analysis with solid elements was 
made on a circular saw blade with the element size of 
10 mm (Solid 10) and 20 mm (Solid 20). The calcu-

lated results are shown in Table 4, and graphically in 
Figure 5.

The values of natural frequencies, which were 
determined by experimental measuring, (using the ap-
paratus in Fig. 3), are shown in Table 5. The criteria for 

Table 3 Calculated values of natural frequencies determined 
by modal analysis with shell elements
Tablica 3. Izračunane vrijednosti vlastitih frekvencija 
primjenom modalne analize s ravninskim elementima

n
Shell 5 Shell 10 Shell 20  
f, Hz f, Hz f, Hz

1 147.57
147.59 147.56
149.16 149.14

2 172.81 172.83 172.8
3 271.36 271.4 271.36
4 439.45 439.52 439.46

1 2 3 4

Solid 10 147.35 172.68 271.69 440.38

Solid 20 147.08 172.37 271.2 439.63
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1 2 3 4

Shell 5 147.57 172.81 271.36 439.45

Shell 10 147.59 172.83 271.4 439.52

Shell 20 147.56 172.8 271.36 439.46
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Figure 4 Values of natural frequencies determined by modal analysis of circular saw blade with shell elements
Slika 4. Vrijednosti vlastitih frekvencija dobivene primjenom modalne analize kružne pile s ravninskim elementima

Table 4 Calculated values of natural frequencies determined 
by modal analysis with solid elements
Tablica 4. Izračunane vrijednosti vlastitih frekvencija 
primjenom modalne analize s volumenskim elementima

n solid_10 solid_20
f, Hz f, Hz

1 147.35 147.08
148.91 148.68

2 172.68 172.37
3 271.69 271.2
4 440.38 439.63

Figure 5 Values of natural frequencies determined by modal analysis of circular saw blade with solid elements
Slika 5. Vrijednosti vlastitih frekvencija dobivenih modalnom analizom kružne pile s volumenskim elementima
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accepting the searched frequency was the quality, 
brightness and sharpness of Chladni patterns on the 
tested saw disc.

As shown in Figure 6, the values of natural fre-
quencies for n = 1 are the same for B.F. and Shell 5. 

Values are relatively identical for n = 2, and for n 
= 3 the values determined by modal analysis are pretty 
lower than the values determined by other two meth-
ods, which are identical. For n = 4, the differences be-
tween values are relatively high. It could be said that 
the values determined by modal analysis are in accord-
ance with the values determined by other methods used 
in the paper. 

4  CONCLUSIONS
4.  ZAKLJUČCI

On the basis of the experiments, it could be stated 
that: 
1.  Application of fi nite element method with various 

types of elements (shell/solid) and dimensions (5 / 
10 / 20) resulted in approximate data of natural fre-
quencies for shape modes n = 1, 2, 3, 4. This corre-
sponds to the results of other authors cited in refer-
ences. 

2.  The values of natural frequencies determined by all 
three methods are acceptable. Considering the dif-
ference in the values of natural frequencies, for n=1, 

between values determined by experimental method 
and with the use of Bessel functions, and between 
values determined by experimental method and by 
fi nite element methods, it seems that the mathemati-
cal apparatus is not able to solve exactly the state of 
thin plate (saw disc is thin plate).

3.  The good conformity of the three results shows that 
manufacturers could use the available software that 
can simulate relatively exactly the behaviour of the 
studied phenomena - in our case natural frequencies 
and other parameters in the real operating condi-
tions. The use of software will save the time and 
money of manufacturers for production of circular 
saw blades and their testing.
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