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A SELECTION THEOREM FOR SIMPLEX-VALUED MAPS
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ABSTRACT. The purpose of this short note is to prove the following
theorem. Let X be a hereditarily normal paracompact Hausdorff space,
K be a simplicial complex, and o : X — K be a function. Suppose that
{Ua|a € T} and {fa | € T} are collections such that for each o € T,
fa is a map of Uy to |K|, and if © € Uq, then fo(x) € o(z). Assume
further that {Us |« € T'} is an open cover of X. Then there exists a map
f: X — |K| such that for each z € X, f(x) € o(z).

1. INTRODUCTION

Recently ([2]) S. Mardesi¢ gave a proof of the following lemma which
had previously appeared in [1] with an incorrect proof. (We have added an
additional conclusion (4), which follows from the proof of this lemma). The
reader should recall that if K is a simplicial complex and f : A — |K| and
g : A — |K| are functions, then f and g are said to be contiguous if for each
x € A there exists a simplex o € K such that f(z), g(z) € 0.

LEMMA 1.1. Let X be a normal space and K a simplicial complex. Let
A C X be a closed set and V, U C X be open sets such that ACV CcV CU.
Ifh:U — |K| and g : V — | K| are maps such that h|V and g are contiguous,
then there exists a map k : U — |K| such that:

(1) k and h are contiguous,

(2) K| A=g|A,

(3) k| U\V =h|U\V, and

(4) ifx €V and h(z), g(x) € 0 € K, then k(z) € 0.
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This lemma along with its proof motivated us to think about a situation
in which there might be a “piecewise” contiguous set of maps. In the next
section we shall apply Lemma 1.1 along with the “local-to-global” technique
of E. Michael to prove our main result, Theorem 1.2, a proposition about
amalgamating a piecewise contiguous collection of maps into one map. This
theorem applies to the class of hereditarily normal paracompact Hausdorff
spaces and thus includes all metrizable spaces, and even the larger class of
stratifiable spaces (information about stratifiable spaces can be found, e.g., in
[1)-

If K is a simplicial complex, X is a space, 0 : X — K is a function,
and {U,|a € T'} is an open cover of X, then one says that a collection
{fa : Uy — |K||a € T} of maps is a selection of o if f,(z) € o(z) for each
z e U,.

Here is the main result of this paper.

THEOREM 1.2. Let X be a hereditarily normal paracompact Hausdorff
space, K be a simplicial complex, and o : X — K be a function. Suppose that
{Ua | @ €T} is an open cover of X and {fo : Uy — |K||a € T'} is a selection
of o. Then there exists a selection f: X — |K| of 0.

It is worth noting (for example, Lemma 4’ of [2]) that the map f of this
theorem has the property that f|U, =~ f, for each a € T.

2. PROOF OF THEOREM

LEMMA 2.1. Let X be a normal space and U, @ be open subsets of X such
that {U, Q} covers X. Suppose that K is a simplicial complex, ando : X — K
is a function. Let {h: U — |K|, g: Q — |K|} be a selection of o. Then there
exists a selection | : X — |K| of o.

PRrROOF. Using the shrinking lemma, let {U;, @1} be an open cover of X
such that U; C U and @, C Q. Using shrinking again, choose a closed cover
{D1, E1} of X such that D; C @ and F; C Uj.

Define A= D1NE;and V =U;NQ;. Then ACV CV CcU;NQ, CU.
Apply Lemma 1.1toh : U — |K|and g|V : V — |K|toget amap k : U — | K|
satisfying (1)—(4) of that lemma. Define a map [ : X — |K| by,

g(x) ifx € Dy,
i) = { k(z) ifxzeFy.

An application of (2) of Lemma 1.1 shows that [ is a well-defined map.
Since x € D; implies that I(z) = g(z) € o(x), then we only have to consider
x € E1\ D;y. Hence l(z) = k(z). Note that it must be true that € U. There
are two cases.

Case 1. x € U\ V. By (3) of Lemma 1.1, I(z) = h(z) € o(z).

Case 2. x €V C U. Then h(z), g(z) € o(z), so by (4) of Lemma 1.1,
I(z) = k(z) € o(x). O



LIMIT THEOREM 335

Let us state Theorem 3.6(a) of E. Michael ([3]).

PROPOSITION 2.2. Let X be a paracompact Hausdorff space and G a col-
lection of subsets of X. Suppose that the following are true:

(1) G contains an open cover of X,

(2) If U € G and W is open in U, then W € G,

(3) if U, V are open elements of G, then UUV € G, and

(4) of K C G is a pairwise disjoint collection of open subsets of X, then
UKeg.

Then the entire space X is in G.
We now give our proof of Theorem 1.2.

PROOF. Let G be the collection of all open subsets G of X such that there
exists a selection g : G — | K| of o0|G. We merely need to show that X € G,
and we shall apply Proposition 2.2 to do this. One sees from the hypothesis
that (1), (2), and (4) of Proposition 2.2 hold true. Using the fact that X is
hereditarily normal, we get (3) from Lemma 2.1. O
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