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Some facts about zero divisors of triangular infinite matrices
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Abstract. We are interested in the elements that are zero divisors in Too (F) - the ring of
N x N upper triangular matrices over a field F. It is known that a matrix from 7o (F) is
a left zero divisor if and only if it contains at least one zero on the main diagonal. The
problem when an infinite triangular matrix is a right zero divisor stays unsolved. In the
paper, we give some sufficient conditions for a matrix from 7o (F) to be a right zero divisor.
We also present some properties of infinite matrices that help us investigate the problem.
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1. Introduction

If A is an algebra, then a € A is called a left or right zero divisor if there exist z € A
such that these two matrices satisfy

or

respectively.

It can be easily noticed that if a is an n X n matrix over a field, then a is a zero
divisor if and only if it is singular. In particular, a triangular n X n matrix is a
left or right zero divisor if and only if at least one of its coefficients from the main
diagonal is equal to 0. However, if one considers an N x N triangular matrix, the
situation is different. This problem was studied by Suskevi¢ [1]. He proved that
every upper triangular matrix containing at least one zero on the main diagonal
is a left zero divisor. The case when a matrix is a right zero divisor turned out
to be far more complicated. It was proved that if a matrix has only a finite (but
nonzero) number of zero coefficients on the main diagonal, then this matrix is a right
zero divisor. Moreover, some examples of triangular matrices were given having an
infinite number of nonzero coefficients on the main diagonal that are not right zero
divisors.

In this paper, we wish to improve the results of Suskevic. We denote by Too (F)
the algebra of upper triangular N x N matrices. First, we will prove that every
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infinite triangular matrix a is a conjugate of some sort of a sum of two matrices a1,
asz, where a; has only zeros on the main diagonal and as has no zeros on the main
diagonal. Then we will show that such sum is a zero divisor if and only if a; is either
a zero divisor or a zero matrix. Thus we will focus on matrices whose first diagonals
contain only zeros. In particular, we will prove the following theorem.

Theorem 1. Let F be a field and let a € Too(F'). Suppose k is the smallest number
such that the k-th diagonal contains some nonzero coefficients.

1. If k > 1 and the k-th diagonal of a does not contain any zero coefficient, then
a is not a right zero divisor.

2. If the k-th diagonal of a contains a finite but nonzero number of zero coeffi-
cients, then a is a right zero divisor.

2. Results

First, we introduce some notation. The symbol e, stands for the n x n identity
matrix and es for the N x N identity matrix. If we deal with an identity matrix
whose dimension does not have a meaning or whose dimension may be finite as well
as infinite, we will simply write e.

By a7 we will denote the transpose of a.

If a is a matrix and b is an invertible matrix, then by a” we understand the
conjugate b~ lab.

By N'TE (F) we will understand the subring of all matrices z satisfying condition

VieN VOS]Sk‘ Ii7i+j:0~ (1)

Instead of NT (F), we will write N1 (F).
We start with an easy lemma.

Lemma 1. Let F be any field. If a € Too(F) is a right zero divisor, then there exists
n € N such that a,, = 0.

Proof. Suppose the opposite — that for all n € N we have a,, # 0. Assume that
xa = 0. We get now
0= (za)i; = Ti;ai;.

Since a;; # 0, we get x;; = 0 for all 4 € N.

Suppose now that for some & > 0 we have proved that the main, first, ..., the
k-th diagonal of x is equal to 0. Consider the k+1-st diagonal. From (za); i+k+1 = 0
we obtain

k+1
0= Z L it j Qict jitk+1
j=0
k
= Z Tj 545 Wit jitk+1 T Ti it k+1Gi+k+1,i+k+1
j=0

= Liitk+1Ai+k+1,i+k+1,



ZERO DIVISORS IN THE RING Too (F) 177

SO since ; ;4 k+1Git+k+1,i+k+1 7 0, we have x; ;1 ,+1 = 0. Thus, all the diagonals of
x are zero and x = 0. This contradicts the fact that a is a zero divisor. O

Now we will concentrate on similarity of matrices. We wrote in the introduction
that we would prove that every triangular matrix is similar to some sort of sum of
two matrices. First, we need to clarify what kind of sum we mean.

Definition 1. Suppose that a is an infinite matriz. Let M be a nonempty subset
of N and let {I,},,cp; be a family of nonempty disjoint subsets of N such that
UmemIm = N. If a satisfies condition

Vm,m' e M m#m', i€ly, j€Ly = a;;=0,
then we say that a is a generalized direct sum of infinite matrices a,, (m € M)
defined as follows
Qij Zfl,j eI,
a O
(am)ig {0 otherwise,
and we write a = Bmen (am)-

This definition is based on the definition of a generalized direct sum of finite
matrices given in [2].

Now we will focus on matrices that are similar to generalized direct sums. First,
we will prove a lemma.

Lemma 2. Suppose that F is a field and a is triangular, finite or infinite, matriz

of the form
aq b
0 a9 ’

where either (a1);; = 0 for all i and (az2);; # 0 for all j, or (a1)i # 0 for all i and

(a2)j; =0 for all j. Then there exists a triangular matriz t of the form

_ (Y
= (o)
t ay 0
- (52).
Proof. The equation

al‘b ekl‘y _ ekl‘y al‘O
0 ‘(12 0 ‘ekz “\0 ‘ekz 0 ‘ag

a1y —yaz = —b.

such that

is equivalent to

If (a1)is = 0 and (a2);; # 0, then we can find the rows of y in a recursive way,
starting from the last one and going up. Note that even in the case when as is
infinite, the matrix y consists of a finite number of rows, so this procedure has sense.
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Analogously, if (a1)s; # 0 and (az2);; = 0, we can find the columns of y starting
from the firstone and moving to the next in each step. Clearly, if a5 is infinite, then
y has an infinite number of columns. However, when evaluating each of them, we
make use of only a finite number of the preceding columns. Therefore, we can find
y from the claim. O

Now, using the above lemma, we will prove our theorem about decomposition.

Theorem 2. Let F be a field. For every a € Too(F) there exist disjoint sets of
indices I, Iy, I U Iy = N and triangular matrices t, a1, as, such that the following
conditions are fulfilled
a' = (a1)r, ® (a2)r,,
for alli € I we have (ay)y =0, (2)
for alli € Iy we have (az)y # 0. (3)

Proof. Let us write a in a block form, i.e.,
am)|@a2)|aas) |

4(2) |9(23)
ae3)

Without loss of generality, we will assume that for all n € N (a(2,-1))i# = 0 and
(a(gn))jj %0 for all 4, j.

If a has only two blocks on the main block-diagonal, then by Lemma 2, the claim
holds.

Now we will proceed inductively. Suppose that for some n > 1 foral 1 <i<n
we have a; € Ty, (F) and there exists t() of the form

em | Ol OO 0 |bp®D |0

e?ng O 0 O 0 O

msy| 0 0 [ bBD |0

_ e 0 0 |0
) = o ] : : if 7 is even

: 0 : :

€ms . p—10]

em; |0

€0

and

eml 0 0 O 0 0 0

emy| 0] 0 0 [ @D 0

ms| 0 0 0 |0

) €my, 0 ECONN
t@ = . T if 4 is odd

. 0 . :

€m,_, I

em; |0

€0
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such that for any 1 <i<mn

amy| 0 al(l’g) 0 YANRE®

a(2) 0 a£2’4) (E

. 0 a(g) 0 VANRE:
al‘h:ﬂ” — a(4) |:| ,

where, depending on parity of the i, either /A or [J are zero matrices. Note that from
Lemma 2 it follows that for ¢ = 2 such ¢(9) exists. Now we will prove that it exists
for n + 1. We will assume that n is even. For the case when n is odd, the inductive
step is analogous.

We know that for all matrices a¢;), 1 < j < n, 21 j, there exist matrices y§n+1)
such that

. Em,; ZU(-nH)
(aj a(]m-‘rl)) 0 Emni1 ) — <ij 0 >
0 | antr) 0 a1
We put then
em| 0100 0 [y"t9| o
ems] 0 ] 0 0] 0 |0
€ms| O 0 [y ] 0
A1) _ €. 0 0 0
0 : 0
em,, y%m_l) 0
€m,q| 0
€co
and have
amy| 0 [a"¥] 0 A«
1) i
a(2) 0 a§2’4) 0 *
a(g) 0 A
nt1,(j
anjzl 9 = a(4) 0
a(n+1) *
*

Define now the sequence of matrices t,, € Too(F) as follows.
ty =t tnat =ttt forn > 1

Note that from the form of matrices (¥ (1 <i < n) it follows that

(ti_;,_l);gl = (ti)kl forall 1 <k,l< ij. (4)

j=1
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If @ has a finite number, say k, of blocks on the main diagonal, it suffices to put
t = ty. Otherwise, we define ¢ by the rule t;; = (tmax(i,j))ij- As (4) is satisfied,
this ¢ is well defined and since we have (a');; = (a'me=G.9));;, it fulfills the desired
condition. O

Theorem 2 states that we can somehow decompose a triangular matrix. For the
components of this ’decomposition’, the following property holds.

Lemma 3. Let F be a field. If a € Too(F) is of the form a = (a1)1, ®(a2)r,, I1 # 0,
where a1 and as satisfy (2) and (3), respectively, and I ,Iy # 0, then a is a zero
divisor if and only if ay is either a zero divisor or a zero matriz.

Proof. We will make a proof for the case of a right zero divisor. The case of a left
zero divisor is exactly the same.

Let a = (a1)r, ® (a2)r, and suppose that (a;); =0 for all i € I; and (a2); # 0
for all ¢ € I5. Our a is a right zero divisor if and only if there exist x € T (F') such
that

(xa)nm = Z TnjOjm = 0 for all n < m. (5)

j=n

Suppose that a is a zero divisor. Then, in particular, (5) is satisfied for the pairs n,
m such that n,m € I, so as have

0= njamm= > @y ((a1)1, & (0)1,)m;
j=n

n<j<m
ien
there exists a matrix « of the form & = (x1), ©(0);, such that za = 0. Hence, there
exists x1 such that z1a; = 0, so a; is a right zero divisor.
Analogously, if for some z; we have x1a; = 0, then we put z = (z1)r, ® (0)p,
and we can easily check that (5) is fulfilled. O

As we have proved Theorem 2 and Lemma 3, we will focus on matrices from
NTo(F).

Let us introduce the matrix defined as below.

0100---
0010
§=10001

One can see that if a € N T (F), then

0 a2 a13 ajy -+ a2 a3 a4 - - 0100---
00 a23 24 0 a23 24 0010
a=10 0 0 as =10 0 an 0001
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Analogously, if a € NTEL(F) (k > 1), then

k
a1,1+k 01,24k Q1,3+k 0100---
0 224k A23+k 0010

a = 0 0 a373+k‘ 0001

Thus, zbs® = 0 if and only if 2b = 0. Hence we have

Lemma 4. Let F be a field and let a € NTX 1 (F) for some k > 1. Then a is a
right zero divisor if and only if b € Too(F) defined by the rule a = bs* is a right zero
divisor.

Now it easy to prove the theorem presented in the introduction.

Proof of Theorem 1: From Lemma 4 we know that a is a right zero divisor
if and only if b defined by the rule a = bs**! is. Hence, we can assume that
a € Too(F)\NTs(F). If a;; # 0 for all i € N, then by Lemma 1 the matrix a is not
a right zero divisor. Thus, the first claim is proved.

Suppose that a;; # 0 for a finite but nonzero number of indices 7. From Theorem 2
we know that for some ¢ € Too (F) we have a* = (a1)1, ® (a2)r,, where a; € N'Tj(F)
for some k& € N. This means that a’ satisfies the assumptions of Lemma 3. Hence,
a! is a right zero divisor and so is a. O

From our considerations we get the following.

Corollary 1. Suppose F is a field and either a € Too(F) \ NTx(F) or
a € NTE-YF)\ NTE (F) for some k € N. Assume that a contains only a finite
number of nonzero coefficients on its first nonzero diagonal. If

1.0 < |{i: ay =0 A @it1,41 =0 A a;41 =0}| < oo in the case when

a € Too (F) \ N'Tso (F),

2.0<|{i: @itk =0 A Git1,i+k+1 =0 A a;it6+1 = 0} | < 00 in the case when

a € NTE Y F)\NTE (F),
then a is a right zero divisor.

Proof. By Lemma 4, if a € NTX Y(F) \ NTX (F) we can consider b such that
a = bskT1. We will assume then that a € Too(F) \ NTs(F). We know that there
exist t € Too(F) such that a* = (a1);, @ (az2)5, and a is a right zero divisor if and
only if a; is. Hence, we will concentrate on a;.

Since a1 € NTw(F) \ NTL (F), from Theorem 1 it follows that it suffices to
prove that a; has only a finite number of zeros on the first diagonal.

The coefficients (a1 );;+1 can be divided into two ,sorts’.

e (a1)ii+1 = (a')k k+1 for some k such that k,k + 1 € Iy,

e (a1)ii+1 = (a') for some k, [ such that [ >k + 1.
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Since we have only afinite number of nonzero coefficients on the main diagonal,
we have also a finite number of diagonal blocks (When we say diagonal blocks, we
mean the blocks a(;) from the proof of Theorem 2.). Thus, we also have only a finite
number of a; ;41 of the second ’sort’. Therefore, we can focus on the first one.

Note that for these entries we have

(a1)iit1 = (@) pt1 = b @k ks 1ths1 k1,

so (a1)ii+1 = 0 if and only if agr+1 = 0. Hence, if a has a finite but nonzero
number of coefficients such that arr = ag+1,6+1 = ar,r+1 = 0, then a; also satisfies
this condition. Then, by Theorem 1, the matrix a; is a right zero divisor, and by
Lemma 3 so is a. O

@ € Too (F)\NT (F)

[{ira; =0} <0

find t suchthat
at = (‘11)11 (&) (‘12)12

a=a,

a is a right zero divisor

Figure 1: Diagram of the proposed algorithm

From what we have proved in this paper it follows that if we want to know
whether an infinite triangular matrix is a right zero divisor, we can try to use the
procedure in Figure 1. The matrix a(1) is the matrix satsifying a = a(1)s.

Clearly, this algorithm does not have to finish.

Example 1. Let a be defined as follows.
{1 ifj=2i—1
aij =

0 otherwise.

It can be observed that in each step we have |{i: a;; =0} | = co and the procedure
does not finish.
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Let us notice that in this case it can be also observed that a is not a right zero
divisor.

At the end of the paper, we would like to ask the following question.

Problem: Is a € T (F) a right zero divisor if and only if the proposed above
algorithm finishes for this a?
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