MATHEMATICAL COMMUNICATIONS 201
Math. Commun. 20(2015), 201-218

On a maximal subgroup of the Thompson simple group”*

AYOUB BASHEER MOHAMMED BASHEER!':TAND JAMSHID MOORI!

! Department of Mathematical Sciences, North-West University (Mafikeng), P. Bag
X2046, Mmabatho 2735, South Africa

Received September 19, 2013; accepted September 19, 2015

Abstract. The present paper deals with a maximal subgroup of the Thompson group,
namely the group 2}‘_+8‘Ag := G. We compute its conjugacy classes using the coset anal-
ysis method, its inertia factor groups and Fischer matrices, which are required for the
computations of the character table of G by means of Clifford-Fischer Theory.

AMS subject classifications: 20C15, 20C40

Key words: group extensions, character table, projective character,inertia groups, Fischer
matrices

1. Introduction

Let G be the normalizer of the unique class of involutions 24 of the sporadic Thomp-
son group Th. Our group G is the third largest maximal subgroup of Th (see [7]) and
has the form G = 2};"8'149, the non-split extension of the extraspecial 2-group of or-
der 512 with an outer automorphism group isomorphic to Og‘ (2) by the Alternating
group Ag. The group G has order 92 897 280 and index 976 841 775 in Th. This is a
very good example for the applications of Clifford-Fischer Theory since the group is
a non-split extension with an extra-special 2-group as its kernel. Not many examples
of this type have been studied via Clifford-Fischer Theory. In this paper, our main
aims are to fully study this group, determine its inertia factor groups and compute
all Fischer matrices. It will turn out that the character table of G is a 52 x 52
matrix. If one is only interested in the calculation of the character table, then it
could be computed by using GAP or Magma and the generators « and y (see below)
of G. But Clifford-Fischer Theory provides much more interesting information on
the group and on the character table; in particular, the character table produced by
Clifford-Fischer Theory is in a special format that could not be achieved by direct
computations using GAP or Magma. Also, providing examples of applications of
Clifford-Fischer Theory to both split and non-split extensions is a sensible choice
since each group requires an individual approach. The readers (particularly young
researchers) will highly benefit from the theoretical background required for these
computations. GAP and Magma are computational tools and would not replace
good powerful and theoretical arguments.
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Let = and y be in the 248-dimensional matrix group over o, that are generators
of Th given by the electronic ATLAS of Wilson [18]. Using [6] and the programm
supplied by Wilson, it is possible to construct G inside Th. We were also able to locate
a normal subgroup N <1 G isomorphic to 2f8 by checking the normal subgroups of
G and the conditions for extraspecial p-groups.

Remark 1. Due to Havas, Soicher and Wilson [10], a presentation for G = 21++8'A9
has been restated in Lemmas 12.1.2 and 12.1.3 of [12].

For the notation used in this paper and the description of the Clifford-Fischer
theory technique, we follow [3] and [4].

2. Conjugacy classes of group extensions and of G = 2}:“8'149

In this section, we calculate the conjugacy classes of G using the coset analysis
technique (for more details see [13] or [14]) as we are interested to organize the classes
of G corresponding to the classes of Ag. Note that in [12], G. Michler determined
the conjugacy classes of G = 2}r+8'A9 using the Algorithm of Kratzer (see p. 294 in
[12]). One can also use MAGMA or GAP, with the presentation of G given by the
ATLAS of Wilson, to compute its conjugacy classes.

Example 1. Consider the identity coset N1y, = N = 2?‘8 as this coset gives
much information about the structure of the character table of G. If g = 1a,, then
the action of N on N1a, = N1a, = N produces the conjugacy classes of N, where
we know that N has

e singleton conjugacy class consisting of 1y,

e singleton conjugacy class consisting of the central involution o of N,

o 135 conjugacy classes, each of which consists of two non-central involutions,
e 120 conjugacy classes, each of which consists only of two elements of order 4.

Now using MAGMA, the action of G on the preceding orbits leaves invariant {1y} =
A1y and {0} = Aqa, while fuses the 135 orbits of non-central involutions into
a single orbit A1z and also fuses the 120 orbits of elements of order 4 altogether
into a single orbit Av4. Thus the identity coset N produces four conjugacy classes
Allv Alg, Alg and A14 m G, where ‘A11| = |A12| = ]., |A13| = 270 and |A14| =
240. We let g11 = 1g, g12 = 0, g13 € A1z and gi4 € Ay be representatives of the
G-conjugacy classes obtained from N.

In Table 1, we list the conjugacy classes of G together with the fusion of its
classes into the classes of Thompson group Th. To each conjugacy class of G, we
have attached some weights m;;, which will be used later in computing the Fischer
matrices of G. These weights are computed through the formula

1Ca(9is)]
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lgila ™ l9ij] 1+8. o(g55) Ilgi51 148. , | IC 148, , (945l — Th
H 9 J J 2.7 A J J 277 49 2.7 A J

mil =1 911 T T 92897280 TA

g1 = 1A mig =1 912 2 1 92897280 24
miz = 270 913 2 270 344064 24

miy = 240 914 4 240 387072 44

gg =24 maoy = 32 921 4 12096 7680 4B
man = 480 922 4 181440 512 4B

mgp = 32 931 2 30240 3072 24

g5 = 2B m3p = 32 932 4 30240 3072 4A
ma3 = 192 933 4 181440 512 4B

m34 = 256 934 8 241920 384 8A

g4 = 3A myq = 256 941 3 43008 2160 3C
myo = 256 942 6 43008 2160 6A

m51 = 64 951 3 143360 648 3B

g5 = 3B mpg = 64 952 6 143360 648 6C
mes = 384 g55 12 860160 108 12C

mgy = 16 ge1 3 53760 1728 3A

mgy = 16 g62 6 53760 1728 6B

g6 = 3C mg3 = 288 963 6 967680 96 6B
mgy = 96 964 12 322560 288 124

mgs = 96 965 12 322560 288 12B

g7 = 4A mp1 = 128 971 8 967680 96 8B
myo = 384 972 8 2903040 32 8B

mg1 = 128 g81 4 1451520 64 4B

gg = 4B mgs = 128 982 8 1451520 64 8A
mg3 = 256 983 8 2903040 32 8B

gg = 5A mgy = 256 991 5 774144 120 54
mgy = 256 992 10 774144 120 104

910 = 6A m10,1 = 512 910,1 12 3870720 24 12D
mipq = 128 9111 6 3870720 24 6B

mijg = 64 911.2 12 1935360 48 124

911 = 6B mi1.3 = 64 911.3 12 1935360 48 128
mi1g = 128 9114 24 3870720 24 244

mips = 128 911.5 24 3870720 24 24B

mia,1 = 64 912,1 7 1658880 56 TA

mig o =64 9122 14 1658880 56 144

g12 = TA miag = 128 912.3 14 3317760 28 144
mioq = 128 912.4 14 3317760 28 144

min s = 128 9125 28 3317760 28 284

913 = 9A my3,1 = 256 913,1 9 5160960 18 9C
mizg = 256 913.2 18 5160960 18 188

migq = 64 9141 9 1290240 72 94

mig o =64 914.2 18 1290240 72 184

914 = 9B migz =128 914.3 36 2580480 36 36B
mig = 128 914 4 36 2580480 36 36A

mig s = 128 914.5 36 2580480 36 36C

915 = 10A | my5q = 512 915,1 20 4644864 20 204
916 = 124 | miyg,1 = 256 9161 24 3870720 24 240
mig2 = 256 916.2 24 3870720 24 24D

917 = 154 | my7 1 = 256 917,1 15 3096576 30 154
mi7 o = 256 917.2 30 3096576 30 304

918 = 15B | myg1 = 256 918,1 15 3096576 30 158
mig o = 256 918,2 30 3096576 30 308

Table 1: The conjugacy classes of 2}:’8'149
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3. The theory of Clifford-Fischer matrices

We give a brief description on Clifford-Fischer theory for constructing the character
table of a group extension G.

Let H <G and let ¢ € Irr(H). For g € G, define ¢7 by ¢9(h) = ¢(ghg '), V h €
H. It follows that G acts on Irr(H) by conjugation and we define the inertia group of
¢ in G by Hy = {g € G| ¢7 = ¢}. Also, for a finite group K, we let IrrProj(K,a~1)
denote the set of irreducible projective characters of K with factor set o "

Theorem 1 (Clifford Theorem). Let x € Irr(G) and let 01,02, ,0; be representa-
tives of orbits of G onTrr(N). For ke{l,2,---t}, let 0F = {0 = Ok1, 0k, , Oks, }
and let Hy, be the inertia group in G of 0. Then

o t Sk o
W = Zek ZGku, where ey, = <X$%79k> :

k=1 u=1
Moreover, for fized k
fr(Hy 0) 1= {on € ()| (it 00) #0}
— {X € Irr(GQ)] <X¢N79k> + 0} = Irr(G, 0)

under the map Yy — z/;ﬁ%k.
Proof. See Theorems 4.1.5 and 4.1.7 of Ali [1] with the difference in notations. O

Theorem 2. Further to the settings of Theorem 1, assume that for k € {1,2,---
t}, there exists ¢y € Irr(Hy, 0r). Then the irreducible characters of G are given by

9

(G L_J { (e inf (OIS | ¢ € In(Hy, /N)} (2)

Proof. See Ali [1] or Whitley [17]. O

Remark 2. It is by no means necessarily the case that there erists an extension
P of O to the inertia group (that is, the case Irr(Hy,0;) = 0, the empty set, is
feasible). However, there is always a projective extension iy, € IrrProj (F;ﬁalzl) for

some factor set @y, of the Schur multiplier of Hy,. Thus a more appropriate formula
for Equation (2) is (see Remark 4.2.7 of Ali [1])

[

Irr(G U { Wy inf(¢ TH |ty € IrrProj(Hy, @, '), ¢ € TrrProj(Hy/N, alzl)}, (3)

where the factor set ay, is obtained from @y, as described in Corollary 7.3.5 of Whitely
[17]. Hence the character table of G is partitioned into t blocks K1, Ka,- - , K¢, where
each block Ky, of characters (ordinary or projective) is produced from the inertia group
Hy.
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Note 1. Let [n] denote an equivalence class (containing n) of the Schur multiplier of
a finite group. It follows that if oy, ~ [1] in Equation (3), then we get Equation (2).
That is, IrrProj(Hy, 1) = Irr(H},) and IrrProj(Hy, 1) = Irr(Hy,). By convention, we
take 01 = 1y, the trivial character of N. Thus Hg, = H, = G and thus H, /N = G.
Since {15} C Irr(G, 1n) and such that 1@% = 1y, the block K1 will consist only
of the ordinary irreducible characters of G.

We now fix some notations for the conjugacy classes.

e With 7 being the natural epimorphism from G onto G, we use the notation U =
7(U) for any subset U C G. Let us assume that 7(g;;) = g; and by convention
we may take g1; = lg. Note that c(g;) is the number of G-conjugacy classes
obtained from N.

c(gijr)

9isla(VHr = U [9iknla,

n=1

where g;jxn € Hj, and by ¢(gijx) we mean the number of H j-conjugacy classes
that form a partition for [g;;]a. Since g11 = 1, we have g11x1 = 1z and thus
C(gllkl) =1foralll S k S t.

c(gik)

gila(VHe = U [gikm]m,

m=1

where gixm € Hi and by ¢(g;x) we mean the number of Hi-conjugacy classes
that form a partition for [g;]¢. Since g1 = 1g, we have ¢g151 = 1g and thus
c(g1k1) =1 for all 1 < k < t. Also, m(gijkn) = gikm for some m = f(j,n).

Proposition 1. With the notations of Theorem 2 and the above settings, we have

_ _ c(gik) c(gijk) ICslgis)| ~
(Vk inf(C))T%k(gij) = Z C(Gikm) Z ﬁlﬂk(gzjkn)-
m=1 n=1 Hy gzgkn)|
Proof. See Ali [1] or Barraclough [2]. O

We proceed to define the Fischer matrix F; corresponding to the conjugacy class
lgi]c. We label the columns of F; by the representatives of [gijlz, 1 < j < c(g:)
obtained by the coset analysis, and below each g;; we put |Cz(gs;)|. Thus there
are c¢(g;) columns. To label the rows of F; we define the set J; to be (this is an
equivalent to the notation R(g) used by Ali [1] (p. 49), where g is a representative
of a conjugacy class of G)

Ji={(k,gitm)| 1 <k <t, 1 <m < c(gix), Gikm is an a;l—regular class},
or for more brevity we let

Ji={(k,m)| 1 <k <t, 1 <m<c(gir), Gikm is an a;, '-regular class}.  (4)
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Then each row of F; is indexed by a pair (k, gixm) € J; or (k,m) € J;. For fixed
1 < k <t, we let Fj; be a sub-matrix of F; with rows corresponding to the pairs
(k,gir1), (k, gir2), - -, (k, gir,, ) or for brevity (k,1), (k,2), -, (k, 7). Now let

C(gij )
G yo 1l ) o)
K = |Cx, (9ijkn)] o

(for which 7(gijkn) = gikm). For each 4, corresponding to the conjugacy class [g;]c,
we define the Fischer matrix F; = (agf’m)) ,where 1 <k <t, 1 <m <c(gi), 1 <
j < ¢(gi). The Fischer matrix F;,

J__.il

Fio

‘Fi = (a(k7m)) = .
17 :

F

together with additional information required for their definition, is presented as
follows:

Fi
9i 9il 9i2 9ic(gy)
105 (ai;)] [Cqleinl 10wl [0gWic(g))]
(k, m) lCHk (9ikm)|
) 1ogol [ oGP afy? “{etan
(2,1) ICHy (9i21)] ap? a2V ”Ei(;)l)
2,2 2,2 2,2
(2,2) ICH, (9522)] alP® a3 “’gc(y)i)
: ) 2.7 2,7 . 2
&) Cota Wioria) a%l 12)) a(<2 12)) “%c(gg))
(u, 1) ICHy, (Giu1)] ‘17:?'2 ‘11:15'2 o “z‘:(gg)
(u,2) ICH, (9iu2)] afyr® afy’® “Gelon
(rw) 1CH, @iar, )l || el el “{elar)
t,1 t,1 t,1
(t, 1) ‘cHt (94¢1)1 “532) 0‘5?2) af“(é?)z)
(t,2) ICH, (95¢2)] “Ei’ ) “Ez" ) “E:kg)i)
(t, r¢) ‘CHt (Qitr“)‘ @S’”) ag;ﬁ“t) U a’(Li(:?fz))
mij i mil mi2 Mic(g;)

Fischer matrices satisfy some interesting properties, which help in computations
of their entries. We gather these properties in the following proposition.

Proposition 2.

(4) Zc(gik) = c(g:)-

=1

B

(i) F; is non-singular for each i.
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(i) alyV =1, V1 <j < e(gi).

(iv) If Ng; is a split coset, then a (km) _ ‘CJCGA, Vie{1,2,---,r}. In partic-
Hk(glkm)‘

ular, for the identity coset we have agli’m) =[G : Hi0x(1n), ¥V (k,m) € J1.

(v) If NG, is a split coset, then \a(’-c’m)| < \a(k’m)| for all1 < j < e¢(g;). Moreover,

if IN| = p®, for some prime p, then a(k m) = Z(-If’m) (mod p).
c(gi)
(vi) For each 1 <1 <r, the weights m;; satisfy the relation Z m;; = |N|.
j=1

(vit) Column orthogonality relation:

k.m k,m
S (o lgmmlal ™ el = 6,1Coi).

)
(k,m)ed;

(viti) Row orthogonality relation:

c(g:) -
k ,m) m’ k,m
Z mi;a,; ( i' = 5(k,m)(k/,m/)a’z('l )|N|-

Proof. See Basheer and Moori [4, 5]. O

4. The inertia factors of G = 21% 4,

The action of G = 2};"8'149 on Irr(2f'8) produces four orbits of lengths 1, 120, 135
and 1 with representatives 61, 02, 03 and 04, respectively, where 6; = 1 the trivial
character of N and 6, is the unique faithful irreducible character of N of degree 16.
Hence the inertia factor groups Hy, Hy, Hs and H,4 of 01, 05, 03 and 4, respectively,
have indices 1, 120, 135 and 1, respectively, in G = Ag. Clearly, H; = Hy = Ag. A
subgroup of Ag of index 120 is a maximal subgroup isomorphic to PSL(2,8):3 (by
considering the maximal subgroups of Ag given in the ATLAS). A subgroup of Ag
of index 135 can only be contained in a maximal subgroup that is isomorphic to Ag
and must have index 15 in Ag. Again, by considering the maximal subgroups of Ag
given by the ATLAS, it turns out that this subgroup is isomorphic to 23:GL(3,2).
Hence we have determined all the inertia factor groups Hy, Hs, H3 and Hy. We list
brief information on these inertia factors as follows:

H1 = Ag, [Ag : Hl] = 1, ‘II‘I‘(Hl)| = 18
= PSL(2,8):3, [Ag: Hy] =120, [Irr(Hs)| =11,
H3 = 23 GL( ,2), [Ag : Hg] 135 ‘ITY(H3)| = ].].
H, = Ay, [Ag : Hy) =1, |IrrProj(Hy, 2)| = 12.

Note that above we have listed the number of ordinary irreducible characters of
H,, Hy, H3 and the number of projective characters of H, with the factor set
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a1, a ~ [2] as we shall see later that this projective table is needed for the con-
struction of the character table of G = 2i+8'A9. Therefore, the character table of G
is composed of four blocks of characters which correspond to the ordinary character
tables of Ag, PSL(2,8):3, 23:GL(3,2) and the projective table of A9 with factor set
a~!, a ~ [2]. Hence G has altogether 52 irreducible characters, which equals the
number of conjugacy classes we obtained in Section 2.

Remark 3. In [3], the character table of Ho = PSL(2,8):3 has been constructed
using Clifford-Fischer theory. The three Fischer matrices of Ha have also been listed
in [3]. For the sake of convenience, in Table 2 we list the character table of Ha,
in the format of Clifford-Fischer theory. For the character table of H3 we refer to
Table 5.4 of [17].

[ I 2 l E l E |
(I [ _P1y  Pip  hiz  hyg hys [ hay  hop  hos [ hay haz  haz ]
” o(hij) H 1 2 3 7 9 ] 3 6 9 ] 3 6 9 ”
“ [CHy (Rij)l “ 1512 24 27 7 9 [ 18 6 9 [ 18 6 9 ”
“ \[h,ij]H2| “ 1 63 56 216 168[ 84 252 163[ 84 252 168 ”
X1 1 1 1 1 1 1 1 1 1 1 1
X2 1 1 1 1 1 A A A A A A
X3 1 1 1 1 1 A A A A A A
X4 7 —1 —2 0 1 1 —1 1 1 —1 1
X5 7 —1 —2 0 1 A —A A A —A A
X6 7 —1 -2 0 1 A —A A A —A A
X7 8 0 —1 1 —1 2 0 —1 2 ) =1
X8 8 0 -1 1 -1 2A 0 —A 2A 0 —A
X9 8 0 —1 1 —1 24 0 —A 24 0 —A
X10 21 —3 3 0 0 0 0 0 0 0 0
X11 27 3 0 —1 0 0 0 0 0 0 0

Table 2: The character table of Ho = PSL(2,8):3

where in Table 2, A = —% + @z

5. Fusions of the inertia factors into Ag

In this section, we determine the fusions of the inertia factor groups Hy = PSL(2,8):3
and Hz = 23:GL(3,2) into Ag using the permutation characters of Ag on these
groups. From the ATLAS, the permutation character of Ag on Hs is of the form

X(Ag|Hz) = la + 350 + 84a, (6)

where la, 35b and 84a denote the characters x1, xs and x12 of Ag, respectively (in
the order listed in ATILAS). Also note that H3 is a maximal subgroup of Ag of index
15, which is in turn a maximal subgroup of Ag of index 9.

Proposition 3. Let K1 < Ko < K3 and let ¢ be a class function on Ky. Then
(Wi, = ¥1ic-

More generally, if K1 < Ky < --- < K, is a nested sequence of subgroups of K,, and
1 is a class function on Ky, then

WS -, = ¥tir

n—1
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Proof. See Proposition 3.5.6 of [3]. O

Since we know the permutation characters of Ag on Ag and of Ag on Hs, together
with the fusions of classes of Hj into Ag and of Ag into Ag, and by Proposition 3
and the ATLAS, we are able to calculate the permutation character x(Ag|Hs) as
follows

x(Ao[Hy) = 117 = (1173)147 = (Lo + 14a) 15!
= Lat}? + 14at4? = la + 8a + 14aty?.

Now it is easy to evaluate the values of MJTQZ using the induction formula for
characters. In fact, we have found that MJTQZ = 42a + 84a and thus

X(Ag|H3) = la + 8a + 42a + 84a. (7)

Using Equations (6) and (7), in Table 3 we list the values of x(Ag|H2) and x(Ag|H3)
on those classes of Ag, where there are possible fusions from classes of Hy or Hs.
Using the permutation characters of Ag on Hy and Hj together with the size of

“ [g]A9 “ 1A 2A 2B 3A 3B 3C 4A 4B 5A 6A 6B TA 9A 9B ”
[ x(Ag[H2) [ 120 0 8 0 3 6 0 0 0 0 2 1 0 3 |
[ x(Ag[H3) ][ 135 15 7 0 0 9 3 3 0 0 1 2 0 o ]

Table 3: The values of the permutation characters of Ag on Ha and H3

centralizers, the fusions of Hy and Hj into Ag are completely determined. Let
J1,92, -+ ,g1s be as in Table 1. To be consistent with the notations of [3], we
rename the classes of Hy and H3 according to the fusions of these classes into classes
of Ag. We list these fusions in Table 4.

Class of Class of Class of Class of
—s —
Hy G Hg G
h11 = g121 1A la = g131 1A
h12 = 9321 2B 2a = 9331 2B
h13 = 9521 3B 2b = 9231 24
h14 = 912,21 TA 2¢ = g332 2B
h15 = 914,22 9B 3a = gg31 3C
h21 = 9621 3C 4a = gg31 4B
ha2 = 911,21 6B 4b = g731 4A
hog = g14,22 9B 4c = gg32 4B
h31 = 9622 3C 6a =g11,31 6B
h3z = 911,22 6B 7a = g12,31 TA
h33 = 914,23 9B 7b = g12.32 TA

Table 4: The fusions of classes of Ha and Hs into classes of G

6. Fischer matrices of G = 21 A,

In this section, we calculate the Fischer matrices of G = 2?‘8'149. We have seen
in Section 4 that the action of G = 2}~_+8'A9 on Irr(2}~_+8) produces four orbits with
representatives 01, 02, 03 and 0, where |6 = 1, |05| = 120, |05 | = 135 and |05 = 1.
By Proposition 2, it follows that ¢(g1) = 4. We determine the identity Fischer matrix
JF1 in detail as this matrix gives some information about the degrees of the irreducible
characters of G.
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Lemma 1. The identity Fischer matriz Fi is an integral matriz.

Proof. The result follows since the irreducible characters of IV are integer-valued
characters and the rows of F; are the orbit sums of characters of N. O

For Fi, which is a 4 x 4 matrix, let its columns correspond to ¢g11 = 1, g12 =
o, ¢g13 and g14 in this order, where o is the central involution of N and ¢13 and
g14 are elements of orders 2 and 4, respectively. Also, let its rows correspond to
Hy = Ay, Hy = PSL(2,8):3, H3 = 23:GL(3,2) and Hy = Ag in this order (recall
that F7 corresponds to g; = 14, and there is a fusion from each inertia factor and
hence each of these inertia factors contributes with exactly one row to Fi). Next, we
determine some of the entries of 7. The first row and column of F; are determined
by properties of Fischer matrices given in Proposition 2. Recall that the first column
is

[16F] deg(61) 65| deg(02) |65| deg(6s) 05| deg(6)]” =[1 120 135 16].

The last row of Fj is

Z 0i(911) Z 0i(912) Z 0i(913) Z 0i(914)

0,05 0,05 0,05 0,05
= [04(g11) 0a(g12) 6a(g13) Ba(g1a)] =1[16 —16 0 0]

Recall that the orbits 8¢ = {0;}, 05 and 6§ consist of irreducible characters of
N that contain Z(N) = {ly,o0} in their kernel, while 6§ = {6}, where 0, is
the unique faithful irreducible character of N of degree 16, which does not contain
Z(N) in its kernel. Since the second column of F; corresponds to o, entries of this
column will coincide with entries of the first column point-wise, except in the last
row, where 04(0) = —16 # 16 = 64(1x). Therefore, the second column of Fj is
[1 120 135 —16]7. Thus we have found the first two columns together with the
first and last row of Fi. So far, the identity Fischer matrix F; has the form

1
91 911 912 913 914
o(91;) T 2 2 1
[Co(g1))] 02897280 92897280 344064 387072
(k, m) 1CH, (91km)]
[ETED) 181440 T T 1 T
(2,1) 1512 120 120 §2 R agi D
3,1 1344 135 135 al3h al3h
13 14
(4,1) 181440 16 —16 0
mi T T 270 240

For simplicity of notation, let s = a%l), t = aﬁ’l), u = a%l) and v = a

Using the orthogonality relations given in Proposition 2, we get 10 equations in the
unknowns s, ¢, u and v. In fact, the first four of the following five equations formed
using the column orthogonality relations suffice to find the values of s,t,u and v.

(3,1)
14 -

s+u=—1, 952+ 8u? =968,
t+v=-1, 9> +82=1224 and 9st+ Suv = —1080.
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The unique integral solution of these simultaneous equations reveals
2,1 2,1 3,1 3,1
s(=ag)=-8 t(=af")=8 wu(=al")=7 v(=ai")=-0.

Hence the identity Fischer matrix /7 will have the form:

1

91 911 912 913 914
o(91;) T 2 2 4
1C&(91;5)] 92897280 92897280 344064 387072
< Th TA 2A 2A 1A

(k, m) 1CHy (91km)]
(1, 1) 181440 1 1 1 1
(2, 1) 1512 120 120 -8 8
(3,1) 1344 135 135 7 -9
(4, 1) 181440 16 —16 0 0
myj T T 270 240

We proceed to calculate all the Fischer matrices of G = 2i+8'A9. In what follows,
by an a~!-regular Fischer matriz we mean a Fischer matrix that corresponds to an
a~l-regular class of Ag. Also, a class of Ag is a~'-irreqular if it is not an a~'-regular
class. Since in our case a ~ [2], we only use the terms a-regular class and a-regular
Fischer matriz.

Lemma 2. For every a-regular Fischer matriz F; of size c(g;), the sum of the first
c(g;) — 1 rows equals the (componentwise) square of the last row.

Proof. The proof is similar to the proof of Lemma 6 of [15]. O

Lemma 3. For every a-regular Fischer matriz F;, we can order the g;; for 1 <
Jj < c(g;) so that the last row of F; is of the form [¢; —¢q; 0 --- 0] with ¢; a
power of 2 and we may choose the g2 = 0¢;1, where o is the central involution in

G. Furthermore,

g _ thm) |Chy (gi11)]
& 2 |C, (Gikm)|

Proof. The proof is similar to the proof of Lemma 7 of [15], except that the ordinary
character n of degree 2!! of 2}r+22-002 (in [15]) is replaced, in our Group G =
278 Ag, by a projective character ¢, with a factor set a ~ [2] of degree 16. O

for1<k<3,1<m<c(gi)- (8)

Note 2. The proof of Lemma 7 of [15] contained a very important piece of informa-
tion in that the last row of every Fischer matrixz of 21++22-002 is [n(gin) n(gi2)
1(gis; )], where s; in the author’s notation has the same meaning of c¢(g;) in our no-
tation. In our group G = 2}'_'~'8'/1g;7 the last row of every a-regular Fischer matrixz
Fi is given by [£(gi1) &(gi2) -+ &(Gic(qg,))]- Also, the values of & on elements of
[9ij]G, where g; is a representative of an a-irregular conjugacy class, are zeros. That
is, £(gi;) =0, V1 <j < c(g:), i €{2,3,7,8,10,15}.

Note 3. Observe that with Lemma 2, Equation (8) and Note 2 we know the first

two columns and the last row of every a-regular Fischer matriz F;.

As an example, we compute the Fischer matrix Fs, where gs € [3C]4,. From
Table 1 we see that g produces 5 conjugacy classes in G; namely, gs1, 62, 963, J64
and ggs with respective orders 3, 6, 6, 12 and 12 and respective centralizer sizes 1728,



212 A.B.M. BASHEER AND J. MOORI

1728, 96, 288 and 288. Therefore, Fg is a 5x 5 matrix. Note that |C4,(gs)| = 54. Now
from Table 4 we infer that there are two classes; namely, hoy = ggo1 and h3; = ggoo
of Hy = PSL(2,8):3 that fuse to [gs]a,. Note that |Cr,(ge21)| = |CH,(g622)| = 18.
Also, from Table 4 we deduce that there is only one class; namely, 3a = gg31 of H3 =
23:GL(3,2) that fuse to [gs]a,. Note that |Cp,(ge31)| = 6. Furthermore, gg is an a-
regular class (see the ATILAS) and therefore there is a row of Fg which corresponds
to Hy = Ag. Now, using Equation (1) we find that mg; = mgz2 = 16, mgz = 288 and
meq = Mg = 96. It follows from the above assertions that Fg has the form

e
96 961 962 963 964 965
o(g6;) 3 6 6 12 12
1C&g65)1 1728 1728 96 288 288
(k, m) 1CH, (6km)]

(1, 1) 54 LI, T) a<12‘1) a(gl) L (L, T) a(;,l)
(2, 1) 18 o2 a?ll) a?m) a?z 1) a?2,1)
' 1 2 3 0 63
(2,2) 18 2,2) a?z,z) a?z,z) (22 (22)
’ 3 3 ¢ 0
A . B30 a?i;l) LB a?s 1 ol )
(4,1) 54 %ﬁ,l) aé’l) aeé’l) o (4:1) %4;,1)
2 16 16 288 96 96

Now using Proposition 2(iii), we get that aél e aé12 = aéé N = a& N = é15 S

Moreover, using Equation (8) we get

21) _ 1) _ Cuy(ee)l _ 54 _ (22) _ (22) _ [Cry(96)l _ 54 _

g1 = ey = 0, ()] — 18 = 00 61 = A6 T [0, (g — 18 — 0 and
QB — B _ [Cry(ee)l 54 _ g

61 G2 =~ = [CHy(g631)] — 6 — 7F

Using Lemmas 2 and 3 we get

3 c(ger)
4,1) k
(@ =@ =" afi™ =1+3+3+9=16.
k=1 m=
. . 4,1 1
Without loss of generality, we may assume that a(l ) = 4 and therefore aéz ) =
4,1 4,1 4,1
—g¢ = —4. Also, by Lemma 3 we have aég’ ) = aé4 ) = a( ) = 0. So far, the Fischer
matrix Fg has the form
e
96 961 962 963 964 965
o(96;) 3 6 6 12 12
1C=(g6,)] 1728 1728 96 288 288
(= m) [CH,, (96km)]
(1,1) 54 1 1 1 1 1
21 L@y @D
(2,1) 18 3 3 a, ags
(2,2) 18 3 3 a?:z 2) a?%z) a,?.%’z)
3,1) 6 0 o LBy Bon By
(4,1) 54 4 —4 0 65
mej 16 16 288 96 96

From the columns and rows orthogonality relations (Proposition 2(vii) and (viii))
we obtain a set of 18 simultaneous equations. With consideration of Lemma 2, these
equations give

2,2 3,1 2,2 3,1
63 + agy”) agy” + agy"

=0, 1+a3Y+ =0 and

+ aé?-)’l) =0.

1+a21)+a

1+ ag51> - a(2 2
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We solve the equations using Maxima [11] and obtain

(2,1) _ (22) _ (22) _ (21) _ (2,1) _  (2,2) _
agg = = Qg3 =agy =ag; = —1, ag/ =ag =3,
(3,1) _ (3,1) _ (3,1) _
ag) = ags = —3andagy  =1.
Thus the Fischer matrix Fg has the form
Te
96 961 962 963 964 965
°(g6;) 3 6 6 12 12
1C7(g6;)] 1728 1728 96 288 288
~— Th 3A 6B 6B 12A 12B
(k, m) lCHk (96km)|
(1,1) 54 1 1 1 1 1
(2,1) 18 3 3 -1 3 -1
(2,2) 18 3 3 —1 -1 3
(3,1) 6 9 9 1 —3 —3
(4,1) 54 4 —4 0 0 0]
7"6.]' 16 16 288 96 96

In Table 1, we supplied |Cx(gi;)| and m;;, 1 <i <18, 1 < j < ¢(g;). Also, we
have obtained the fusions of the inertia factors Hy and Hs into G = Ag (Table 4).
Now, using the properties of the Fischer matrices given in Proposition 2, Lemmas 2
and 3 we plan to compute all Fischer matrices of G.

Now for any x, € Irr(Th), 1 < n <48, let X%k) denote a character of Hj, that

X;’“)T% is a constituent or a zero of Xni%h~ Since we have the fusions of N = Z}JB
and Z(N) = {1,0} into Th, we have

deg(x) = (Xl W'\ 1n)

deg(x\)) = <xn¢?€w>’ —1Z<N>>

Z(N) = 2 (deg(Xn) - Xn(o-))v

where 1 and —1z(y) denote the trivial character of N and the non-trivial character
of Z(N), respectively. In Table 5, we compute deg(xgll)) and deg(xgl)) for 2 <
n < 48. We use this table to determine whether we are required to use projective
characters of inertia factor groups. From Table 5 we can see that deg(ngl)) =k x 16,

i i T 1
H n “ deg(xn) [ <Xn,¢%h,><nl%h> [ deg(x5)) [ deg(xD) ”
2 248 2 0 8 x 16
3 4123 7 35 128 X 16
4 27000 16 120 840 X 16
5 27000 16 120 840 X 16
6 30628 23 28 960 X 16
48 190373976 390135998 370008 5949288 X 16

Table 5: Degrees of some particular characters of some inertia groups

for some k € N, k > 2. That is, deg(x,(f)) # 16 for all m € {2,3,---,48}. We deduce
that H, = 2};"8‘A9 = G has no character of degree 16 that is extended from the
faithful irreducible character 64 (of degree 16) of N. Thus we have to use a projective
character table of Hy = Ag to construct the character table of G. Since the Schur
multiplier of Ag is Zo, we have to consider the projective character table of Ag, which
is available in the ATILAS.
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Corollary 1. The Schur multiplier of G is non-trivial and has a factor set o ~ [2].

Since we will use the IrrProj(Ag, 27 ") = IrrProj(Ag, 2) to construct the character
table of G, there exists (see Remark 2 or Theorem 4.3.2 of [16]) a character § €

IrrProj(G, 2) such that g¢ﬁ = 64. Furthermore, 5%% = 67 is the lift of the regular
character of N/Z(N) =2 2% and hence the sum of the orbits of 61, 6 and 03 under
the action G. We deduce that there are uniquely determined linear characters 1y, €
Irr(Hy), 1 < k < 3, such that

3 p— J—
€= UptE  and  Yrll* =0k fork € {1,2,3}. (9)
k=1

Hence 601, 6> and 63 are extendible to ordinary characters of their respective inertia
groups. In summary, to construct the character table of G, we need the ordinary
character tables of H; = Ay, Hy = PSL(2,8):3, Hz = 23:GL(3,2) and the pro-
jective character table of Hy = Ag with the factor set a~!, a ~ [2]. The character
tables of Ag and 2-Ag are available in the ATILAS. The character table of Hs can be
constructed easily with GAP, while the character table of Hy appears as Table 2 of
this paper. Note that from Section 4 we get 52 irreducible characters of G, which is
exactly the number of conjugacy classes of G given in Table 1.

Note 4. Observe that the character table of 2-Ag indicates that classes of Ag rep-
resented by go ~ 2A, g3 ~ 2B, g7 ~ 4A, gs ~ 4B, gio ~ 6A and g15 ~ 104
are a~t-irreqular classes, where a ~ [2]. This shows that the number of projective
characters is exactly the number of a~'-reqular classes of Ag.

Now note that with the help of Note 3 the computations of Fischer matrices F;,
correspond to g;, for i € {1,4,5,6,9,11,12,13,14,16,17,18} are reduced to compu-
tations of 1 x 1, 2 x 2 and 3 x 3 matrices. Also, note that all a-irregular Fischer
matrices are of small size (the size of every Fischer matrix (regular or irregular) is
¢(g;) and we have ¢(g;) € {1,2,3,4}, Vi € {2,3,7,8,10,15}). The columns and rows
orthogonality relations are sufficient to compute both regular and irregular Fischer
matrices of G. Hence we have all the Fischer matrices of G, which we list below.

F1
91 911 912 913 914
0(91;) T 2 2 4
[Ca(g1,)] 02897280 92897280 344064 387072
— Th 1A 2A 2A 1A
(k,m) 1Cr, (91km)]
(1, 1) 181440 T T 1 T
(2, 1) 1512 120 120 -8 8
(3,1) 1344 135 135 7 -9
(4,1) 181440 16 —16 0 0
mij T 1 270 240
F3
i) 93 931 932 933 934
92 921 922 o(93;) 4 2 4 8
o(924) 4 4 [C&(g3,)] 3072 3072 512 384
1CF(g92;5)] 7680 5120 — Th 1A 2A 1B SA
— Th 4B 4B (k, m) 1CH, (93km)]
(k, m) 1CH, (92km)] [ETEY) 192 T T T T
T, 0 180 T T (2,1) 24 8 -8 0 0
(2,1) 32 15 —1 (3,1) 192 1 1 1 -1
maj 32 480 (3,2) 32 6 6 -2 0
m3; 32 32 192 256
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F
Z4 95 5 951 952 953
94 941 942
o(94;) 3 © o(g57~) 6 3 12
[C&(ga))] 3160 2160 1CG(955)1 648 648 108
S e oA — Th 6C 3B 120
(k, m) [CH, (9arm)] (k, m) ICH, (95km)]
T, 1080 1 1 8 i; ii ; ; —i
(4,1) 1080 1 -1 41 1 5 - o
m4j 256 256 msy 61 61 384
Fe
96 961 962 963 964 965
o(965) 3 6 6 12 12
[C—(96,)] 1728 1728 96 288 288
G 965
— Th 3A 6B 6B 12A 128
(k, m) 1CH, (96km)]
T D 54 T T T 1 T
(2,1) 18 3 3 —1 3 —1
(2,2) 18 3 3 -1 -1 3
(3,1) 6 9 9 1 -3 -3
(4,1) 54 4 —4 0 0 0
me; 6 16 288 96 96
Fr )
98 981 982 983
9 g
71 72 (957 5 > s
o974 8 s C—(98,; 64 64 33
[Cg (o7 96 82 1CG(9s,)]
G 55 <5 = Th SA 1B 8B
E o]
(k, m) [CH, 97km)] (k, m) ICHg (98Kkm)]
[6T0) 16 T T 1
(€3] 24 1 T
31 s 3 1 (3,1) 16 1 1 —1
e -) 128 384 (3,2) 8 2 —2 0
Mg mg; 128 128 256
F
99 ’ 991 992 F10
(90 = ) o(zw S 9101;
1C=(g9,)] 120 120 107
= Th A 10A 1cg(g10,)] 24
< Th 12D
k, m [e]
G o)l | ) TC5, (iokm)]
B
(4,1) 60 1 1 1) 24 1;
mg 256 256 105 il
F11
911 911,1  911,2  911,3 9114 _ 911,5
o(g117) 12 12 6 24 24
1CH(911,)] 48 48 24 24 24
< Th 128 T2A 6B 24A 248
(k. m) 1CH, (911%m)]
[ETED) G T T T T T
(2,1) 6 1 1 —1 1 1
(2,2) 6 1 1 -1 -1 1
(3,1) 6 1 1 1 1 1
(4,1) 6 2 -2 0 0 0
Mg 64 64 128 128 128
F12
912 912,1  912,2 9123 9124 9125
o(g124) 7 14 14 14 28
[C5(912,)] 56 56 28 28 28
< Th TA 144 T4A 144 284
(k, m) 1CH, (912km)]
[€F)) 7 T 1 T T T
(2,1) 7 1 1 -1 -1 1
(3,1) 7 1 1 —1 1 1
(3,2) 7 1 1 1 —1 1
(4,1) 7 2 -2 0 0 0
migg 64 64 128 128 128
F13
913 913.1  913.2
o(g913;5) 9 18
1C=(9135)] 18 18
< Th 9C 188
(k, m) 1CH, (913km)]
k
T D 9 1 T
(4,1) 9 1 —1
misg 256 256

215
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F14
914 914,1  914,2 9143 9144 9145
0(9145) 18 9 36 36 36
107 (9145)] 72 72 36 36 36
< Th 184 9A 368 36A 360
(k, m) 1€, (914km)]
1, 1) 9 1 T 1 1 T
(2,1) 9 1 1 -1 1 -1
(2,2) 9 1 1 1 -1 -1
(2,3) 9 1 1 -1 -1 1
(4,1) 9 2 —2 0 0 0
miaj 64 64 128 128 128
Fig F16
I I 916 916,1 _ 916,2
o(9165) 24 24
o(9155) 20 o= L= T 24 24
[0 (915,)] 20 G9165)
— Th 24D 240
< Th 204 = =
Tym) [CH, Wiskm)] (k, m) [CH, (916Km)]
€Y =0 < [E9D) 12 T T
> =5 (4,1) 12 1 —1
M55 mi6; 256 256
Fiz F18
917 917.1 _ 917.2 918 918.1  918.2
o(g17;) 15 30 o(g185) 15 30
1C&=(917;)] 30 30 [C5(918,)] 30 30
< Th 154 304 < Th 158 308
(k, m) 1CH, (917km)] (k, m) 1CH, (918Kkm)]
[€7Y) 15 T T [ETD) 15 T T
(4,1) 15 1 -1 (4,1) 15 1 -1
miz; 256 256 mig; 256 256

Using the Fischer matrices we can now compute the character table of G. For
example, the part KgaFgo of the character table of G can be derived as follows:
From Table 4, two conjugacy classes; namely, ha; = ggo1 and hg; = ggoo of Hy =
PSL(2,8):3, fuse to class [gs]a, = 3C. Let Kga be the fragment of the character
table of Hs on these two classes, which can be extracted from Table 2. The Fischer
matrix Fg has two rows corresponding to the classes hoy and hs; of Hy. Let Fgo be
the partial Fischer matrix of Fg consisting of these two rows. Therefore the values of
the irreducible characters of G (corresponding to Hz) on the classes ge1, 962, 963, J64
and ggs are given by

ge1 ge2 963 ge4 Jes
1 i 6 6 -2 2 2
A A -3 -3 1 B B
A A -3 -3 1 B B
1 1 6 6 -2 2 2
A A -3 -3 1 B B

KeaFe2=| A A <§§j _f _;)): -3 -3 1 B B |,

2 2 12 12 —4 4 4
24 24 -6 -6 2 2B 2B
24 24 -6 —6 2 2B 2B
0 0 0 0 0 0 0
0 0 0 0 0 0 0

where A = f% + @z and B = —1+ 2i/3. Similarly one can obtain all the 72 blocks
KirFir, 1 <3 <18, 1 <k < 4 and hence the full character table of G is computed,
which is supplied in the format of Clifford-Fischer Theory as Table 11.10 of [3].

Corollary 2. The group G has 12 faithful irreducible characters.
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Proof. Note that agli’m) = ag;;,m) for 1 < k < 3, while a:ﬁ’m) =16 # —16 = a%’m).
Thus ker(x) D [g12]g Vx € K1, K2, K3, where K1, K2 and K3 are the blocks of
irreducible characters of G obtained through characters of the inertia factor groups
H,, H, and Hs, respectively. Hence if G has a faithful irreducible character y, then
X € K4 = {£B4| Ba € IrrProj(Ag,2)} . Since the values of £ are completely known
(see Note 2) and since the character table of 2-Ag is also known, we can see that for
alld € {1,2,---,12}

£Ba(gi;) # deg(€Ba), V1 <i <18, 1 <j<c(g), (i,7) # (1,1).

Thus G has 12 faithful irreducible characters as claimed. O
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