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R GROUPS FOR QUATERNIONIC HERMITIAN GROUPS

MARCELA HANZER
University of Zagreb, Croatia

ABSTRACT. In this paper a complete classification of R-groups for her-
mitian quaternionic groups is given. This completes the work of Goldberg
for all classical p—adic groups. As a consequence, multiplicity one result
follows.

1. INTRODUCTION

Let G be a connected reductive p-adic group defined over a nonar-
chimedean field F' and let M be a Levi subgroup of a F-parabolic subgroup P
of G. Let o be an irreducible admissible representation of M. We are inter-
ested in decomposing the representation IndIGJ(U) into the irreducible compo-
nents especially when o is a discrete series representation, and G a non-split
form of the classical p-adic group. We will do this using the concept of the R
group.

Let P = Py = MyNy be the standard F-parabolic subgroup correspond-
ing to the subset 6 of the basis of the root system ®(G, Ag) where A is a
maximal split torus in G. Let Ay be the split component of Py with the rel-
ative Weyl group Wy = Ng(Ag)/My. We denote the stability subgroup by
W (o), i.e. W(o) ={we Wy :w(o) Xo}.

Let us denote C(o) the intertwining algebra of the representation Ind % (o).
From the work of Casselman [4] we have estimate dim C(o) < |W(o)|. R
group is a subgroup of W (o) which determines the exact dimension and struc-
ture of C(o). This approach goes back to the work of Knapp and Stein who
used the intertwining operators to calculate the reducibility of Ind%(o) in
the case of the real groups and Py minimal parabolic subgroup. We follow
the calculation of the R-groups in p-adic case from the work of Keys [9], [10],
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Winarsky [13], Goldberg [6] and Herb [8]. In the preliminaries, we explain the
structure of the hermitian quaternionic groups, as non-split forms of the clas-
sical p—adic groups. Then, in the next subsection we recall the definitions and
the results concerning intertwining operators for the representations induced
from the discrete series representations. We recall definition of Plancherel
measure, the connection with R-groups and the structure of the algebra of
the intertwining operators for representations induced from the discrete series
representations of the Levi subgroups.

In the third section, we obtain the structure of the Weyl groups and R-
groups related to the Levi subgroups of quaternionic group, analogous to one
obtained in [6]. Also, we obtain the formula for R group as product of R-
groups of the basic parabolic subgroups. In the fourth section the formula for
R-group for the basic parabolic subgroup is obtained. In the fifth section we
prove the multiplicity one theorem for our non-split forms, by the methods
analogous to those used for the split classical groups by Herb [8].

2. PRELIMINARIES

2.1. Let F be a non-archimedean field of characteristic zero, with the residual
field with ¢ elements. Let D be a quaternionic algebra, central over F' and let
7 be the usual involution, fixing the center of D. Then D is a rank 4 algebra
over F' with basis {1, w1, ws, w3} satisfying

wi = a,wi = B, wiwy = —wyw; = ws for some a, B € F.

Then, 7 acts on d = zo+x1w1 +xowe+x3ws as 7(d) = To—T1W1 —T2We —L3W3.
Division algebra D has well-known matrix representation in M (2, F(y/@))

.%'0+£C1\/a 1‘2+1‘3\/a
d= .
To + 1wy + ToW2 + T3ws > (51'2 N ﬁx3\/5 To — 1’1\/&)

It is straightforward that
(2.1) D®r F=M(2,F),

so we can naturally extend the involution 7 to M (2, F). By Skolem-Noether
theorem there exists a matrix hg such that

7(x) = hox'hy* for all z € M (2, F).

Actually, with the above matrix representation of D we can take hg = ( 0 (1))
We define an involution on the space M (k, D) by g — g* = 7(g)t. Again, we
can extend the involution * from M (k, D) on

(2.2) M(k,D)®@r F = M(2k, F),
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and by Skolem-Noether theorem realize it through transposition and conju-
gation by matrix

ho

ho

Also, we can assume by (2.2) that M (k, D) is embedded in M (2k, F'). Division
algebra D defines a reductive group G over F' as follows. Let

Vi=eD® - -Be, DB epn1 DB BeanD

be a right vector space over D. Relations (e;, e2,—j+1) = ;5 for i =1,2,...,n
define the hermitian form on V,,:

(v,0") = er((v',v)),v,v € V,,, e € {~1,1}

(vr,v'2") = 7(x)(v,0" )2, x, 2" € D.

Let G(F,e) = Gy (D,e) be the group of isometries of the form (-,-). In the
sequel, we will do explicit calculations for the case e = —1, so we drop ¢ from
the notation and, unless otherwise specified, assume ¢ = —1. The remaining

case is quite similar and we will turn our attention to that case in the end.
We can describe group G(F,e) = G(F) also as

G(F) = {g € GL(2n, D) : g* (_?]n {;) 9= (—?]n {)n) }’

where

Jn =

So, if we consider the group

_ — (0 0o J
6P ={occan g (L5, )o= (5 )]

with Jj,, obtained from J,, by embedding which follows from (2.2) we see that
G, (D) is the group of F-rational points of the group Gy, (F). Of course, the
action of the Galois group I' = Gal(F'/F) is given by isomorphism (2.2).
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2.2. The group G,,(F) is conjugated to SO(4n, F) in GL(4n, F), so we con-
clude that

A1
A2

Ao

n

is a maximal torus in G, (F). To determine whether T is defined over F' we
observe the following. Let x;; denote a regular function (in algebraic sense)

on the group G, (F) given by g = (gi;) + ¢:j. Then o € T acts in the following
way

Xij if o(va) = a,
Xi+1j+1 if 4, j are odd
_ 1 . i

Xij = FXi+1j-1 if 7 odd and j even, i o(V3) = — V@

Bxi-1j41 if 7 is even and j is odd,

Xi—1j—1 if 4, j are even

Denote by J the ideal of functions in F[G,,(F)] vanishing on T, and by Jp =
J N F[G,(F)], where F[G,(F)] = F|Gn(F)]'. For T to be defined over F it
is enough to show (e.g. from [3]) that

J = FGn(F))Jp.

Consider, for example, for ¢ odd and j even, function /a(xi; — %lejfl)-
This function as well as function x;; + %Xi+1j—1 belongs to Jg, so x;; belongs
to F|G,(F)]Jr and, in general, x;;, for i # j belongs to F|G,(F)]Jp. The
same reasoning implies also that functions x;; Xan+1—iant1—i—1, i =1,...,2n
belong to F[G,(F)]Jr. So, T is defined over F. Now, it is easy to see that
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the maximal F-split subtorus of T is

AL
A

:)\iEF

At

From (2.2) follows

At
A2

AO(F): :)\iEF*

A
Since the absolute root system ®(G,,(F),T) is of the type Da,,, we can take
O(Gn(F),T) ={£(e; £¢j);i # j,i,j=1,2,...2n}.

Here, {e;}’s have obvious meaning. It follows that the relative root system
obtained from the absolute one restricted on Ay is

O(Gn(F), Ag) = {£(ei £ g;),£2e4540 # j,i,5 = 1,2,...n},
i.e. the relative root system is of the type C,,. We can choose the basis
A={e—egit1:1=1,2,...n}U{2e,}.
We abbreviate o; = €; — €;41 and «,, = 2¢,,. Let us denote

-1

Jor, =
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Now, the (standard) Levi subgroup My = Z; )(Ao) of the minimal F-

n

parabolic subgroup Py = MyNy corresponding to the above basis is

Ay
Ay
A, —
My = i :A; € GL(2,F)
Ay
Aq
The matrices /L— are obtained as /L— = —jQAi_th. Hence:
&1
&2
&n .
My(F) = _ & €D
0( ) T(gn) 1 5
(&)
T(&)™!

Analogously, the standard Levi F-subgroups correspond to the subsets 6

of the basis A. They have the following form:

(i) If o, ¢ 0 there exist positive integers ni, na,
that
(2.3)

My = S

ey

ng with ¥n; = n, such

cA; € GL(Q’I’LZ,F)
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(ii) If av, € 0 there exist positive integers nq,na, ..., ng,r with Xn; +r = n,
such that
An,
An,
An,
My = GT‘(F) N : AZ S GL(QTL“F) s
An,
Ap,
An,
where the matrices flm are obtained as flm = —jgni Ani_tjgm.. In the same
way, their groups of F-rational points are
An,
My(F) = Ame . Ay € GL(ni, D),
T (A1) T,

with YXn; = n in the first case, and

A,
My(F) = G, (D) : A; € GL(n;, D) %,

Iy (A7) T,

n1

with ¥n; +r = n in the second case.

2.3. Let us denote the complexified dual of the real Lie algebra of Ay by
(aiz,)c and by E2(Mg) the set of equivalence classes of the irreducible square
integrable modulo center representations of My. If 6 is fixed we write M for
My and P for Py. Let K be a maximal, good compact subgroup of G and let
Hp be the homomorphism from subgroup P to aj; trivial on the subgroup N
such that the following holds

g<HP(@0> = |o(a)|p Va€ A, VYa € Rat(A).

We extend it from P, trivially on K, to G. For v € (a},, )c and o discrete series
representation of M we denote by Jp/ p(v, o) standard (integral) intertwining
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operator between Ind% (o ® ¢“7r0)) and Ind%, (o ® ¢{*Fr'0)), defined in the
following way
Tpip)f@)= [ fng)dn.
NAN/\N’
Here, P’ is another parabolic subgroup with Levi subgroup M. This integral
(weakly) converges in a cone in (aj,, )c and has meromorphic continuation
on the whole space. Let Rp/|p(c,v) denote the normalization of the operator
Jpr p(o,v) which satisfies number of properties, e.g. see [1]. When v is 0,
we exclude it from the notation. Let us denote by I(w) an operator of the
left translation by element w~=! of the Weyl group. This operator acts on
the spaces of the induced representations. If o acts on the space V', then for
w € W(o) there exist the isomorphisms T, on V such that
Tyw(o)(m) = o(m)Ty,, for all m € M.

We define the operators R(w, o) = Tyl(w)Ry~1py|p(c) which are the inter-
twining operators for the representation IndIGg(o). By the results of Harish-
Chandra, family {R(w,0) : w € W (o)} spans (as a vector space) algebra
C(o). Now, we could introduce R group without referring to Plancherel
measures: we could say that R group is the subgroup of elements in W(o)
which act on (aj, )c in such a way that they fix positive chamber, but for
our calculations it is easier to use Plancherel measures. We also denote
A(o,v,w) = l(w)Jy-1pwp(o,v) and to avoid misinterpretation once more
we note that

A(U, v, w)f(g) = ~/N f(w_lng)dn,
where N, = Ny Nw 'Nuw.
DEFINITION 2.1. Plancherel measures p(o,v,w) are defined as follows
Ao, v, w)A(w(o),wv),w ) = uo, v,w) 42 (G/P)
where

GIP) = [_gertr g,

w

Here pp is half the sum of the positive roots in Ny.

When w is the longest element in the corresponding Weyl group we ex-
clude it from the notation. We shall denote by (14 (o, ) the Plancherel measure

(vt O)

corresponding to the representation Ind%? (c®q . Root « is in the

set of roots in Py corresponding to Ag. Group M, is the Levi subgroup of
G centralizing torus Agu(ny and Py = M, N P is the maximal parabolic
subgroup of M,. Let us denote A’ = {a € ®(Py, Ap) : palo) = 0}.

DEFINITION 2.2. R-group of the representation o € E2(Mp) is
R, ={w e W(o): w(A') > 0}.
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We observe that w is an element of R, if and only if w(A") = A’. In the
sequel, if the representation o is fixed, we write R, = R.

THEOREM 2.3 (Harish-Chandra). We have
dim C(0) = |Ry|-
The following holds
R(rira,0) = no(r1,72)R(r1,0)R(ra, 0), Vri,m2 € Ro,

where 1, (r1,72) = Ty r, T, T, is a non-zero complex number, and the above
operators have appropriate domains. It is easy to see that 7, is a 2-cocycle for
R, with values in C*, so we can form the finite central extension ([2]) where

Ne splits, i.e. we have short exact sequence
1—>ZU—>RU—>RU—>1,

for certain group R,. Then, we have bijective correspondence between certain
class of the irreducible representations of R, and the irreducible components
of Indge (o). During the calculations, one can assume that in the Levi sub-
groups, all the GL- blocks of the same size are grouped together. This is pos-
sible because each parabolic subgroup has associate parabolic subgroup with
such structure, and associate parabolic subgroups have equal corresponding
Plancherel measures.

3. WEYL GROUPS AND R GROUPS

In this section we compute relative Weyl groups which we need for the
calculation of R-groups. We adopt the settings from [6]. Let M = My be the
standard F-Levi subgroup of G, (D). We assume that M is composed from the
G L-blocks which are arranged in the following way. Let § = 6;U02U- - U8, be
the decomposition of § C A into disjoint union of the connected components
of the Dynkin diagram. First consider the case when «,, ¢ 6. We assume that
there are no gaps between the components of 6 and that ay € 6. Further, let

X1 ={b11,612,...,01n, },
Xo ={621,6022,...,02,,},

X’I" - {07"1; 9r2; v aernr}v
where each X; assembles components of the same length. If we put m; =
|61 + 1|, then let b = Y., myn; and n,41 = n —b. With this notation we
have
(31) M@(F) = GL(ml,D)nl X GL(?TQ,D)”Q X oo X
x GL(m,,D)" x GL(1,D)"+*,
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where all the blocks are arranged in above strict order.

In the case when «,, € 0 we assume «, € 0. Let m; = |6;1 + 1] for
1=1,2,...;,r—1and m = |0x|. Weset b’ = E:;ll min; and n,..1 = n—m-—"b'.
Then

(3.2) My(F) = GL(m1, D)™ x GL(ma, D)™ x -+ x
X GL(my—1,D)"* x GL(1,D)"** x Gn(D).

We can make the above assumptions because of the remark given in the pre-
liminaries: in the calculation of R-groups we can reduce the case of the
arbitrary standard Levi subgroup to the case of one given above. Now,
with G = G, (D) let us compute relative Weyl groups W (G/Ap) = Wy =
Na(Ag)/My. Because Ng(Ag)/ My is a subgroup of Ng(Ao)/ My N Ng(Ag) ~
Wo/(Mp N Ng(Ao))/Mo we can take for the representatives of Wy elements
of Weyl group Wy modulo certain subgroup (in fact, modulo Weyl group of
system ®(My, Ayp)).

We know that the Weyl group of the root system C, is Wy = S,, x Z5. We
can interpret S, as the group of permutations on the set of diagonal entries
{Ai} of the torus A¢(F). Z% acts in such a way that if we denote by ¢; the
nontrivial element in the i-th copy of Zy, then ¢; sends \; — A ! hence it is
called the sign change. Indeed, it is of no importance that the group G(F) is
not even quasi-split: it easy to see that every member of the Weyl group of
Sp(2n, F) C G, (D), appropriately embedded in G(F) normalizes Ay modulo
My, and, vice versa, that every element of Ng(Ap) comes from Weyl group
of Sp(2n, F) modulo M.

Analogously, we have the same situation with the relative Weyl groups.

ProPOSITION 3.1.  (a) If ay ¢ 6, we have

r+1
W, = S,..) X Zn1+~"+nr+1
i 2
=1

(b) If a, € 0, we have

w = T](Sn, x 25")
iET
PROOF. The claim is obvious if we keep in mind the structure of Levi

subgroups. In other words, relative Weyl group Wy acts as permutation of
blocks of the same size and sign change on the blocks inside the torus Ag. O

Because we are interested in the representations of the groups of F-rational
points of the reductive algebraic groups, from now on, to simplify notation,
we will denote by My the group previously denoted by My (F).
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DEFINITION 3.2. Let Py = MygNy be the standard parabolic subgroup of
Gn(D). If My = GL(my, D)™ or My = GL(my, D)™ x Gy(D), the parabolic
subgroup Py is called basic.

3.1. Keeping in mind 3.1 and 3.2 we want to express the relative Weyl group
Wy in terms of the relative Weyl groups of the basic parabolic subgroups.
We are keeping our usual assumption, i.e. there are no gaps between the
components of 8 and they are arranged in such a way that the components
of the same length are grouped together. If «,, ¢ 6 suppose My is of the
form (3.1). For ¢ =1,...,r + 1 (where n,11 > 0) we define a group G; as
G; = Gupyn,; (D). Then the group G; has a basic parabolic subgroup P; with
Levi subgroup M; =& GL(m;, D)™ . If we denote by A; the split component of
M; from (3.1) follows

LEMMA 3.3. If o, & 0 then
Wo = [[W(Gi/As).

It is useful to realize the tori A; as subgroups of the torus Ay and the
groups M; as subgroups of the group My. Now, we follow [6]. If X; =
{01,602, . ..,0in, } then X; (as set of roots) has cardinality (m; —1)n;. Denote
by ©;, ¢ € {1,2,...,r} the (unique) subroot system of ®(G, Ag) of the type
Cm,n,; containing X;. Basis A; of ©; is obtained by joining to X; intermediate
roots and one long root (i.e. €m, — €m, 415+ Emi(ni—1) — Emi(ni—1)+1 and
2&myn, for X7). Also, let ©,11 = {a € ®(G, Ay) : (o, ) = 0,V € 0}. Now,
the torus A; in G; is the split torus which corresponds to set of roots X, i.e.
A, = AXi and then let P, = Px, in G;.

Let us turn our attention to the representations again. If o € £3(Mp) then
001 ®03Q - ®0p41 Where o; € E5(M;). As before, let W;(0;) denote the
stabilizer of o; in W(G;/A;). We consider representations IndIGDii (0;). Then,
from the fact that My = H:Ill M; and from Lemma 3.3 the content of the
following lema is straightforward

LEMMA 3.4. If a,, ¢ 0 then
r+1

i=1
In the following lemmas, we relate the subset A’ from the definition of
the R group to the analogous subsets A’ which correspond to Levi subgroups.
LEMMA 3.5. If ay, € 0 then, with the above notation, we have:
if a ¢ U@i then a|a, ¢ A

PROOF. The roots of the form a = +2¢; for some [ € {1,2...,n} are
necessarily in some ©;,i € {1,2...,7 + 1} by the construction: they are
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the roots added X; to form ©;,7 € {1,2...,r},or they are in ©,41. So, for
a ¢ |J©; we can suppose that o = ¢; £ ¢y, for some j, k, that is, « is a shorter
root. Because o ¢ |J©; there exist [ and s, | # s such that £; — ;41 € 4
and € —€x41 € As. Then, from the Figure 1 that presents a case a =€ — ¢y,
and Figure 2 that presents a case a = ¢ + ¢, it is easy to see that

My 2 J[ My x GL(m;,D)"~" x GL(my, D)"~' x GL(m; + ms, D).
f#ls
Consider now the representation Ind} (o), where P* is a maximal parabolic
subgroup in M, obtained as M, N Py. Then

(3.3) Ind%f‘ (o) & ® or® ® Olp ® ®057t®
f#ls PFPo t#to

GL(m;+ms,D)
IndGL(ml,D)XGL(mS,D) (01,p0 ® Os 1)

where
ny Ns
o] = ®01)p and o, & ®os7t,
p=1 t=1

and €; — €41 is between 6, ,, and ) ,,+1 in X; and analogously e — €x41 in
Xs. Because My is maximal in My, for us (o) = 0 to be fulfilled i.e. a € A’ it
is necessary and sufficient that the representation ¢ ramifies in M, and that
the induced representation is irreducible [7]. Now, for the ramification of o in
M,, it is necessary that m; = mg but this is not the case. O

On the figures we denote B;; = Jp,, (A;jl)*Jmi.

Figure 1:
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Figure 2:

From Lemma 3.5 follows that we can restrict our attention to each ©; in
order to determine A’. So, let o € ©;. We can consider « as an element of
®(P;, A;) and as an element of ®(Py, Ag). Let us denote A4; o = (4; NKera)®,
Mo = Z¢,(Aio) and P}, = PiNM; . Let o (0;) be the Plancherel measure
associated with the representation Indlj\ff“*(ai). Then the following lemma
holds. ’

LEMMA 3.6. If o, & 0 then fori e {1,2,...r+1} and o € ©; we have
(7)
r+1
My = [[ My x M,
ki
(i)
r+1
Pr=]] My x P,
ki

W(Ma/Ag) = W (M; a/Ai),

Ind e (0) 2 01 @+ ® 01 ® (Indpi(03)) ® - D 0y

PROOF. When « is shorter root (i) and (i¢) follow immediately from Fig-
ure 1 and Figure 2 but with the constraint that everything is happening in
the square corresponding to X;. If o = £2¢; then the torus A;, has a m;
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block consisting of all 1’s, so
M; o = GL(mi, D) ' x Gy, (D),

and
r+1
Mo 2= [[ M; x GL(mi, D)™ x Gy, (D),
J#i
so (i) and (i%) follow in this case too. Claims (¢i7) and (iv) are now straight-
forward. O

We can now finally attach R-groups to Levi subgroups. As before, let
o= ®Ui € Ea(Mpy).

Let
Al ={a € ®(P;, A): pa(o;) =0} and R; = {w € W;(o;) : w(A)) = AL}
We have the following proposition

PROPOSITION 3.7. If oy, ¢ 0, let us denote by R the R-group of the repre-

sentation Indgg‘(D)(o) and by R; the R-group assoctated to the representation

Indg: (07). Then we have
RZRl X XRT+1.
PROOF. The proof is straightforward from the preceding lemmas. O

Discussion in the case when «, € 6 is very similar, but with the following
difference: in the decomposition into the connected components of Dynkin
diagram now X, has only one component 65 which contains «,. Now, for
each i € {1,2,...,7—1} let ©; be the unique subroot system of type Ch,,m,+m
containing X; U X,.. Hence, M; =2 GL(m;, D)™ x G,,(D). Then, we have

Mg = M; - x My_1 x Gpn(D)

where Mz = Ml X Gm(D)

Now let 0 201 Q02 Q-+ Q@ 0r—1 Q 041 ® p where p € E(G, (D)) and
o; € 52(]\;[1-). Analogously as before, we let W;(o;) be the stabilizer of the
representation o; ® p in Gj.

PROPOSITION 3.8. If a € 0 then
(2)
W(o) 2 Wi(o1) X+ x We_1(op—1) X Wig1(ort1),
(i)
R=Ry XRy ---XRy_1 X Rpy1.

So, we have reduced the calculation of R-groups to the case of basic
parabolic subgroups.



R GROUPS FOR QUATERNIONIC GROUPS 45

4. R-GROUPS FOR BASIC PARABOLIC SUBGROUPS

4.1. First we present an observation of Muié and Savin ([11]) on representa-
tions that will occur.

DEFINITION 4.1. Let 7 be an admissible representation of GL(n, D). Let
us define representation w* in the following way: 7 (g) = 7((g*)™?1).

LEMMA 4.2. * = 7.

For computation of R-groups we must have some information about in-
duction from maximal parabolic subgroup. So, Levi subgroup of maximal
F-parabolic subgroup of G, (D) is of the following form:

g

Ji(g7") Ik

Here g € GL(k, D) and ¢’ € G, (D) are such that m > 0 and m + k = n. As
we have seen, the only non-trivial element of the relative Weyl group acts as
a sign change, i.e

g )

Ji(g7) I JkgJ
We conclude that o ® p ramifies in G, (D) if and only if o* = 0.
4.2. To calculate R-groups for basic parabolic subgroups we follow the argu-

ments of D.Keys [9] which prove that only possible elements in R-group are
sign changes. We have the following lemma

LEMMA 4.3. Let w = sc be an element of the R-group of the representation
Ind%‘(D)(U), where Py is a basic parabolic subgroup, o € E3(Mp) with s € Sy
and c € Z. Then s = 1.

PROOF. See [6], [9]. O

LEMMA 4.4. Let M =2 GL(m, D) x GL(k, D) be Levi subgroup of the max-
imal standard parabolic P = MN in GL(m + k, D). Let o1 € E(GL(m, D))

and o3 € E(GL(k,D)). Then the representation IndGL(erk D)(Ul ® 09) s
irreducible.

PROOF. The proof of this lemma can be found in [5]. O
Now we can state our main proposition about R groups:

PROPOSITION 4.5. Let Py be the basic parabolic subgroup of G, (D) such
that My = GL(k,D)" x G (D), where m >0, andlet c =01 ® -+ 0, Q@ p €
Ey(Mp). Then R-group of the representation IndG (D )(0) is isomorphic to
74, where d is number of inequivalent o;’s such that Ind(o; ® p) is reducible.
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PROOF. The proof of this proposition follows from the proof of the anal-
ogous result of Goldberg [6] in the split case combined with Lemma 4.4.
a

5. MULTIPLICITY ONE

Finally, we prove that the cocycle relation mentioned in the preliminaries
is, in our case, in fact, trivial. As a result, there exists an algebra isomorphism
between the commuting algebra C(o) of the representation Ind% (o) and group
algebra C[R]. Because R is abelian this means that Ind%(o) is multiplicity
one representation. Recall the operators T}, which realize the isomorphisms
between the representations w(o) and o. If V is the representation space of
the representation o, then T, : V' — V and T,w(o)(m) = o(m)T,, holds.

ProrosiTiOoN 5.1. We can choose operators T, in such a way that
Towyws = Ty Tw, for all wi,ws € R.

PRrROOF. Recall that the representation ¢ = 0; ® --- ® p is acting on the
space V =V ® .- ® V.11 ® W. The representation o; is representation of
group M; = GL(m;, D)™ on the representation space V;, ® --- ® V;,,. We
know from (3.7) and (3.8) that R = Ry X --- X R,y1. R is generated by
the certain number of sign changes, say cj,,cj,,...,¢c;,, and each c;, acts
on the corresponding GL- block of the Levi subgroup by sending g — g~ *.
So, let operator T, act on the space Vj,. The operator T, Cin establishes

isomorphism between o;; and 0;; which acts on the same space. Because of
the fact that (0};)* = 03, follows that TZ% is a scalar complex operator which
we can normalize in such a way that TZ% = 1. Now we extend it trivially (as
identity) on the whole space V. It is easy to see that now these operators
commute, because they act nontrivially on the different components of V. We
conclude that the mapping c;, — Tcij defines desired homomorphism. O

We can state our main theorem:

THEOREM 5.2. Let M = GL(ni,D) x GL(n2,D) x -+ x GL(ng, D) X
G (D) be Levi subgroup of the standard parabolic subgroup P of G, (D) with
m>0. Let c 201 ®02Q - Q0 p be discrete series representation of M.
Then

21:1
mdg" " (o) = P .
=1

Here {m;, i =1,...2%} form the set of mutually inequivalent irreducible tem-
pered representations of G (D), and d is number of mutually inequivalent o;

such that Indg?ﬁ%l;)xcm(z))(ffi ® p) reduces.
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REMARK 5.3. The question of the group G(F, €) in the case e = 1 resolves
in the same way. We can take the same maximal F-split torus as in the case
¢ = —1, and we obtain the same type of the relative root system—that is, type
Cp. Then, Weyl group of the system is isomorphic to S, x Z% and for the
representatives of the Weyl group we can take elements of O(2n, F) C G(F,1)
embedded in G(F). The Levi subgroups have virtually the same form, so the
rest of the calculation and the results are the same as in the case ¢ = —1.

REMARK 5.4. The question of the reducibility of the induced representa-
tion now reduces to examining reducibility when inducing from the maximal
parabolic. In the Siegel case, we can calculate Plancherel measure u(o, s)
where o is discrete series representation of maximal Levi subgroup M isomor-
phic to GL(n, D). Here s corresponds to the character |det|5.. We can do that
combining equality of Plancherel measures when o is cuspidal representation

with corresponding measure on the split form, see ([11]), with the fact that o
Bt “(e-1)
discrete series is subrepresentation of v, p x---xwv, * p forsome k € N

and p cuspidal representation. For notation and reference see [12].
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